GENERALIZED 


FUNCTIONS 


Vol IV 





Applications of 


Harmonic Analysis 


I. M. Gel'fand 
N. Ya. Vilenkin 





GENERALIZED FUNCTIONS: 


Volume 4 


Applications of Harmonic Analysis 


VOLUME 1. 


VOLUME 2. 


VOLUME 3. 


VOLUME 4. 


VOLUME 5. 


GENERALIZED FUNCTIONS 


Properties and Operations 
I. M. Gel'fand and G. E. Shilov 


Translator: Eugene Saletan 
Spaces of Fundamental and Generalized Functions 
I. M. Gel’fand and G. E. Shilov 


Translators: Morris D. Friedman 
Amiel Feinstein 
Christian P. Peltzer 


Theory of Differential Equations 

I. M. Gel'fand and G. E. Shilov 
Translator: Meinhard E. Mayer 
Applications of Harmonic Analysis 

I. M. Gel’fand and N. Ya. Vilenkin 
Translator: Amiel Feinstein 


Integral Geometry and Representation Theory 
I. M. Gel'fand, M. I. Graev, and N. Ya. 
Vilenkin 


Translator: Eugene Saletan 


GENERALIZED 
FUNCTIONS 


Volume 4 


Applications of Harmonic Analysis 


I. M. GEL'FAND 
and 


N. Ya. VILENKIN 
Academy of Sciences, U.S.S.R. 


Translated by 
AMIEL FEINSTEIN 


1964 


ACADEMIC PRESS : New York and London 
A Subsidiary of Harcourt Brace Jovanovich, Publishers 


COPYRIGHT © 1964, BY ACADEMIC PRESS INC. 
ALL RIGHTS RESERVED. 
NO PART OF THIS BOOK MAY BE REPRODUCED IN ANY FORM, 
BY PHOTOSTAT, MICROFILM, OR ANY OTHER MEANS, WITHOUT 
WRITTEN PERMISSION FROM THE PUBLISHERS. 


ACADEMIC PRESS INC. 
111 Fifth Avenue, New York, New York 10003 


United Kingdom Edition published by 


ACADEMIC PRESS, INC. (LONDON) LTD. 
24/28 Oval Road, London NWI 


ISBN-0-12-279504-1 


PRINTED IN THE UNITED STATES OF AMERICA 


GENERALIZED FUNCTIONS: 

VOLUME 4: APPLICATIONS OF HARMONIC ANALYSIS 

THIS BOOK IS A TRANSLATION OF 
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Translator's Note 


This translation differs from the Russian edition of 1961 mainly in 
that the authors have revised the proof contained in Section 3.2 of 
Chapter 1, as well as a major portion of Section 3.6 of the same chapter 
(in particular, the proof of Theorem 7). The symbols. v and A in the 
margin indicate the beginning and end of a few passages in which 1 have 
ventured to deviate (in a not completely trivial way) from the original, 
for the purpose of eliminating a gap or an obscurity, and in one case 
(in Section 5.1, Chapter 4) of reducing a ten-line proof to the obvious 
one-line proof. In addition, I have allowed myself the luxury of a number 
of remarks, which appear in footnotes marked by a dagger (t). Any 
comments regarding these or other portions of this volume will be welcome. 


June, 1964 AMIEL FEINSTEIN 


Foreword 


This book is the fourth volume of a series of monographs on functional 
analysis appearing under the title Generalized Functions." It should 
not, however, be considered a direct sequel to the preceding volumes. 
In writing this volume the authors have striven for the maximum inde- 
pendence from the preceding volumes. Only that material which is 
discussed in the first two chapters of Volume 1 must be considered as 
the indispensable minimum which the reader is required to know. In 
view of this, certain topics which were discussed in the preceding volumes 
are briefly repeated here. 

This book is devoted to two general topics: recent developments in 
the theory of linear topological spaces and the construction of harmonic 
analysis in n-dimensional Euclidean and infinite-dimensional spaces. 

After the appearance of a theory of topological spaces, the question 
arose of distinguishing a class of topological spaces, defined by rather 
simple axioms and including all (or nearly all) spaces which arise in 
applications. In the same way, after a theory of linear topological spaces 
was created, it became necessary to ascertain which class of spaces is 
most suitable for use in mathematical analysis. Such a class of linear 
topological spaces—nuclear spaces— was singled out by the French 
mathematician A. Grothendieck. 

The class of nuclear spaces includes all or nearly all linear topological 
spaces which are presently used in analysis, and has a number of extremely 
important properties: the kernel theorem of L. Schwartz is valid in 
nuclear spaces, as is also the theorem on the spectral resolution of a 
self-adjoint operator. Furthermore, any measure on the cylinder sets in 
the conjugate space of a nuclear space is countably additive. The first 
and fourth chapters of this book are devoted to the discussion of these 
questions. In connection with spectral analysis, the concept of a rigged 
Hilbert space is introduced, which turns out, apparently, to be very 
useful also in many other questions in mathematics. 

The second question which we study in this volume is the harmonic 
analysis of functions in various spaces. Harmonic analysis in Euclidean 
space (the Fourier integral) has already been discussed to some extent 
in previous volumes. We have given up the idea of repeating here the 
material in the preceding volumes which was devoted to the Fourier 
integral (possibly, had all of the volumes been written at the same time, 
many questions in the theory of the Fourier integral, for example the 
Paley-Wiener theorem for generalized functions, would have found their 
natural setting in this volume). We discuss here only questions of harmonic 
analysis in Euclidean space which were left unclarified in the previous 
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volumes. Namely, we consider the Fourier transformation of measures 
having one or another order of growth (the theory of generalized positive 
definite functions) and its application in the theory of generalized random 
processes. The Fourier transformation of measures in linear topological 
spaces is considered at the same time. 

In the following, fifth volume, we single out questions of harmonic 
analysis on homogeneous spaces (in particular, harmonic analysis on 
groups) and intimately related questions of integral geometry on certain 
spaces of constant curvature. This theory, which is very rich in the diversity 
of its results (connected, for example, with the theory of special functions, 
analytic functions of several complex variables, etc.) could not, of course, 
be discussed in its entirety within the confines of the fifth volume. We 
have restricted ourselves to discussing only questions of harmonic analysis 
on the Lorentz group. It should be remarked that harmonic analysis on 
the Lorentz group and the related homogeneous spaces is a considerably 
richer subject than harmonic analysis in the "degenerate" case of a 
Euclidean space. For example, in the case of a Euclidean space only the 
smoothness of the Fourier transform of a function is influenced by 
specifying one kind of behavior or another at infinity of the function 
itself. But in the case of the Lorentz group, specifying the behavior of 
the function at infinity leads to certain algebraic relations among the 
values of its Fourier transform at different points. However, at the present 
time these questions are only in the initial stages of investigation. 

The material of this fourth volume represents a complete unit in itself, 
and, as we have said, the exposition is practically independent of the 
preceding volumes. In spite of the relation of one chapter to another, 
one can begin a reading of this book with the first chapter, which contains 
the general theory of nuclear and rigged Hilbert spaces, or with the second 
chapter, which discusses the more elementary theory of positive definite 
generalized functions. 

We mention that certain chapters contain, together with general results, 
others of a more specialized nature; these can be passed over at the first 
reading. 

The authors wish to express their deep gratitude to those who helped 
them in working on this book: F. V. Shirokov, whose contributions far 
exceeded the limits of ordinary editorial work, A. S. Dynin, B. S. Mityagin, 
and V. B. Lidskii, whose valuable advice the authors used in writing up 
various topics in the first chapter. They express their particular thanks 
to S. A. Vilenkin, who took upon herself all the work connected with 
preparing the manuscript for press. 

I. M. GEL'FAND 
N. YA. VILENKIN 
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CHAPTER | 


THE KERNEL THEOREM. NUCLEAR SPACES. 
RIGGED HILBERT SPACE 


This chapter is devoted to the study of a class of countably normed 
spaces!—so-called nuclear spaces. These spaces first appeared in con- 
nection with the “‘kernel theorem," which will be used repeatedly in 
this book. Later it became evident that nuclear spaces also play an 
essential role in many other topics of functional analysis, namely, nuclear 
spaces turn out to be the most natural class of spaces for the study of 
the spectral decomposition of self-adjoint operators. These spaces were 
already introduced in Volume III (Chapter IV, Section 3.1), in con- 
nection with the consideration of spectral decompositions. However, 
the definition of nuclearity which was given there is not entirely suitable 
for the study of other questions. Therefore in this volume we will use 
another definition of nuclear space, which in the essential cases is 
equivalent to nuclearity in the sense discussed in Volume III. The 
discussion in this chapter does not depend upon that in Volume III. 
In order to attain a complete independence of these treatments, we will 
present in this chapter certain results on the spectral decomposition of 
self-adjoint operators. Here, however, our main attention will be given 
to the general aspects of theory, unlike the treatment in Volume III, 
where a not inconsiderable part was played by the applications of these 
results to specific differential operators. 

An important role is played by the concept of a rigged Hilbert space. 


1 We assume that the reader is familiar with the concept of a countably normed space 
to the extent of Chapters I and II of Volume II of this series. Besides, a brief discussion 
of the basic facts relating to a special case of such spaces—countably Hilbert spaces—is 
given at the beginning of Section 3. Let us note that throughout this volume every 
countably normed space considered will be taken, without special mention, to be complete. 

Moreover, we will as a rule assume that the compatible norms || p iln, 1 <” < œ, 
which define the topology in a countably normed space ® are monotonically increa- 
sing, i.e., that for every element pọ € 9 the inequalities 


ieli « «lel. s" 
hold. 
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This concept arises in considering nuclear spaces in which an inner 
product is introduced in some way or another. The theory of rigged 
Hilbert spaces is discussed in Section 4, where applications of this 
theory to the spectral analysis of self-adjoint operators are presented. 

Also related to the theory of nuclear spaces is the subject of measure 
theory in linear topological spaces, discussed in Chapter IV. We will 
show in that chapter that the nuclearity of a space ® is a necessary and 
sufficient condition for every measure on the cylinder sets in the space 
©’, conjugate to 6, to be completely additive. 


1. Bilinear Functionals on Countably Normed Spaces. 
The Kernel Theorem 


In this section we will study the general form of bilinear functionals? 
on countably normed spaces. We will show that any bilinear functional 
B(o, Jr), continuous with respect to its arguments y and ẹ which range 
over countably normed spaces ® and V/, is continuous with respect to 
certain norms || p |i» and | ¢ |, in these spaces. In other words, we will 
show that 


| Bp, 9) | Ml ola | In 


for all elements o and ẹ of the spaces and W, where the numbers 
M, m, n do not depend upon g and y. 

Applying this result to various specific spaces, we obtain the general 
form of bilinear functionals on these spaces. One of the most important 
results thereby obtained is a description of the bilinear functionals on 
the space K of infinitely differentiable functions with bounded supports. 
It will be proved that these functionals have the form 


Big, $) = (F, e(x)s(y)), 


where F is a linear functional on the space K, of infinitely differentiable 
functions of the variables x = (x, .., xp) and y = (yy, ..., Yz) with 


* A bilinear functional is a functional which is linear in both arguments 9 and y. 
Further on we will encounter functionals B(o, 4) which are linear in 9 and antilinear 
in y, ie., 

B(xo, + Bo), Y) = xB(oi, V) + BBGos, $) 
but 
B(o, eu, + Bhe) = &B(o, d) + BB(o, da) 


Such functionals are called Hermitean-bilinear, or simply Hermitean functionals. 
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bounded supports. This theorem is called “the kernel theorem"? and 
will be used frequently in this book. 


1.1. Convex Functionals 


The general properties of bilinear functionals are established by means 
of certain theorems concerning convex functionals on countably normed 
spaces. 

A real functional p(y) > 0, defined on a linear space ®, is called 
convex if for any two elements o and j of @ the relation 


P(e + V) < ply) + Pl) 


is satisfied, and for any element o and complex number a the relation 


Play) = | a p(y) 
is satisfied. 

As an example of a convex functional one can take the norm || » || 
in a normed space, since in view of the definition of a norm || 9 + y || 
« lel + lé] and | apl = [oll el. 

We remark that finiteness of the value of the functional p(ọ) for 
every element » of is not assumed in our definition, i.e., p(y) may 
assume the value + oo, in which case we take a > oo = oo, a #0, and 
œ +a — oo + oo = oo. Obviously the set of elements o for which 
the functional (o) takes on a finite value forms a linear subspace‘ in ®. 
One could avoid using infinite values for p(y) by considering the func- 
tional f(p) only on this subspace. 

The concept of a convex functional is related to the geometric concept 
of an absolutely convex set. A set A in a linear space Ó is called absolutely 
convex if it contains, together with any two elements o and y, every 
element of the form ap + fy, where a and f are complex numbers such 
that [a] + |B) & 1.5 

In order to establish the connection between the concepts of a convex 
functional and an absolutely convex set, let us associate with the 
functional p(y) the set A consisting of every element 9 € 9 for which 
plp) < 1. We show that this set is absolutely convex. In fact, let 9 


3 More precisely, “the kernel theorem for the space K”; the general kernel theorem 
will be proved in Section 3. 

4 Nonclosed, generally speaking. 

* In a real linear space the absolute convexity of a set is equivalent to its being convex 
and centrally symmetric. 
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and y be elements of the set A, i.e., p(p) < 1 and p(y) < 1. Then if 
[o| + {B8| <1, we have 


Plow + B) & lalele) + |B lp) <lal FIBI <1 


and so ap + P € A, which proves the absolute convexity of A. 

Conversely, if A is any absolutely convex closed set (we are assuming 
now that ® is a topological linear space), then there exists a convex 
functional p(y) such that A coincides with the set of elements » for 
which p(p) < 1. This functional is defined by 


p(y) = 1/9, 


where q is the supremum of those values A > O for which Ag € A. It 
is easily seen that p(y) < 1 for every element » of the set A and that 
ply) > lif o does not belong to A. Moreover, from the absolute convexity 
of the set A it follows that p(p) is a convex functional. 

We have thus established a correspondence between convex func- 
tionals p(y) and absolutely convex sets in the space ®. 

We remark that the functional p(y) is finite on the smallest linear 
subspace ¥ in ® which contains the set A. In particular the functional 
f(o) is finite on the entire space ®, if for any element o of ® one can 
find an element f + 0 in A such that » lies on the line passing through 
y and the zero element (i.e., p has the form o = Aj). We will in this 
case call the set A absorbing. Observe that if A is an absorbing set, then 
every element o of the space ® belongs to one of the sets nA (we denote 
by nA the set of elements of the form ng, g € A). 

We call a functional p(y) lower semicontinuous if for any element po 
of the space and any e > 0 there is a neighborhood U of oy such 
that the inequality 


Pb) 2 PPa) — e 


holds at every point y; of this neighborhood. 

Let us prove that if the functional p(q) is lower semicontinuous, then 
the set A, consisting of those elements » for which p(p) < 1, is closed. 
As a matter of fact, let pọ be a limit point of the set A. Then in any 
neighborhood of the point o, there is a point y for which p(y) < 1. 
Consequently, in view of the lower semicontinuity of the functional 
P(e), P(¢o) < 1, which proves that A is closed. 

Let us now prove that if the absolutely convex set A is closed, then 
the corresponding convex functional p(¢) is lower semicontinuous. In 
fact, the set A of points J for which p(y) < 1 being closed, the set of 
points V for which (i) > | is open. But then any set which is defined 
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by the inequality p(y) > a, where a is any real number, will be open. 
Setting a == p(y ) — e, we obtain that the set of points % for which 
Pb) > Plpo) — € is open, and consequently contains a neighborhood 
of the point oe. This proves the lower semicontinuity of the functional 
plo) at any point gp. 

Thus we have proved that there is a one-to-one correspondence 
between lower semicontinuous convex functionals and absolutely convex 
closed sets. 


Lemma 1. Let (5,(9)) be some collection of lower semicontinuous 
convex functionals on a linear topological space ®. Then the functional 
plp), defined by 


plp) = sup p,(¢), 
is also lower semicontinuous and convex. 


Proof. Let us denote by A, the absolutely convex closed set corre- 
sponding to the functional p,(~). Obviously, in order that the inequality 


plp) = sup palp) < 1 


hold, it is necessary and sufficient that 9 belong to the intersection of 
all of the sets A,. But the intersection of closed absolutely convex sets 
is also closed and absolutely convex. Thus, to the functional p(¢) 
corresponds the closed absolutely convex set A = f, A,, and therefore 
ply) is a lower semicontinuous convex functional. 

The following geometric theorem lies at the basis of the study of 
convex lower semicontinuous functionals. 


Theorem 1. Let A be a closed absolutely convex set in a countably 
normed space ®. If A is an absorbing set (i.e., if every element 9 of 
the space Ó lies on the line passing through the zero element and some 
nonzero element of the set A), then A contains some neighborhood of 
the zero element of 6. 


Proof. Let us denote by nA the set of elements of the form na, a € A. 
From the absolute convexity of A it follows that the set n4 is non- 
decreasing in n, i.e., 


AC2AC ...CnAC... 


Since the set A is absorbing, any element o of the space € ® belongs to 
the sets nA for all n sufficiently large. Therefore ® = U, , nA. But a 
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countably normed space cannot be a countable sum of nowhere dense 
sets. Consequently at least one of the sets n4 is dense in some region 
of the space ®, and, since it is closed, contains some ball S(g,, ro) 
defined by the inequality || p — go |; < rs. But then the set A contains 
the ball Sọ defined by the inequality || p — o, |, xir, where o, = go/n, 
f, = rg/n. Since A is absolutely convex, it is easy to see that it therefore 
contains the ball || p ||, < rı. Thus we have proved that A contains 
a neighborhood of zero, which proves the theorem. 

We remark that we have already encountered Theorem | in Volume II 
(cf. Chapter I, Section 3.4). 

Theorem | is equivalent to the following theorem concerning convex 
functionals on countably normed spaces. 


Theorem 1'. Let (o) be a convex lower semicontinuous functional 
in a countably normed space ®, which has a finite value at each point 
of this space. Then p(p) is bounded in some neighborhood of the zero 
element of 6. 


Proof. We consider the set A consisting of those points » for which 
ly) <1. In view of the convexity and lower semicontinuity of the 
functional f(o) this set is absolutely convex and closed. In as much as 
p(y) has finite values on the entire space ®, the set A is absorbing 
(ie., any element 9 of ® can be represented in the form Aj, where 


6 In fact, let 4, C A, C ... be an increasing sequence of nowhere dense sets in a countably 
normed space 9. Since the set A, is nowhere dense, there is a ball Sj(g,, 71), defined by 
the inequality j| p — pı l» < 71,7 < 1, which contains no points of the set A,. Further, 
there is a ball S2(¢2, 72), defined by the inequality || p — eal, < 75,72 < 1,5, > Pi, which 
lies in the ball S,(g,, 7;) and contains no points of the set A,. Continuing this process, 
we obtain a nested system of balls 


Silpi, 1) 2 Salpa, 2) D aa D Sk(pi, 7j) D ..., 


defined by the inequalities |: p — 9, lp, X Tes Te X M/k, Prii > Pry and such that 
Si(@x, Tk) contains no points of the set A,. It is easily seen that the centers 9, ..., px, ... 
of these balls form a fundamental sequence in Ê (ie., that liM. t>% || pr — gi |l, = 0 
for any n). Since we are considering only complete countably normed spaces, the sequence 
9 --- Qi + has a limit point e. Obviously this point 9 belongs to every ball Selpr, rx) 
and therefore does not belong to any one of the sets 4,. But this shows that wé have 
founda point of the space Ê not belonging to the sum Ur. A, Consequently ® + Ur. Ay. 

Let us remark that Theorem ] and every result which we obtain from it is valid 
for every locally convex linear topological space which cannot be decomposed into a 
countable sum of nowhere dense sets (a linear topological space is called locally convex 
if it possesses a complete system of neighborhoods of zero, consisting of absolutely 
convex sets). 

A linear topological space for which Theorem | holds is called a barreled space. Thus, 
this theorem can be stated as ‘‘every countably normed space is barreled.” 
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y € A). Consequently, by Theorem | A contains a neighborhood U 
of zero, in which, by the definition of A, we have p(y) < 1, which 
proves the theorem. 

In order to describe bilinear functionals we need the following genera- 
lization of Theorem 1’. 


Theorem 2. Let pip), ..., Palp), ... be a sequence of convex lower 
semicontinuous functionals on a countably normed space ®. Suppose 
further that 


Ply) = Poly) > 


where, for each point o, p,(¢) is finite for all n > n(g). Then there are 
numbers mp, m, M not depending upon e, such that for n > n, the 
functional p,(¢) is finite on the entire space and, moreover, the inequality 


Palp) < MI ell, 
holds for every point g. 


Proof. We denote by A, the set of points of ® for which the inequality 
Palp) < 1 holds. Each of the sets A, is absolutely convex and closed, 
and every element 9 of ® belongs to at least one set of the form &4,; 
namely, if 5,(o) has a finite value and p,(~) < k, then > belongs to the 
set kA,. Thus © = U,. 1a kA,. Since the space ® cannot be 
decomposed into a atabili sum of nowhere dense sets, at least one 
of the sets kA,, say k,A, , is dense in some region of ®. But then the 
set 4, is dense in some region of ®. Since 4, is closed, it follows that 
Apn, contains some ball S,,(oo, r) defined by the inequality || p — go |, & r. 
Therefore, in view of the absolute convexity of 4, , it also contains the 
ball S,(r):]| ||, <r. In other words, we have shown that from 
the inequality || p|,, <r there follows the inequality p,(p) < l. 
Since we have p (p) < p,(o) for n > no, then for every n > mg and 
every o the inequality 


báo) < MI, 


holds, where M = l/r, which proves the theorem. 


1.2. Bilinear Functionals 


We proceed now to the description of bilinear functionals on countably 
normed spaces. It is known that any linear functional F on a countably 
normed space has finite order, i.e., is continuous relative to one of the 
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norms || o ||,,- In fact, in view of the continuity of the functional F there 
is a neighborhood U, defined by the inequality || ||, x: 8, in which 
the inequality |(F, 9)! < 1 holds. But then for || pl, < «6 the inequality 
(F, 9)| < € obtains, i.e., the functional F is continuous in the norm 
I e ll. 

We shall now prove a similar result for bilinear functionals. Let us 
call a bilinear functional B(o, /), where y and y range over the countably 
normed spaces and V/, continuous in each of its arguments, if for fixed 
g the functional B(o, V) is continuous in y; and for fixed y it is continuous 
in g. The following theorem holds: 


Theorem 3. Let B(g, y) be a bilinear functional in the countably 
normed spaces and ¥ which is continuous in each of its arguments. 
o and Jj. Then there are norms || 9|, and | y |m in the spaces 9 and ¥ 
relative to which the functional B(o, y) is jointly continuous in the 
variables p and y. In other words, there exist norms || o |in and | y Im 
such that’? 


| By, )| < Me lu] V Ins (1) 


where M does not depend upon 9 and y. 


Proof. For each n we introduce the functional p, (ys) on the space V", 
defined by 


pal) = sup. | B(g, V). 2) 


This functional can assume both finite and infinite values. However, 
for each point yy there is an n (depending upon W) such that p (Yo) is 
finite. In fact, B(y, Jy) is for fixed V, a continuous linear functional on 
the space ©. But any continuous linear functional on a countably 
normed space is continuous with respect to some norm || o ||,, and so 
there is an n such that B(o, o) is bounded in the ball || p |, < 1, i.e., 
in view of (2) the value $,(V) is finite. 

Now we show that the functionals p,() are monotonically decrea- 
sing, convex, and lower semicontinuous. That the functionals p, are 
monotonically decreasing 


bi) > ... > Pal) > .. 


follows from the fact that the norms || g ||, satisfy the inequalities 


loh &€llelas S- lel. S- 


7 We denote the norms in © by || ¢ iln and in Y by | V [m 
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Therefore the set || pl,, < 1 contains the set || pl,;, < 1 and con- 
sequently 
Prl) = sup | BE, V) 2> sup | Bg, y) = Pail). 


Nelly <1 Plata S 


Further, the functionals p,(%) are convex. Indeed, for fixed 9 the 
functional | B(o, %)| is convex, and so the functional 


palt) = sup | Ble, 4) 


iia S 


as the supremum of convex functionals, is likewise convex. In exactly 
the same way one proves that the functionals p,(y) are lower semi- 
continuous (the functional |B(o, V), fixed, is continuous and a fortiori 
lower semicontinuous). 

Now we apply Theorem 2 to the functionals p,(~). We find that 
Pa) < M| Y |, where m and M do not depend upon y, and n is 
equal to or greater than some integer nọ. In view of the definition of the 
functional p,(%), this means that 

sup | By, )] < M|y |m 
Igla «1 
and therefore 


Thus our theorem is proved. 

Let us now consider a linear operator which carries a countably 
normed space ® into the conjugate space V/ of a countably normed 
space VU. With every such operator A can be associated a bilinear 
functional B(ọ, V), where o e ® and y € P, setting 


BE, $) = (Ag, y) 


[we recall that 49 € U' and so (Ag, #) is defined]. Therefore, from 
Theorem 3 one can obtain a theorem concerning operators of this 
type. For this we assume that the operator A is continuous relative to 
the topology of the space ® and the weak topology of the space W”. 
In other words, we assume that for any elements yy, ..., Yn of ¥ there 
is a neighborhood U of zero in 9 such that |(Ag, Yp) < 1,1 <k <a, 
for every element o of U.8 Then, as is easily seen, the bilinear functional 


8 A neighborhood of zero in the space Y", in the weak topology, is defined by the 
inequalities 
(F, <l, l«kz«nm 


where y, ..., Yn are fixed elements of the space ¥. 
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B(ọ, y) will be continuous with respect to each of its arguments o and y. 
Applying Theorem 3 to B(g, Y), we find that for every element o e o 
and yj € Y an inequality of the form 


holds, where M, m, n are certain numbers which do not depend upon 
o and y. Taking into account the definition of the norms in the space 
V", we obtain 


| Ag |-m < Mlle ll. 


(we have denoted? by |F | , the norms in the space W’, defined by 
the equation |F | ,, = sup, <i | (F, J) |). Thus we have proved that 


sup | Ag |, <M. 
lella «1 


But this means that the operator A is continuous relative not only to 
the topology in the space ® and the weak topology in the space YW’, 
but also the topologies in these spaces defined by the norms | o ||, and 
|F |_,,- Thus the following holds: 

Theorem 3'. Let ® and V be countably normed spaces and A 
a linear operator mapping ® into the conjugate space V" of Y. If A is 
continuous relative to the topology of the space ® and the weak topology 
of the space V/, then it is continuous relative to certain norms || g ||, 
and | F | ,,, in these spaces. 

We obtained Theorem 3’ as a corollary of Theorem 3. Conversely, 
Theorem 3 is a corollary of Theorem 3’. This is a consequence of the 
following easily proved assertion. If B(o, y) ts a bilinear functional on 
the spaces ® and V, continuous in each of its arguments o and y, then 
the equation 


(Ag, $) = Big, 4) 


defines an operator A which maps ® into V' and is continuous relative 
to the topology of and the weak topology of V'. We remark that the 
bilinear functional B(o, ys) defines, along with the operator A, also its 
adjoint A’, defined by the equation (A'y, o) = B(o, y). 


® For reasons which will be clarified below, we have denoted the norms in a space, 
conjugate to a countably normed space 9, by || F || ,,, i-e., we use negative indices. 
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1.3. The Structure of Bilinear Functionals on Specific Spaces 
(the Kernel Theorem) 


The purpose of this section is to describe bilinear functionals on 
specific linear topological spaces, primarily on the space K of infinitely 
differentiable functions with bounded supports and the space S of 
infinitely differentiable functions which are rapidly decreasing for 
| «| — oo together with their derivatives of all orders.!? The determina- 
tion of the structure of bilinear functionals on the space K represents 
the content of the so-called “kernel theorem" of L. Schwartz. 

We will begin the solution of the problem at hand with the proof 
of a lemma on bilinear functionals on a Hilbert space of functions. 
For the sake of simplicity we carry out all considerations for functions 
of a single variable, stating here and there the changes which appear in 
the statements of the theorems upon passing to functions of several 
variables. 

We denote by H(a) the Hilbert space consisting of all functions g(x) 
defined on the interval | x | < a and having square integrable moduli 
on this interval. T'he scalar product in the space H(a) is defined by 


(e) — f A de. 
We denote the norm in H(a) by || o ||, i.e., 
lol = [fF leeds). 


Lemma 1. Let B(g, y) be a continuous bilinear functional on the 
space H(a), such that 


| B(g', Y) x Mlle lli ll, 
| B(o, ^| € Miele, (3) 
| Bee’, p) < Ml lll l, 

1? The spaces K and S were introduced in Volume I. In the appendix to Section ] we 


repeat the definition of these spaces and state their fundamental properties. Let us recall 
here only that a function ¢(x) is called rapidly decreasing if 


lim | x*¢(x) | = 0 


] «106 


for every k. 
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if the functions g(x) and J(x) as well as their derivatives g'(x) and (x) 
belong to the space H(a). Then the functional B(g, J) has the form 


Be.) = [^ f Fle DAO) ds dy, (4) 


where F(x, y) is a function with square integrable modulus. 


Proof. We choose the orthonormal basis in H(a) consisting of the 
functions 








TINK 
) —00 «n « oo. 


rls) = 2L ep (75 


V2a 


The functions 





mi(mx + ny) ) 


xn) Xa) = 3 ex (— TAM 


form an orthonormal basis in the space H,(a) of functions g(x, y), 
|x| <a, 1yl x a with square integrable moduli. To construct the 
kernel F(x, y) we consider the series 


> > B(Xm Xn) Xml) Xn). (5) 


Let us show that this series converges in the mean. For this it suffices 
to show that the series 


> 24 | BOXms xs)? (6) 


m-—9 n-— 


converges. But by inequalities (3) we have 


| B(xm Xn)| < Mi Xm HE xn ll 








and 
| B(xm Xal < MI Xm Il Il xs Il- 
Since 
xx) = TE (x) and | Xn Il Ec l, 
then 
M. 
B m» An "Wu 1 , m 0, n 0, 
| BG Xn)| € ETT] X x 
M, 
UM m #0, 





| m | 


1.3 Bilinear Functionals on Countably Normed Spaces 13 


where M, = Ma/z. Therefore the series (6) is majorized by the series 





| B1, DP -- 4M, Y, L- - 4M, S, 3, er. (7) 


24,2 
n=1 m=1 n= MEN 


i 


Since the series (7) converges, so does the series (6), and therefore (5) 
converges in the mean. 
Let us denote the sum of the series (5) by F(x, y), i.e., we put 


F(,9) = SS Boma x0). (8) 


M=—O n=—0 


Since this function is the sum of a Fourier series which converges in 
the mean, it has square integrable modulus, i.e., 


f. E: | F(x, y) dx dy < oo. 


Consequently the expression 
ff FG roy) ds dy 


defines a continuous bilinear functional on the space H(a). Let us 
show that this functional coincides with the functional B(g, V). Since 
these functionals are continuous, it is sufficient to show that they 
coincide for the elements x,(x) of the orthonormal basis in H(a), i.e., 
that 


BG) = ff Fes oye) ds dy. (9) 


But Eq. (9) immediately follows from the fact that by formula (8) the 
numbers B(Xm Xn) are the Fourier coefficients of the function F(x, y) 
relative to the orthonormal basis y,,(x) x,(y) in the space H,(a) of 
functions o(x, y), |x| <a, | y| < a having square integrable moduli, 
which proves the lemma. 

A similar assertion holds for functions of n variables, where, instead 
of inequalities (3), one has to assume that the inequalities 





| Bee, d?) < Mellie, O<lj| <a, O«|k| xn. 


hold. 
We now generalize the result obtained to bilinear functionals on the 
Hilbert space Ha) consisting of all functions g(x) on the interval 
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|x | <a which have m — 1 continuous derivatives (one-sided at the 
end points —a, a), with the (m — l)st having the form 


QU -D(x) =et f q (t) dt, 


where o'"(f) is square integrable over [—a, a]. The scalar product in 
H'™ a) is defined by 


(oJ). = | e COUP) de. 
k-0"* -a 
We denote V(9, p)m by || @ llm; The following lemma holds: 


Lemma 1'. Let B(y, y) bea bilinear functional on the space H ^" (a), 
continuous with respect to each argument, and such that 


| B's ^) < MIL ull dr, 
| Bop, ^) S MIL lll d los 
| Bly’, )! S MI o lll V llo; 


if the functions g'(x) and J'(x) belong to H (a). Then the functional 
B(o, Y) can be represented in the form 


m a k+ : 
Boy - 3 [Ier e ow) de dy 


where F(x, y) is a function whose derivatives 


ort F(x, y) 


0 <k, xim have square integrable moduli on the square —a < x <a, 
—axyxa 

This lemma is proved in the same way as was Lemma |. One has 
only to choose the kernel in the form 


F(x, y) = b BG, x) XEO) 


j,k=0 |l Xj il Xk i2, 


An analogous lemma holds also for functions of several variables. 
We pass now to the principal aim of this section—the description of 
every bilinear functional on the space K(a) of infinitely differentiable 
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functions which vanish outside the interval | x | < a. This space is 
countably normed, where the norms are defined by 


lel, = sup max |e'^(x). 
Ock m |xi«a 


It will be convenient to replace this system of norms by the system of 
norms | o |m defined by the scalar products 


Vn = Bf" e QS d 


This system of norms is equivalent to the preceding system. In fact, 
it is obvious that 


( 9), -5 f. | p(x)? dx < 2a(m + DI el. 
On the other hand, for | x | < a we have 
| eG) = | 9a) — eoa = | P eem ae] < f 19 MEI ag 
Applying the Bunyakovski-Schwartz inequality, we arrive at the relation 
PMP < 2a f^ [emerat < 2a f Lene at. 


From this relation, which is valid for every x in the interval | x | <a 
and every k, it follows that 
m 


lel = SP, max |p) < 2a Df eM d£ < 207, Pmp 


O-kz,m xa ÉD 


ie. , I 9 È < 2a(g, 9)n41- 


Thus 
(P, 9), < 2a(m + Yl o 12, 
and 
le I, S 2a(o 9), 


These inequalities show that the topologies defined by the system of 


norms || e ||, and | 9 |, = V(9, o),, coincide. 
Now denote by K'™(a) the completion of the space K(a) with respect 
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to the norm | |n = V(g, p)m- This completion is obviously a Hilbert 
space with scalar product 


(p, 9). = 2 5 q P (xp 9 (x) dx, 


and is in fact a subspace of H'™)(a). We also need the following result: 
If not only g(x) but also g'(x) belongs to the space H'™(a), then the 
inequality 


| 9 In < lo Ina (10) 
holds. In fact 


m a m+l a 
(p P')m = > f | ge rD(x)p? dx < 2; f | qx)? dx — (p, P)m41 
k=0* —@ k=0* —@ 


and therefore | 9’ |, < lo Imir 
Let us now consider a bilinear function B(o, 4) on the space K(a). 
By Theorem 3, Section 1.2, this functional is continuous relative to 
certain norms |o |m and | # |, in K(a). Without loss of generality we 
can assume m = n. Therefore the functional B(g,) satisfies the 
inequality 
| Be, )| < M| o lul h lm- 


From this it follows that the functional B(g,) can be extended by 
continuity to K™(a), and then arbitrarily to all of the Hilbert space 
H'"(a). At the same time, if the functions g(x), y(x) e H™{a) are such 
that their derivatives g'(x) and (x) also belong to H™{(a), then by 
formula (10) the inequality 


| By’; J^) < M| s Is] op" |; < M| 9 Imal 9 lua 


holds, as well as the inequalities 


| By’, )| « M| 9 Iml 4 lm 


and 
| Blg, y| < M| p Imaal Y lmt: 


We can therefore apply Lemma 1’. According to this lemma B(ọ, 4) 
has the form 


Bos) — S, [f aap OWO) dedy — (D 


k,t=0 
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kl 
where F(x, y) is a function whose derivatives ou. 0 Sk, 
[x m+ 1, have square integrable moduli. Thus we have proved 


the following assertion. 


Lemma 2. Any bilinear functional B(ọ, V), continuous in each 
argument, on the space K(a) of infinitely differentiable functions which 
vanish outside the interval | x | < a can be written in the form (11), 


9^ F(x, y) 0ck 


where F(x,y) is a function whose derivatives 
: : xk dy! 
| «i m + 1, have square integrable moduli. 


Okt E(x, y) 


We note now that if every derivative QUxhk,lxm--1, 


Ox* dy! 
has square integrable modulus, then 
mtl na a ort Que ; 
Po 2 [| | mem mnygte ned — Qu 


defines a continuous linear functional F on the space K,(a) of infinitely 
differentiable functions which vanish outside the square |x| x a, 
iy | x a. Therefore Lemma 2 may be formulated in the following way: 


Theorem 4. Let B(p, ys) be a bilinear functional, continuous in 
each argument, on the space K(a) of infinitely differentiable functions 
which vanish outside of the interval | x | < a. Then B(g, y) can be 
written in the form 


B(o, 4) = (F, g(x) (y) 


where F is a linear functional on the space K,(a) of infinitely differen- 
tiable functions o(x, y) which vanish outside the square |x| <a, 
ly| <a. 

It is now easy to obtain the general form of bilinear functionals on 
the space K of all infinitely differentiable functions having bounded 
supports. In fact, let B(p, /) be a bilinear functional on K. Then for 
any value a, B(o, ys) defines a bilinear functional B,(o, 4%) on the sub- 
space K(a) of functions which vanish outside the interval | «| < a. 
By Theorem 4 there is a linear functional F, on the space K,(a) of 
infinitely differentiable functions g(x,y) which vanish outside the 
square | x | <a, | y | x a, such that 


B(o, 4) = Balp, V) = (Fa p (xy) 
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for p(x) e K(a), p(x) e K(a). The functionals F, are mutually compatible 
in the sense that 


(Fo, x(x, y)) = (Fo x(x, y)) (12) 


if the function x(x, y) belongs to the space K,(a) and b 2 a, c Da. 
As a matter of fact, suppose that b > a and g(x), J(x) are functions 
from K(a). Then 


(Fo, e(x)M(y)) = Bio, V) = Blo, V). 


Since the right side of this equation does not depend upon 5, we find 
that (F,, e(x)b(y)) = (Fa o(x)j(y)) for b > a, c > a. Thus Eq. (12) is 
proved for functions of the form x(x, y) = g(x)j(y) Since linear 
combinations of such functions are everywhere dense in the space 
K,(a), (12) holds for every function x(x, y) e K,(a). 

But to any compatible family of linear functionals F, on the spaces 
K,(a) there corresponds a linear functional F on the space K,, defined 
by the equation 


(F, g(x, y)) = (Fa ox, y)), 


where a is chosen so that g(x, y) vanishes outside the square | x | < a, 
| y | € a. From the compatibility of the functionals F, it follows that 
the value of F does not depend upon a. Thus the functional F is uniquely 
defined for every function (x, y) in Kg. 

From the continuity and linearity of every functional F, it follows 
that the functional F is continuous and linear. Moreover, for any functions 
g(x) and x(x) in the space K we have 


By, V) = (F, (xs). 


In fact, there is a number a such that g(x) and (x) vanish outside the 
interval | x | < a. Then 


Be, V) = Bdp, Y) = (Fas e(x)9()) = (F, pA). 


Thus we have proven the following theorem. 


Theorem 5 (The Kernel Theorem). Every bilinear functional B(o, Y), 
on the space K of all infinitely differentiable functions having bounded 
supports, which is continuous in each of the arguments o and | has 
the form 


Bly, V) = (F, o(x)s(y)), 
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where F is a continuous linear functional on the space K, of infinitely 
differentiable functions of two variables having bounded supports. 

Of course, this theorem can without difficulty be generalized to the 
case where g(x) and J(y) are functions of several variables. 

A theorem analogous to Theorem 5 holds also for the space S of 
infinitely differentiable functions which, together with all their derivatives, 
are rapidly decreasing as | x | — oo. This theorem can be formulated 
in the following way. 


Theorem 6. A bilinear functional B(g, ys) on the space S, continuous 
in each argument, has the form 


Big, 9) = (F, oov), 


where F is a linear functional on the space S, of functions which, 
together with all of their derivatives, are rapidly decreasing as 
x? + y? — oo. 

This theorem is proved almost exactly as was Theorem 5, with 
certain modifications in the construction of the kernel F(x, y). Bearing 
in mind that a theorem will be proved in Section 3, of which Theorems 5 
and 6 are particular cases, we omit the proof of Theorem 6. 

We now indicate the general form of bilinear functionals on the 
space S. A description of linear functionals on the space S was given 
in Volume II (Chapter II, Section 4.3). Applying this to the functional F 
on S, which is defined by the bilinear functional B(o, 4), we arrive at 
the following theorem. 


Theorem 7. Any bilinear functional on the space S which is 
continuous in each argument has the form 


B(g, 4) = | F(x, ye" Gy) dx dy, 


where F(x, y) is a continuous function of power growth." 

One can obtain, for bilinear functionals on the space K(a), a similar 
formula which is simpler than formula (11); namely, the following 
theorem holds. 


u We say that a function F(x, y) has power growth if there is a p such that 


lim F(x, y) (x* + y’)? = 0. 
' oo 


arty? 
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Theorem 8. Any bilinear functional on the space K(a) which is 
continuous in each argument has the form 


Bip) = [f° FG DE) de dy, 


where F(x, y) is a continuous function defined on the square | x| < a, 
y| Sa. 

In conclusion we remark that theorems analogous to the kernel 
theorem are valid also for polylinear functionals. For example, the 
corresponding theorem for the space K is formulated in the following 
way. 


Theorem 5'. Let B(pi, ....~,) be a polylinear functional on the 
space K which is continuous in each argument. Then there is a linear 
functional F, on the space K,, of infinitely differentiable functions of 
m variables having bounded supports, such that 


Bry +s Pm) = (Fs ey9n) -- Pm(%m))- 


Appendix. The Spaces K, S, and Z 


Throughout this volume we will, as a rule, be concerned only with 
the spaces K, S, and Z. Other spaces of test functions will be encountered 
only occasionally. In order to spare the reader the necessity of referring 
to earlier volumes of this series for the definition of each of these spaces, 
we give here a brief discussion of the basic results concerning the 
spaces K, S, and Z. 

We denote by K the space of all functions g(x) = (x, ..., Xn) of n 
variables which are infinitely differentiable and have bounded supports. 
A sequence {,,(x)} of functions in K is said to converge to zero if there 
exists a constant a such that every function o, (x) vanishes for | x | > a,? 
and if for every q the sequence (92 (x)) converges uniformly to zero. 

This definition can be formulated in another way. Let us denote by 
K(a) the subspace in K consisting of those functions g(x) which vanish 
for |x | > a. A sequence {9,,(x)} converges to zero in the space K(a) 
if for every q the sequence (pi? (x)) converges uniformly to zero. If 
a « b then K(a) C K(b). The space K is the union of all the spaces 


12 We maintain the notation of the preceding volumes; for example, | x | denotes the 
. 4 
quantity (x? + ... + x?)?, and |q |, the sum qi + ... + q«. 
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K(a), and a sequence (p,(x)) of functions in K converges to zero if 
and only if all the functions 9,,(x) belong to the same subspace K(a) 
and converge to zero relative to the topology of this subspace. 

The topology in the space K may also be defined by giving a system 
of neighborhoods of zero in K. We note first that in the subspace K(a) 
a topology can be defined by means of the system of norms 


elle = sup, max | p''(x)]. 

We call an absolutely convex set U in K a neighborhood of zero if 
for any a the set U A K(a) is a neighborhood of zero in K(a). This 
means the following: there exist numbers m and e, depending upon 
a, such that g(x) e U when (x) e K(a) and 


sup max | g'?(x)| < e. 
lqja;m |ei<a 


It is not difficult to show that the topology defined by this (uncountable) 
system of neighborhoods of zero leads to precisely that notion of con- 
vergence which we introduced above.' 

Another space which will be considered below is the space S. It 
consists of all infinitely differentiable functions g(x) which are rapidly 
decreasing, together with their derivatives of all orders, as | x | — oo. 
This means that for every r > 0 and q the relation 


lim I. + | x |px) = 0 


|®|->00 


holds. A sequence {y,,(x)} of functions in S is said to converge to zero 
if for every r > 0 and q 


lim max (1 + |x |?)"@!2(x)| = 0. 


A topology in the space S can be defined by prescribing the following 
system of neighborhoods of zero. The neighborhood U(r, k,e) is 


t This definition of the topology in K appears to differ from that given in reference (69), 
Volume 1, Chapter III, $1, which is as follows: for each sequence of positive numbers 
€; 2 e > +: — Üandnon-negativeintegers m; < ms < = — +00 we define V({en}, {m,}) 
as the set of functions y e K which satisfy, for each j, the inequalities 


| p(x) | < e; for |x| 2j and |gq|« m; 


The collection of all such V({e,}, (7,)) is taken as a fundamental system of neighborhoods 
of zero in K. [Note: Footnotes cited by the dagger (+) are the translator's.] 
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defined by the positive integers r and k and a number e > 0, and consists 
of every function o(x) in the space S for which the inequality 


max |(1 + | x P)'p(x)| < e 


holds when |q | < k. 

Every function in the space K obviously belongs to the space S, 
and the functions in K form an everywhere dense set in S relative to 
the topology of S. Indeed, let g(x) be any function of the space S; 
we choose an arbitrary function a(x) in K such that a(0) = 1. Then 
each function a(x/m) g(x) belongs to K and, as is easily seen, as m -> oc 
the sequence of these functions converges to the function g(x) in the 
topology of S. 

The imbedding of the space K into the space S is continuous, since 
the inequality 


max |(1--|xi?yo'?(x) —e lal <k, 


which defines a neighborhood of zero in S, also defines a neighborhood 
of zero in K. Indeed, in each of the spaces K(a) the topologies induced 
by the topologies of K and S coincide. From this it easily follows that 
K(a) is a closed subspace not only of K but also of S. 

Now we introduce the space Z. It consists of entire analytic functions 
e(z) = o(2,, ..., Zn) such that.for any r the inequality!? 


| zolz) & Cer!” , z — x iy, (13) 


holds, where the constant a depends upon g(z), and the constant C 
depends upon ¢(z) and r. From now on we will call an entire analytic 
function which satisfies an inequality of the form 


| e(2)] < Cer! 


a function of exponential type. From inequality (13) it follows that a 
function in Z is a function of exponential type which is rapidly decreasing 
on the real axis. It can be shown that if a function g(z) belongs to Z, 
then for every r and q the relation 


| 9? (z)| & Cy (14) 
holds, where C, depends upon r and q. 


13 By 2^ we understand, as usual, 27! ... © 2^5, and bya | y | thcsuma; | Yal +... + an | Ynt 
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A sequence {p „(2)} of functions in Z is said to converge to zero if 
every function ,,(z) satisfies inequalities of the form 


| 2" e, (2)| & Cel, 


where the constant a does not depend upon m, and for every q and r 
the relation 

lim max (L + | x Byrgto(x)] = 0 
holds. 

The family of functions ọ(z)e Z which satisfy inequalities of the 
form (13) with a fixed value of a forms a closed linear subspace Z(a) 
in Z. Thus the space Z is the union of the subspaces Z(a), and a sequence 
ip, (2)) converges to zero in Z if all the functions o,,(z) belong to the 
same subspace Z(a) and converge to zero in this subspace. 

We note now that considering a function (zs) c Z for real values of 
its argument, we obtain an infinitely differentiable function which is 
rapidly decreasing as | x | — «, together with its derivatives of all 
orders [see inequality (14)]. In this way there is defined a continuous 
imbedding of the space Z into the space S. This imbedding preserves 
the topology in each of the subspaces Z(a). In other words, the topolo- 
gies induced in the spaces Z(a) by the topologies of Z and S coincide. 

The space SS is carried into itself by the Fourier transformation, 
which takes a function g(x) into the function ¢(A): 


$0) = | H(x)e dx, (x, A) = xu + XV. 


Under this transformation the space K is mapped onto the space Z, 
and the subspace K(a) is mapped onto the subspace Z(a). Since the 
functions in K are everywhere dense in S, the functions in Z are every- 
where dense in S. Besides, this is easily verified directly. In fact, let 
a(z) be any function in Z such that f a(x) dx = 1. Then for any function 
o(z) e.S we have g(x) = lim, ,4 n(x), where 


oux) —9* ox), o (x) = ma (—). 


But it is not hard to see that the functions ,,(x) belong to the space Z.14 


14 We denote by 9 * a(x), where g(x) € S, a(x) € S, the convolution of the functions 

g(x) and a(x), defined by 
px (x) = fpl — y) dy. 

Since the functions in Z may also be considered as functions in S, the convolution is 
thus defined also for functions in Z. It can be shown that the convolution of two functions 
in Z belongs to Z. The assertion that the ¢,,,(x) belong to Z means that there exist functions 
Pm(z) which coincide with the functions qo, (x) for real values of their argument z. 
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We now consider linear functionals on the spaces K, S, Z (generalized 
functions on these spaces). These linear functionals form linear spaces 
which are denoted by K', S’, and Z', respectively. We shall regard 
K’, S', Z' as linear topological spaces. A sequence (F,,) of linear func- 
tionals is said to converge to zero if 


lim (Fm p) = 0 


for any test function g. 

Since the space K can be mapped continuously and one-to-one onto 
an everywhere dense subset of the space S, then each linear functional 
on S defines a linear functional on K, and to distinct functionals on S 
correspond distinct functionals on K. Thus there is defined a continuous 
imbedding of the space S’ into the space K’. It can be shown that the 
elements of S’ form an everywhere dense set in K’. In exactly the same 
way the elements of S’ also form an everywhere dense set in Z'. 

Examples of linear functionals on the space K are the functionals 
of the form 


(f) = feno) ds, 


where f(x) is an arbitrary continuous function. Such a functional is 
called the regular functional corresponding to the function f(x). In 
particular, to each function (x) e K there corresponds a functional F, 
on K having the form 


(Fy, p) = | doo) ds. 


Let us show that the functionals of the form F,, y(x) € K, are every- 
where dense in K’. To this effect, we choose positive functions a(x) 
and f(x) in K such that f a(x) dx = 1 and B(0) = 1. We set 


a 


an(s) = m'a (E) and B(x) = Bem) = Qs) 


and associate with each linear functional F on K a sequence of linear 
functionals F,, defined by 


m? 


(Fm P) = | dox) d, 
where 


fux) = (FO), owe — y). Pl) = fa Bs). 
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Obviously the functions f,(x) are infinitely differentiable and therefore 
the functions J,(x) = f,(x)8,(x) belong to the space K. It is not hard 
to show that 


lim (Fins 9) = (F, p) 
for any function g(x) ¢ K. Thus we have proved that the functionals 
of the form F,, (x) € K, are everywhere dense in K’. 

Further on we will need the Fourier transform not only for test 
functions but also for generalized functions. Let F be a generalized 
function (linear functional) on any space © of test functions and let } 
be the space consisting of the Fourier transforms of the functions in ® 
(for example, K = Z, Z = K, S = S). The generalized function F 
on ®, defined by! 


(E, p) = (2n)"(F, p) 


is called the Fourier transform of the generalized function F. For 
regular generalized functions F,, y(x) e 6, the formula f, = F; holds, 
which shows that our definition of the Fourier transform for generalized 
functions agrees with the definition of the Fourier transform for test 


functions. 
In conclusion we indicate the general form of linear functionals on 


the spaces K, S, and Z. 
Every linear functional on the space S has the form 


(F, p) = | feet) ds, 
where f(x) is a continuous function such that for some r > 0 
a + |x PFE) > 90 as |x|— o 
(such functions are called functions of power growth). 


A linear functional on any one of the spaces K(a) is defined by an 
expression of the form 


(e) = | Aldona) ds, 


where f(x) is a continuous function. Since the space K is the union of 
the subspaces K(a), each linear functional F on K defines a family of 


13 n is the number of variables. 
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linear functionals F, on the subspaces K(a): (F, p) = (F,, p) if p(x) e K(a) 
These functionals are mutually compatible inthe sensethat(F,,q) —(F,, o) 
if a <b and g(x)e K(a). Conversely, any collection of compatible 
linear functionals F, on the spaces K(a) defines a linear functional F 
on K such that (F, 9) = (Fa, 9) for g(x) € K(a) (the continuity of the 
functional F follows directly from the definition of the topology in K). 
Every linear functional on the space Z is the Fourier transform of a 
linear functional on the space K. 


2. Operators of Hilbert-Schmidt Type and Nuclear Operators 


In the preceding section we proved the important kernel theorem 
for the space K. It was stated: there that an analogous theorem holds 
also for the space S. One can without difficulty enlarge the number 
of analogous theorems.! In the following section we will present a wide 
class of spaces, called nuclear spaces, for which an analog of the kernel 
theorem holds. The definition of nuclear spaces is related to certain 
classes of operators in Hilbert space, which we consider in this section. 
Of these classes, two—completely continuous operators and operators 
of Hilbert-Schmidt type— are undoubtedly well known to the reader. 
However, for the sake of keeping the discussion more self-contained 
we will recall the basic properties of these operators. 

The third class of operators—the class of nuclear operators—has 
in recent years gained importance in various connections. We define 
them in Section 2.3. Finally, in Section 2.4 we give an affine definition 
of the concept of a nuclear operator, which, in particular, makes it 
possible to generalize the definition to Banach spaces. We remark that 
in Banach spaces nuclear operators lose a number of important properties. 

Every class of operators which is considered below arises upon 
completing the space of degenerate operators? with respect to one norm 
or another. Namely, as will be shown (cf. Theorem 1), every degenerate 
operator A can be written in the form A = UT, where U is an isometric 
operator and T is a positive-definite operator? Let A, ..., 4, be the 


1A similar theorem holds, for example, in the space 3 of entire analytic functions, 
in which the topology is given by the norms 


ez) | = sup | (2) |. 
? An operator A is called degenerate if it maps the entire space onto a finite-dimensional 
subspace. 
3 We call an operator A positive definite if (Af, f) > 0, and strictly positive definite if 
(Af, f) > 0, f # 0. 
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eigenvalues of the operator T. The space of completely continuous 
operators is obtained from the space of degenerate operators by com- 
pleting the latter in the norm || A || = max, Aj; the space of Hilbert- 
Schmidt operators, by completion in the norm 


asc f ot 


and the space of nuclear operators, by completion in the norm 
I A lla = Xa À,.. 

The norms || A ll, || All, || 4 |l; are isometrically invariant: the values 
of each coincide for the operators A, UA, and AU, where U is an 
isometric operator. 

It is possible to describe every function f(A, ..., À,) of the eigenvalues 
of the operator T such that the equation 


IAL— fü sx. A— UT 


defines an isometrically invariant norm in the space of degenerate 
operators. Namely, f(A,, ..., 4,) must bea positive function, homogeneous 
of degree one, symmetric with respect to the variables A,, ..., Àp, and 
such that after we extend its definition, as an even function, to all 
values of the variables, the result is a convex function in n-dimensional 
space. The functions max, à., VE! Aj and Xj, A; which we are 
considering satisfy these conditions. 


2.1. Completely Continuous Operators 


A linear operator A which maps a Hilbert space 77, into a Hilbert 
space 77, is called completely continuous if it carries any bounded set into 
a set whose closure is compact. This definition is equivalent to the 
following: the operator A is completely continuous if it takes every 
weakly convergent sequence of elements into a strongly convergent 
sequence.* 


* A sequence of elements /y, hz, ... of a Hilbert space H is said to converge strongly 
to the element h if 
lim jh, — h i| = 0. 
ROH 
The sequence Ay, hy, ... is said to converge weakly to h if 
lim (h,, 8) ~- (h, g) 
no 


for every element g of H. 
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We note the following properties of completely continuous operators: 


(1) If A is a completely continuous operator which maps the space 
H, into the space H., then its adjoint? operator A*, which maps H, 
into H,, is likewise completely continuous. 


(2) The product AB of a continuous linear operator A and a com- 
pletely continuous operator B is completely continuous. The same 
assertion holds for the product BA. 


(3) Any linear combination of completely continuous operators is a 
completely continuous operator. 


Properties (2) and (3) are obvious. The proof of property (1) is carried 
out in the book of N. I. Akhiezer and I. M. Glazman, “Theory of 
Linear Operators in Hilbert Space,” Chapter 2, §27. Moscow-Leningrad, 
1950. (English translation by Ungar, New York, 1962). 

If one considers linear operators acting in some Hilbert space H, 
then properties (1)-(3) can be formulated briefly by saying that the 
completely continuous operators form an ideal in the ring with an 
involution consisting of all continuous linear operators. 

It can be shown that the set of completely continuous operators is 
closed in the set of all continuous linear operators relative to the (operator) 
norm 

|All = Bp I Afi 


and, consequently, is complete relative to this norm.9 

A self-adjoint completely continuous operator, i.e., a completely 
continuous operator A such that (Af, g) = ( f, Ag) for every f, g eH, 
has a particularly simple structure. If A is a completely continuous 
self-adjoint operator, then one can choose an orthonormal basis e}, €a ... 
in H which consists of eigenvectors of A, Ae, = A,e,, and the eigenvalues 
Àj; Àg, ... corresponding to the vectors e}, es, ... are real and converge to 
zero as n — oo, ie., lim, ,.. A, = 0. 

Conversely, every operator A which is defined, in terms of some 


5 Let A be a linear operator which maps the Hilbert space H, into the Hilbert space 
H,. The operator A* mapping H, into Hj, and such that 


(Af, g) = (f, A*g) 


for every element f € H, and g € H,, is called the adjoint of A. More precisely, one 
should write (Af, g), and (f, A*g),, where (Af, g) is the scalar product in H, and 
(f, A*g) is the scalar product in H,. However, we are confident that the reader can in 
every case easily determine in which of the spaces the scalar product is taken. 

® This assertion is proved in Akhiezer and Glazman, loc. cit., Chapter 2, $28. 
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orthonormal basis e,, es, ..., by Ae, = A,e,, where the A, are real numbers 
and lim, ,« Àp = 0, is self-adjoint and completely continuous.’ 

If the operator A is positive definite [i.e., if (Af, f) > 0 for every 
vector fe H], then its eigenvalues are either positive or equal to zero. 

We now show that any (in general, nonself-adjoint) completely 
continuous operator differs from a positive-definite completely con- 
tinuous operator only by an isometric factor, i.e., an operator U such 
that || Uf|| = || f|. In other words, the following theorem holds: 


Theorem 1. Let A be a completely continuous operator which 
maps H, into H,. Then A has the form A = UT, where T is a positive- 
definite completely continuous operator in /7,, and U is an isometric 
operatort which maps the range of T into the space Hs. 


Proof. Let us consider the operator B — A*A. Since A maps A, 
into H,, and A* maps into H, into H, B takes H, into itself. As the product 
of two completely continuous operators A and A*, B is completely 
continuous; further, B is positive definite. In fact, for any vector fe H, 
one has the inequality 


(Bf, f) = (A* Af, f) = (Af, Af) > 0. 


Consequently, as was stated above, the operator B has the form 
Be, = Ann Where e,, €p, ... is an orthonormal basis in H,, A, > 0, 
and lim, «A, = 0. We now introduce a new operator T = B! defined 
by Te, = VA,e,. Obviously, T? = B. Moreover, it is clear that T is 
completely continuous and positive definite. 

Let us compare || Af || and || Tf]. We have 


| Af iP. = (Af, Af) = (A* Af, f) = (TFS). 
But T is positive definite and consequently self-adjoint. Therefore 
(TFS) = (Tf, Tf) = | TKIP. 
Thus the operators A and T are metrically equal, i.e., 


i Af il = |i TI! 


7 Cf. Akhiezer and Glazman, loc. cit., Chapter 5, $55. 

t The operator U can obviously be extended to the closure of the range of T by 
continuity. Often it is extended to all of H, by defining it to be zero on the orthogonal 
complement of the range of T, and then requiring linearity. An operator of this type 
is generally called partially isometric, and the decomposition A = UT is called the 
polar decomposition of A. 
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for any element f of H,. Now we define an operator U by the equation 
Ug = Af 


for every element g of the form g = Tf, f € H,. The operator U is 
isometric because g = Tf and || Af || = || Tf |. Obviously, Af = Ug = 
U(Tf) and therefore 4 = UT. Thus the theorem is proved.? 

We remark that the operator U is defined on the set of elements of 
the form Tf, i.e., on the range of T. In view of its isometry we can extend 
it to the closure of its domain of definition. It is not hard to see that 
this closure is the subspace in H, spanned by the eigenvectors e, 
corresponding to the nonzero eigenvalues À, of the operator T. 

Theorem 1 enables us to give a geometric description of completely 
continuous operators (in general, nonself-adjoint). Let 4 — UT be a 
completely continuous operator, and e, €» ... orthogonal eigenvectors 
of the positive-definite operator T and A, => 0 the corresponding 
eigenvalues. Let us consider the sphere || x || = 1 in H,. The operator 
T transforms this sphere into an ellipsoid, whose principal axes are 
directed along the vectors e,, é,.... The lengths of the semiaxes of 
this ellipsoid are equal to Aj, Ag, .... Now the operator U isometrically 
maps this ellipsoid into the space H,. As a result one obtains an ellipsoid 
in the space Ha, whose principal axes are directed along the vectors 
h, = Ue, and whose semiaxes are of length A,. The lengths of the 
semiaxes of this ellipsoid tend to zero, since lim,,4 A, = 0. 

Conversely, any operator A which transforms the sphere A into an 
ellipsoid whose principal semiaxes tend to zero is completely continuous. 

The simplest example of a completely continuous operator is an 
operator P of the form 


Pf = Xf, ey, 


where e and h are fixed vectors of unit length, and A is a fixed number. 
This operator maps all of H onto a one-dimensional space. We will 
now show that any completely continuous operator can be approximated 
by a sum of such operators. Specifically, we will show that a com- 
pletely continuous operator A can be represented as the sum of a series 


Af — » dal fs e)n (1) 


8 An analogous assertion holds not only for completely continuous but also for arbitrary- 
bounded (and even for a wide class of unbounded) operators. However, the result stated 
in the text is sufficient for our purposes. 
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where the e, (respectively, the 4,) are the elements of an orthonormal 
set in H, (respectively, in H), and A,, Àg, ... are positive numbers which 
tend to zero as m — oo. Conversely, every series of the form (1), in 
which e,, Ans A, have the aforementioned properties, defines a com- 
pletely continuous operator. 

The decomposition (1) may be obtained in the following way. We 
represent the operator A in the form A — UT and denote by {e,} the 
set of vectors remaining after deleting, from an orthonormal basis for 
H, consisting of eigenvectors of T, those members with zero eigenvalues; 
let {Ap} be the eigenvalues of the e,, and set A, = Ue,. Now for any 
feH, we have 


Af = UTF = U (Y, Aedes) = Dy MC eas. 


n=l 


Now we show that the series (1) converges in operator norm, in other 
words, that the operators A,, defined by 


A,f = > ACH, e)lr, 


converge in the operator norm to the operator A. Suppose || f|| = 1. 
Then, since the set (A4,) is orthonormal, 


KA — ADAP = SMA e)? <A S, When? < AIT = Ai, 
nok+i n=l $1 
where 4, denotes the largest of the numbers 1,,,, Ay 2, .... From this 


inequality it follows that 


| A — Al = sup i(A — Aufl < A, 


and, since lim}, A, = 0, that lim, e || ÆA — A, || = 0. Therefore the 
operators A, converge to the operator A in operator norm. 

Now we show that the converse assertion holds, namely: any operator 
of the form 


Af = Y, MU eh, (1) 


where {e,,} and {h,} are orthonormal systems of vectors in the spaces 
H, and H,, A, > 0, and lim, po A, = 0, is completely continuous. For 
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the proof it suffices to remark that from lim,...A, = 0 follows 
lim, 4 || A — A; || = 0, where 


Af = » Anl f, &)hs. 


Since each of the operators A, maps the space H, onto a finite- 
dimensional subspace in H,, the A, are completely continuous. Con- 
sequently the operator A, being the limit in operator norm of the A,, 
is also completely continuous. 

It is obvious that for an operator A of the form (1) the numbers A, 
are always eigenvalues of the positive-definite operator T which appears 
in the decomposition A = UT, the vectors e, are eigenvectors of T, 
and the vectors A, are of the form A, = Ue, 

We observe that at the same time we have proven the following 
assertion: 


Any completely continuous operator A is the limit in operator norm 
of a sequence of degenerate operators A, (i.e., operators which map 
the space H, onto a finite-dimensional subspace in H5). We have thus 
shown that the space of completely continuous operators coincides 
with the completion of the set of degenerate operators in the norm || A ||. 


2.2. Hilbert-Schmidt Operators 


For many questions of analysis the requirement that the eigenvalues 
À, (of the operator T appearing in the decomposition A = UT of a 
completely continuous operator A) tend to zero is too weak, From now 
on we will consider operators on whose eigenvalues are imposed more 
restrictive requirements concerning their rate of decrease. 

One of the most frequently used classes of such operators is the 
class of Hilbert-Schmidt operators. 

A completely continuous operator A = UT is said to be of Hilbert- 
Schmidt type if X, , à2 < oo, where the A, are the eigenvalues of the 


operator T. 
Geometrically this says that an operator A of Hilbert-Schmidt type 
transforms the sphere || /|| = 1 into an ellipsoid such that the series, 


consisting of the squares of the lengths of its semiaxes, converges. 
Recalling that in the decomposition 


Af — > al fr enhn, (1) 
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which we established on page 31, A, is an eigenvalue of T, we can 
assert that an operator of Hilbert-Schmidt type admits a decomposition 
of the form (1), where {e,} and {f,} are orthonormal sets in the spaces 
H, and H,, and the A, > 0 are such that the series x. 1 A® converges. 

Conversely, if {en} and {h,} are orthonormal sets in Hilbert spaces 
H, and H,, and A, > O are numbers such that the series x, , A2 con- 
verges, then formula (1) defines an operator of Hilbert-Schmidt type. 

In fact, from the convergence of X, , A? it follows that lim, s» Àn = 0. 
Therefore, as was shown in Section 2. 1, ‘the operator A is completely 
continuous and the A, are the nonzero eigenvalues of the operator T 
which appears in the decomposition A = UT. Consequently, the 
series Z,, , A2 consists of the squares of the eigenvalues of T, and so 
A is of Hilbert- Schmidt type. 

We shall give a more convenient definition of an operator of Hilbert- 
Schmidt type. For this we need the following assertion. 


Lemma 1. Let A be an operator, mapping the Hilbert space H, 
into a Hilbert space Ha, such that the series Er || Af, ul converges 


for some orthonormal basis f, f, .. in H,. Then X, || Ag, |? 
converges for any orthonormal basis g,, gs, ... in Hı, and 
> ti Afa I? = $, li Ag, |? (2) 
n=1 n-i 


Proof. 'l'o prove this result, we choose some orthonormal basis 
hy, he, ... in Ha. Then 


| Af, P = Y. fs hl = $ Ian Ah): 
Therefore 
>I Af, |? = >> (f, A* hi? 


But 
Io A*h,)|? = || A*h, |Ê. 


iMs 


Since the right side of this equality does not depend upon the choice 
of the basis ( f,} in H,, Eq. (2) is proved. Moreover, we have shown that 


>, |i Afra? = E A*h, |, (3) 
n=1 n= 


where fy, Ag, ... is any orthonormal basis in Hy. 
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We now give another definition of an operator of Hilbert- d 
type. By definition, for a Hilbert-Schmidt operator A the series X, , 02 
converges, where the A,, are the nonzero eigenvalues of the positive- 
definite operator T appearing in the decomposition A = UT. Let 
{e,} be an orthonormal basis in H, consisting of eigenvectors of T. 
Since || Af || = || Tf |, An = |} Ten || = || Ade, ||, and so the series 

x, -1 || Ae, |? = En A2 converges. But then from (2) it follows that 
for a Hilbert- Schmidt operator A the series E, , |! Af, |? converges 
for any orthonormal basis ( f,) in Hj. 

We will show that the convergence of the series o || Afp |? for some 
orthonormal basis in H, is not only a necessary but also a sufficient 
condition for the operator A to be of Hilbert-Schmidt type. In other 
words, we will prove the OSANE theorem. 


Theorem 2. In order that ihe operator 4 be of Hilbert-Schmidt 
type, it is necessary and sufficient that the series 3 || Af, ||? converge 
for at least one orthonormal basis f,, fa, ... in Ay. 

For the proof of this theorem we need the following lemma. 


Lemma 2. Let the operator A be such that the series X, , || Af, |? 
converges for some orthonormal basis f}, fo, ... in H,. Then || A || x || A ils, 


where || A ||, stands for the number [xn li Af, jg? (by (2) the value of 
|| A ||; depends only upon A and not upon the choice of the orthonormal 
basis fi, fo, ... in Hj). 


Proof. Let us choose any orthonormal basis h,, ha ... in Ha Then 


| Aft = WAP A 


8 


= » IU, A*h,)I? <P E, I A*a le = Lf, UAI. 
n-l n=1 


Thus 
II Afi? «llf? S Af, IP = WAP A IB 
n=1 


from which follows 
|All = n AF < |! A ls. 


Let us now prove Theorem 2. We need to prove only that the con- 
vergence of the series E, || Af, |? is a sufficient condition for A to be 
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of Hilbert-Schmidt type. But for this it suffices to show that the con- 
vergence of this series implies that A is completely continuous. As a 
matter of fact, if A is completely continuous, then A = UT and, in 
view of Letonia 1, the series N -1 || Ae, ||? converges, where e}, es, ... is 
'an orthonormal basis consisting iot eigenvectors of T. Since À, = || Ae, |l, 
the convergence of the series X, , A2, consisting of the squares of the 
eigenvalues of T, is thereby proved. 

We prove the complete continuity of the operator A. Let us denote 
by A, the degenerate operator which takes the vector f, into Af, for 
l <n < kand into zero for n > k. Then 


I4— Al SIA Al — 9,4 — A95 — > ARM. 


n=1 n=k+1 


From the convergence of the series X, || Af, ||2 it follows that 
lim,,4||.4 — A|| = 0. Therefore A is the limit in operator norm 
|| A || of a sequence of degenerate operators. Since a degenerate operator 
is completely continuous, the operator A is also completely continuous. 
As we already mentioned, from the complete continuity of A and the 
convergence of the series X, , || Af, |? it follows that A is of Hilbert- 
Schmidt type, which proves the theorem. 

Henceforth we will call the number |! A ||, the Hilbert -Schmidt norm 
of A. Obviously the Hilbert-Schmidt norm is finite for Hilbert-Schmidt 
operators and only for such operators and satisfies, for these operators, 
the easily proved relations 


[44+ B lig x Alle +i Bll 
and 
AA lg = [ATA Ile 


From this it follows that the set of Hilbert-Schmidt operators forms 
a normed linear space þh relative to the norm || A |. Let us show that 
this space is a Hilbert space. In fact, a Hilbert-Schmidt operator A is 
defined by the numbers (Af,, hy), where {fa} is an orthonormal basis 
in H, and {h,} is an orthonormal basis in 77, and 


ian - [Ziani] = [2 E iat oor] 


n=1 k=1 


From this it follows that the space of Hilbert-Schmidt operators is 
isomorphic to the space of infinite matrices || any || for which the series 
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Eroi Br |an l? converges. But as is known, the space of such matrices 
is a Hilbert space; consequently § is a Hilbert space. 

Since the space of Hilbert-Schmidt operators is a Hilbert space, it 
is complete. We prove that this space is the completion of the set of 
degenerate operators in the norm || 4|. In fact, in the proof of 
Theorem 2 it was shown that if A is of Hilbert-Schmidt type and 
fv fa -.. is an orthonormal basis in H,, then lim,..,.. || A — 4, |l, = 0, 
where A, is the operator which coincides with A on the elements 
fp fü and which takes the elements f,,,, fis, ... into zero. Thus 
every Hilbert-Schmidt operator is the limit in the norm || A ||; of a 
sequence of degenerate operators A,, Áa .... From this it follows that 
the set of degenerate operators is everywhere dense in the space of 
Hilbert-Schmidt operators with norm || A ||,. Since this space is com- 
plete, it is the completion of the set of degenerate operators in the 
norm || A lla 

Let us pause to prove yet another property of Hilbert-Schmidt 
operators. Namely, we prove the following assertion. 


Theorem 3. In order that the operator A, which takes a Hilbert 
space H, into a Hilbert space He, be of Hilbert-Schmidt type, it is 
necessary and sufficient that it admit a representation of the form 


Af Y M, eh, (4) 


where {e,} and {hn } are orthonormal sets in H, and H respectively, 
and the A, are positive numbers such that the series X. 13 converges. 


Proof. Let A be a Hilbert-Schmidt operator. Then A is completely 
continuous and, consequently, can be represented in the form of a 
series 


Af = 9 M, es, 


where the À, are the nonzero eigenvalues of the positive-definite operator 
T appearing in the decomposition A = UT. Since A is a Hilbert- 
Schmidt operator, the series E, , 2 converges. This proves the necessity 
of the condition of the theorem. 

We prove its sufficiency. Suppose that A admits a representation of 
the form (4), for which the series 35.1 42 converges. Then lim, o A, = 0 
and consequently A is completely continuous, and the À, are the nonzero 
eigenvalues of the operator T appearing in the decomposition A = UT. 
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Since by hypothesis X, , A2 converges, A is of Hilbert-Schmidt type, 
which proves the theorem. 

In conclusion we note the following properties of Hilbert-Schmidt 
operators, which we will make use of further on. 


(1) The adjoint A* of a Hilbert-Schmidt operator is an operator 
of the same type. 

In fact, if A is of Hilbert-Schmidt type, then the series X, , || Af, | 
converges for every orthonormal basis (f) in H,. But from this, by 
Lemma 1, follows the convergence of the series i -1 || A*A, I far any 
orthonormal basis {h} in Ha. But this shows that A* is likewise of 
Hilbert-Schmidt type. 

(2) The product AB of a continuous linear operator A and a Hilbert- 
Schmidt operator B is of Hilbert-Schmidt type. 

In fact, for any orthonormal basis { f,) in H, we have 


> ll ABfal® «1 Al? S Il Bf. tt. (5) 


n=1 


But the series Ep1 | Bf, \? converges, as B is a Hilbert-Schmidt operator. 
Therefore the series X, || ABf,|? converges, and consequently AB 
is likewise a Hilbert-Schmidt operator. We note that from this inequality 
there follows the useful relation 


| AB lle < || All ll B ils. 


(3) The product BA, where A is a continuous linear operator and B 
is a Hilbert-Schmidt operator, is also a Hilbert-Schmidt operator. 

In fact, BA — (A*B*)*. But by property (1), B* is a Hilbert- 
Schmidt operator, and by property (2) A*B* is of Hilbert-Schmidt 
type. A second application of property (1) shows that BA is a Hilbert- 
Schmidt operator. 


2.3. Nuclear Operators 


An even more restrictive requirement than that the operator A be 
of Hilbert-Schmidt type is that it be a nuclear operator. 

A completely continuous operator is called mucleart if Ea Àn SO; 
where the A, are the eigenvalues of the operator T appearing in the 


t Frequently, operator of trace class. 
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decomposition A = UT. Since the convergence of the series Xa Ai 
follows from the convergence of X, , Àp, every nuclear operator is of 
Hilbert-Schmidt type. 

Geometrically, the requirement of nuclearity says that the operator 
A maps the sphere || x || = 1 onto an ellipsoid in the space H, such that 
the series, consisting of the lengths of its principal semiaxes, converges. 

We proved in Section 2.1 that every completely continuous operator 
which maps a Hilbert space H, into a Hilbert space H, can be represented 
in the form of a series 


Af = 3 M eh (1) 


where {e,} and {h,} are orthonormal sets in H, and H,, and A, > 0, 
lim,» Àp = 0. From this it follows that every nuclear operator can be 
represented i in the form of a series (1) in which A, > 0 and X, ,A 
converges. 

It was shown in Section 2.1 that every series of the form (1), where 
{e,} and {h,} are orthonormal sets in the spaces H, and Ha, and A, > 0 
and lim, ,« A, = O defines a completely continuous operator A, whereby 
the À, are the eigenvalues of the positive-definite operator T appearing 
in the decomposition A = UT. Therefore any series of the form (1), 
for which A, > Oand X, , Àp < +, defines a nuclear operator mapping 
the space 77, into H,. 

For positive-definite operators the concept of a nuclear operator 
coincides with that of an operator having finite trace. A positive-definite 
operator A in a Hilbert space H is said to be an operator with finite 
trace if the series X, , (Af) fn) converges for any orthonormal basis 


{fa} in H. 


'The following assertion holds. 


Lemma 3. In order that a completely continuous positive-definite 
operator T be nuclear, it is necessary and sufficient that it have finite 
trace.1? 


Proof. Let T be a positive-definite nuclear operator. We introduce 
the operator T?, setting Te, = AMe,, where {e,} is an orthonormal 


IF il amn I is the matrix corresponding to the operator A with respect to the basis 
ye 
{fa}, then EZ. 1 (Afi fa) = X, Ann and is thus the trace of the matrix || a, |l. 
1? 'The analogous assertion, without the assumption of the complete continuity of T, 
is proved below in Theorem 7. 
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basis consisting of eigenvectors of T, and the A, are the corresponding 
eigenvalues. Since 


| Teen IP = SA, < +o, (6) 


i n=i 


Ms 


n 


u 


T* is a Hilbert-Schmidt operator. Therefore, for any orthonormal 
basis f}, fo, ... we have 


Si Thai? = $ Te = Sd 
n=1 n=1 n=1 


In view of the self-adjointness of T?, 


2 TE Ciel = D, UL. 
n-i n-i n=] 
Therefore for any orthonormal basis f}, fy, ... in H 


2 (Mn fa) = È u < +00 


n=1 


from which it follows that the operator T has finite trace. 

Conversely, let T be a completely continuous positive-definite operator 
having finite trace. We choose any orthonormal basis e}, €,, ... in H 
consisting of eigenvectors of T, with corresponding eigenvalues À}, Ag, ... 


Then 
Yan = $ (Ten, e) < +00, 


from which it follows that T is a nuclear operator. 

From this it follows that any nuclear operator is the product d = UT 
of an isometric operator U and a positive-definite operator T having 
finite trace. 

Let us examine the relation of nuclear operators to Hilbert-Schmidt 
operators. 


Theorem 4. The product AB of any two Hilbert-Schmidt operators 
is a nuclear operator. Conversely, every nuclear operator is the product 
of two Hilbert-Schmidt operators. 


Proof. Suppose that B maps H, into H, and A maps H, into H, 
and let AB = UT be the decomposition of the operator AB into the 
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product of a positive-definite operator T, acting in the space H,, and 
an isometric operator U which maps the range of T into the space H}. 
We denote by e}, és, ... an orthonormal basis in H, consisting of eigen- 
vectors of T, Te, = A,e,, and by hy, hg, ... the orthonormal system in 
H, consisting of the vectors A, = Uen, A, # 0. Then for à, # 0 we have 


An = (Ten, e,) = (UTe,, Uen) = (ABe,, hn) 


7 

= (Ben, A*h,) < Kl Ben |? + || A*Ah, |). k 

If A and B are Hilbert-Schmidt operators, then the series X, || Be, ||? 

and X, || A*A,|? converge, and so, in view of inequality (7), the 

series E, , A, converges. Thus we have proved that the product AB 
of two Hilbert-Schmidt operators is a nuclear operator. 

Let us now prove the converse assertion. Let A be a nuclear operator, 
and 4 — UT its decomposition into the product of a positive-definite 
and an isometric operator. Then, as was shown above, the operator 
T! is of Hilbert-Schmidt type. Since!! 


$ UTE l? => i T'en iÈ 
n=1 n=l 


UT? is likewise of Hilbert-Schmidt type. As A = (UT?)T?, A is the 
product of two Hilbert-Schmidt operators, which proves the theorem. 

The following properties of nuclear operators are a consequence of 
Theorem 4. 


(1) The adjoint A* of a nuclear operator A is a nuclear operator. 

In fact, if A = UT!T!, then A* = T'(UT*)*. The operator (UT!)*, 
as the adjoint of a Hilbert-Schmidt operator, is itself Hilbert-Schmidt. 
Consequently A* is a nuclear operator. 


(2) The product AB of any bounded linear operator A with a nuclear 
operator B is a nuclear operator. The analogous assertion holds for 
the product BA. 

In fact, if B is a nuclear operator, then B = UT?T!, where UT? 
and T! are Hilbert-Schmidt operators. Consequently AB = (AUT®)T? 
is the product of two Hilbert-Schmidt operators, i.e., a nuclear operator. 
The analogous assertion also holds for the product BA of a nuclear 
operator B with a bounded linear operator A, since BA = (A*B*)*. 


H The operator U is defined on the closure of the range of the operator T. It is easily 
seen that this closure coincides with the closure of the range of T3. In both cases the 
closure in question is the subspace spanned by those vectors e, corresponding to nonzero 
àn. Therefore UT? is an operator with domain Hi. 
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The properties of nuclear operators which have been proved suffice 
for the construction of the theory of nuclear spaces. However, in view 
of the importance of nuclear operators we will discuss some of their 
further properties. 


Lemma 4. Let A and B be operators in a Hilbert space H,, where 
B is a bounded linear operator and 4 — UT is a nuclear operator. 
Then 


> (ABen, en) = 2 (B Ae,, en), (8) 


n-i n-i 


where {e,} is an orthonormal basis in H consisting of eigenvectors of T. 


Proof. Obviously 


2 (ABe,, en) = > > (Bens €m)(Aems en) (9) 
and 
> (BAe,, en) = > > (Aen, es (Bes, en). (9) 


The right sides of (9) and (9’) differ only in the order of the terms, and 
therefore, in order to prove (8), it suffices to show that the series (9) 
is absolutely convergent. But 


(Aen, Em) = (UTe,, Em) za Àn( Uen, Em)» 


where the A,, denote the eigenvalues of T, corresponding to the eigen- 
vectors ¢,. Therefore 


YD Aes end“ Bene e)l < y An Dy (Ulu endl * Bem ta) 


n-i m-l n=1 


- 


«1S A. Y, Ue, e) + Bess e] 


n-i m=i 


CA 


But 


[re] 


J, (Uen em)? = || Ue, If < 1 


m-l 


(Bem, e)? = || B*e, |? < || B* |? = || BI? 


Ms 


i 


3 
Lj 
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and therefore 


> > \(Ae,, €m)| (Bens en)| < (i B ii? F 1) 2 As. 


n-zim-i 


Since the series X, À, converges, the absolute convergence of the 
series (9) is proved. Hence (8) is also proved. 

From Lemma 4 it follows that for any unitary operator V and any 
nuclear operator 4 — UT we have 


> (VAV en, e) = > (Ae, €), (10) 


n=1 n=1 


where {e,} is an orthonormal. basis consisting of eigenvectors of T. 
For the proof it suffices to replace, in formula (8), B by V and A by 
V-14, and to note that the decomposition of the operator V-14 has 
the form VA = WT, where W = VU. 

Equation (10) can be written in the form 


2, (Af fa) = È, (Ae ea) (1) 


where {f,} is the orthonormal basis in H consisting of the vectors 
fa = Ven. Thus, if A is a nuclear operator, then the series Dna ( Af, fa) 
converges for any orthonormal basis { fp}, and its sum does not depend 
upon the choice of basis, i.e., the operator A has finite trace (earlier 
this was proven only for positive-definite nuclear operators; cf. Lemma 3). 

Equation (11) can be generalized by relinquishing the assumption of 
the orthogonality of the basis ( f,). We call a set {f,,} of vectors in H 
an unconditional basis? if fa = Bh,, where {h,} is an orthonormal basis 
in H and B is a bounded linear operator which has a bounded inverse 


1? [f ( fa} is an unconditional basis, then every basis {Cfa}, where C is a bounded linear 
operator having a bounded inverse, is unconditional. Therefore the concept of an uncon- 
ditional basis is an affine concept, depending only upon linear operatórs in H and the 
topology in H, but not depending upon a scalar product being given in H. In order that 
a basis {fa} be unconditional, it is necessary and sufficient that it remain a basis for any 
permutation of its vectors.t 


t Presumably the condition that the set of norms {|| fa |) be both bounded and bounded 
away from zero must be added; for it is clear that if {e,} is an orthonormal basis, then 
the set {an€n}, where a, = n or n^! as n is even or odd, is a basis for any permutation of 
its elements, but certainly not an unconditional basis in the authors' definition. 
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Bo. If {fa} f, = Bh,, is an unconditional basis, then {g,}, where 
gz = (B)*h,, is also an unconditional basis, and 


(Sm 8n) = (Bh,,, (B7*)*h,) = (hm hy) = mn 


The basis (g,) is said to be biorthogonal to the basis { fp}. 
We prove the following theorem. 


Theorem 5. Let (f,) be an unconditional basis in the space H, 
and {g,} the basis which is biorthogonal to it. Then for any nuclear 
operator A the series 


8 


(Afns 8) (12) 


n=1 


1 


is absolutely convergent, and its sum does not depend upon the choice 


of basis ( f,}. 


Proof. Let f, = Bhp g, = (B)*h,, where {h,} is an orthonormal 
basis in H. Then 


> (Af, B) = > (ABh,, (B)*hy) = > (B^ ABh,, hy). 


The operator B-!AB is nuclear, because A is a nuclear operator and B 
and B-! are bounded. Therefore, as was proven above, the series 
Nu e (B^ A4Bh,,h,) is absolutely convergent and hence the series 
Xa (Afus Zn) is absolutely convergent. We prove the independence of 
the sum of this series upon the choice of basis ( f,). In view of Eq. (11) 
the sum X, ,(B-!ABh,, ha) does not depend upon the choice of 
orthonormal basis (A). Therefore 


> (BC ABh,, ha) = Y, (B^ ABe,, en), 
n=1 n=1 


where {e,} is an orthonormal basis consisting of eigenvectors of the 
positive-definite operator Q appearing in the decomposition B7 A = WQ 
(cf. Theorem 1). Applying Lemma 4 to the operators B^! and B, 
we find that 


Ms 


(B ABe,, e) = (Aen, en). 
2 ) 


n-l 


LU 
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Thus we have shown that 


$ (Afa &n) = > (Aen, en). 


n=i n=i 


Because the right side of the equation does not depend upon the choice 
of basis {f,}, the value of E, , (Afas g,) does not depend upon the 
choice of unconditional basis ( f,), which proves the theorem. 

Somewhat more careful considerations show that the following 
theorem, proven by V. B. Lidskii, is valid. 


Theorem 6 (On the Trace). If A is a nuclear operator, {f,} an 
unconditional basis, and {g,} the basis biorthogonal to it, then 


Afi) = Yos (13) 


where the u, are the eigenvalues of A. 

We remark that if A is a nuclear operator, then the series X, , (Afa Zn) 
is absolutely convergent not only when the bases {fp} and {g,} are 
biorthogonal, but also in the case where f, = Biens g, = Bæn, where 
B, and B, are bounded operators, and {e,} is an orthonormal basis in H. 

The proof of this assertion is analogous to that of Theorem 5. 

From this result it follows that for any unconditional bases { f,} 
and te») (or parts of unconditional bases) and any nuclear operator A 
the series Èra (Afas 8n) is absolutely convergent. The absolute con- 
vergence of such series is not only necessary, but also sufficient for 
the nuclearity of the operator A. In other words, the following theorem 
holds: 


Theorem 7. In order that a bounded linear operator 4 in a 
a space H be nuclear, it is necessary and sufficient that the series 

Ma (Afas Zn) converge for all systems of vectors {fp} and {ga} which 
are parts of unconditional bases in H. 


Proof. It was shown above that if 4 is a nuclear operator, and 
{fa} and (g,) are parts of unconditional bases, then the series X, ., (Afns 8n) 
converges. Therefore the necessity of the condition of the theorem is 
proved, and we turn to the proof of its sufficiency. 

Since A is bounded, it can be written in the form A = UT, where 
U is isometric and T is a positive-definite bounded operator (in Sec- 
tion 2.1 it was stated that such a decomposition exists for every bounded 
operator). We show that the operator T has a pure discrete spectrum, 
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i.e., that one can choose an orthonormal basis in H, consisting of eigen- 
vectors of T. 

In fact, we show that if « > 0 and B > || T |, then the range of 
E(A^, where A' = [o, B], is finite dimensional [E(4) is the resolution 
of unity of T; cf. the appendix to Section 4]. Clearly this implies that 
T has a pure discrete spectrum (and in addition that it is completely 
continuous). Suppose, to the contrary, that the range of E(4’) is infinite 
dimensional. Then we can construct an infinite orthonormal set 
fis fs ... in this range. All the f, lie in the range of T, and (Tf,, fa) > 
Set g, = Uf,. The systems {fn} and (g, can be enlarged to na al 
bases in H. Therefore the series X,.., (Afg: Zn) is by hypothesis absolutely 
convergent. But 


(Afas 8n) = (UTfa, Ufn) = (Thu fa) >a > 0 


and consequently 
2, (Afa 8n) = +00. 
n=1 


The contradiction shows that T has a discrete spectrum. We now show 
that T is a nuclear operator, i.e., that the series D,_, A, converges, 
where the A, are the eigenvalues of T. For this we note that 


An = (Ten, en) = (UTe,, Uen) = (Aen; Zn); 


where the e, denote the orthonormalized eigenvectors of T corresponding 
to the eigenvalues À,, and g, = Ue,. Therefore 


> An = > (Aen, Zn): 
n=) n=) 


Since the systems. {en} and {8n} can be'enlarged to orthonormal bases 
in H, the series En- (Aen, Zn) is convergent, and consequently the series 
Er, À, converges, which proves the theorem. 

It is useful to note that in the proof of the sufficiency of the condition 
of the theorem we used only the convergence of the series X, , (Af, 8n) 
for any orthonormal systems ( f,) and {g,}. Therefore Theorem 7 can 


be strengthened in the following way. 


Theorem 7'. In order that a bounded linear operator A in a Hilbert 
space H be nuclear, it is sufficient that the series X, (Af,, 8n) converge 
for any orthonormal systems ( fa} and {g,} of vectors in H. 
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This theorem is also valid for operators mapping one Hilbert space 
into another. 

We also note the following necessary and sufficient criterion for the 
nuclearity of an operator. 


Theorem 8. In order that an operator A be nuclear it is necessary 
and sufficient that the series Ep || Af, || converge for at least one 
orthonormal basis fi, fo, ... in the space Hj. 


Proof. Let fo fo - be an orthonormal basis in the space H, and 
suppose that the series 3 || Af, || converges. Then the series x Af, |? 
also converges. Therefore A is a Hilbert-Schmidt operator and a fortiori 
complete continuous. Consequently A can be represented in the form 
A = UT. Since || f, || = 1 and the operator U is isometric on the range 
of T, we have 


This inequality shows, in view of the convergence of X, | Af, ||, that 
the series X, 4 (Tf,, fa) converges. But then (by Lemma 3) the operator 
A is nuclear. 

Conversely, let 4 — UT be a nuclear operator. We choose an ortho- 
normal basis e}, és, ... in H,, consisting of eigenvectors of T. Then 


S| Ae, l = $ 1 Teall = SA. 
n=l n=1 asl 


which shows that the series X, , || Ae, || converges. 

We remark that the nuclearity of an operator 4 does not imply the 
convergence of the series Er || Af, || for every orthonormal basis in H,. 
We construct a corresponding example. 


Example. Let us consider the fixed vector 


f-(G 5$) 


in the Hilbert space H of sequences x = (xj, xs, ...), the sum of whose 
square moduli converges. We denote by P the operator of orthogonal 
projection onto the subspace generated by the vector f. Since P maps 
the space H onto a one-dimensional subspace, it is a nuclear operator 
(its trace equals unity). 

Now P transforms the vectors of the orthonormal basis {e,,}, where 


e, = (0,0, ..., 1, 0, ..), 
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into the vectors 


Lr A. 
Pea = FR af” 








But the series 


oo oo 1 
I Pell = 2, = 
2 x n 
diverges. 


Thus, if A is a nuclear operator, the series En || Ae, |, where (e,) 
is an orthonormal basis in H, can diverge. 


2.4. The Trace Norm 


In this section it will be proved that the nuclear operators form a 
linear space and that this space is the completion of the space of degenerate 
operators relative to a certain norm, called the trace norm. First we 
prove the following theorem. 


Theorem 9. If A is a nuclear operator mapping the Hilbert space 
H, into the Hilbert space H, then 


sup $ (Af, g)! = $ An (14) 


where the A, are the eigenvalues of the positive-definite operator T 
appearing in the decomposition A = UT, and the supremum is taken 
over all orthonormal systems of vectors {f,} and {g,} in the spaces 
H, and H,. 


Proof. Let {e,} denote the set of vectors remaining after the deletion, 
from an orthonormal basis for H, consisting of eigenvectors of T, of 
those members with zero eigenvalue. Then 


An = (Ten, en) = (UTe,, Ue) = (Aen, hn) 


and therefore 
y (Aen, ha) = > An: 


Since {e,} and (A,) are orthonormal systems in H, and H,, 


iMe 


Ms 


An < sup $y (Af, a)l- (15) 


n 


i) 


1 
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Now we prove the reverse inequality. We take any orthonormal systems 
{fn} and {gn} in the spaces H, and H, and estimate the series X, 4|( Af, g,)| 
Since those eigenvectors of T whose eigenvalue is zero are mapped by 
A into zero, 


(Afns 8n) = 5 (fns ex) (Ae, 8n) = > Aid far er) Uer, 8n)» 
k=1 k=1 
where {ep} is as at the UEIBDIME of the proof. Therefore 


Nel( fns &x)(Uexs ga)l 


1 


o0 œ 


2. Kafo gal < 3 


n=l k 


(16) 
« 5, Dd Aull far eel? + (Uer gn)? 


n=1 k= 


EE 


U 


Since {fp} and {g,} are orthonormal systems in H, and H», 


D Gs endl? «lec <1 


n=1 
and 


Y, Uer ga)l? < || Vex? < 1 
1 


From these inequalities and relation (16) it follows that 


> Afa a)l < Y de 


Therefore 
sup >) |(Afn &n)| < 2, àr- (17) 
n=1 k=1 


Comparing relations (15) and (17), we see that 
sup >, (Afm &n)l = 2, Ae 
n=l k-1 


which proves the theorem. 
In Theorem 7' it was proven that the convergence of the series 
Xa (Afas 5)! for all orthonormal bases (f,) and {g,} in H, and H, 
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implies that A is nuclear. Therefore nuclear operators can be charac- 
terized as operators for which the quantity 


sup >, K(Af, Za) 


is finite. 

From this it follows at once that the nuclear operators form a linear 
space. For the proof we need only assert that the sum of two nuclear 
operators is a nuclear operator. But this assertion follows at once from 


sup $) (A + Bf, < sup È> (Afa ga) + SUP Dy (Bho ga): 


One can introduce a norm in the space of nuclear operators, setting 


| Alh = sup Y, K(Af Za) (18) 


n=1 


where the supremum is taken over all orthonormal systems { f,} and 
{g,} in the spaces H, and H,. It is not hard to verify that the norm 
|| A ||, satisfies the relations 


IA BW s AM +i Blk 
and 
AA |] = [AI A lhe 


From Theorem 9 it follows that the norm |j A ||, can also be defined 
as X, Àm i.e., as the trace of the positive-definite operator T appearing 
in the decotn don on A = UT of the nuclear operator A [cf. Eq. (14)]. 
Therefore the norm || A |, is called the trace norm. 

We recall that not only the trace norm but also the Hilbert-Schmidt 
norm || A ||; and the operator norm || A || can be expressed by means 
of the eigenvalues A, of the operator T appearing in the decomposition 
A = UT; namely, one has 


I A || = supa, . (19) 
| 4l = $, Ams (20) 
n=) 


14h = [Sx]. (21) 


n=1 
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We have already proven Eqs. (20) and (21); the proof of (19) is well 
known. 
The norms || A ||, || A ||s || A ||; are related by the inequalities 


lA s I ANS <I AI (22) 


In fact, the inequality || A || < || A ||; was proven above (cf. Lemma 2), 
and the inequality || A ||, < || A ||, follows from the fact that A, > 0 
and therefore 


Z< Š Ay) 


oo 
n=l n=1 


At the beginning of Section 2.3 it was shown that any nuclear operator 
A = UT can be written in the form 


Af = > dfs exhi 


where {e,} is an orthonormal basis in H, consisting of eigenvectors of 
T, A, are the corresponding eigenvalues, A; = Ue, for A, Æ 0, A, > 0, 
and £,., A, converges. From Theorem 9 it follows that 


I4 —A,lh — $, dw 
ken41 


where A, denotes the operator defined by 


A,f = > Arl f, ey) Ax. 


Therefore 
lim | A — A, | = 0. 


Thus, any nuclear operator is the limit in the trace norm of asequence 
A» Ag, ... of degenerate operators. 

Now we prove that the space of nuclear operators is the completion 
of the space of degenerate operators in the trace norm. For this it is 
sufficient to show that the space of nuclear operators is complete relative 
to the trace norm. First we shall prove the following theorem. 


Theorem 10. Let 4, 4, .. be a sequence of nuclear operators 
such that the set (|| A, ||,} of trace norms is bounded. If the sequence 
{An} converges weakly to an operator A, then A is a nuclear operator 
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Proof. From the boundedness of the set (|| A, ||,} follows the existence 
of a number M such that 


2 ICA, fis hy)| x M 
k=1 


for all orthonormal systems { fy} and {h,} in H, and H, and every operator 
An Now we let s be any positive integer, and pass to the limit n — oo 
in the inequality 


S 


D, (Anfo m)l < M. 


k=1 


Taking into account that, in view of the weak convergence of the sequence 


{A,}, lim, 5 (Anfi hj) = (Afe hj), we obtain the inequality 


S 


Y, (Afe h) < M. 


k=1 


But then 
>, (Afe tx) < M. 
k=1 


Since { f,} and (A,) are arbitrary orthonormal systems in H, and H, 
then 


sup >) Afe h))) < M 
k=1 


and, consequently, Æ is nuclear. 


Remark. From this theorem it follows, in particular, that || A ||, < 
sup,l| A, |, if (4,) converges weakly to A. 

It is now easy to establish that the space of all nuclear operators is 
complete relative to the trace norm. In fact, let (4,) be a sequence of 
nuclear operators which is fundamental relative to the norm || A |j 
i.e., suppose lim, ,4 || Am — 4,|, = 0. Then {4,} is also fundamental 
relative to the norm || A ||. In view of the completeness of the space of 
all continuous linear operators relative to the norm || A ||, there is an 
operator A such that lim, ,4 || 4 — 4,1l| = 0. From this it follows 
that the sequence (4,) converges to A in the weak sense, and by 
Theorem 10 A is nuclear. 

Now we show that the sequence {A4,} converges to A in the sense of 
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the norm || A|j,, ie. that lim, ...|| 4 — A, ||, = 0. For this we note 
that since the sequence {4,,} is fundamental relative to the norm || A ||,; 
for any e > 0 there is an N such that for m, n > N and any orthonormal 
bases { fa} and {h,} in the spaces H, and H, the inequality 


o0 


> (Am — Ae Be)! <| Am — Asl < e 


ii 
holds. But then, if m > N, n > N we have 


s 


^ (Am — Ae gi << 


kl 


for every value of s. From the weak convergence of the operators A,, 
to A it follows that the inequality 


$8 


Y, (A — AJfe g)) < € 


k=] 


holds for n > N and every s, and therefore for n > N 
|| A — Anli = sup >) (A — Ai 23)] < e- 
k-l 


Thus || 4 — A, ||, <€ for n > N, and, consequently, the operators 
4, converge to A in the norm || A |,. Therefore the space of nuclear 
operators is complete relative to the trace norm. 

As we already remarked, it follows from this that the space of nuclear 
operators is the completion of the space of degenerate operators in 
the trace norm. ` 


2.5. The Trace Norm and the Decomposition of an Operator into 
a Sum of Operators of Rank 1 


We will give in this section another definition of the trace norm 
based upon the decomposition of an operator into a sum of operators of 
rank 1, i.e., operators which map the entire space H, onto a one-dimen- 
sional subspace of the space H,. 

Let us consider a degenerate operator Æ which maps the Hilbert 
space H, onto a finite-dimensional subspace G of the Hilbert space H,. 


2.5 Operators of Hilbert-Schmidt Type 53 


We choose a basis in G, consisting of linearly independent vectors 
£p «o Zm and expand the vector Af in terms of this basis as 


m 


Af = > On f 8r 
kl 
Obviously, for fixed k the coefficient «;,( f) is a linear continuous func- 
tional of f, and can therefore be represented in the form a;( f) = (f, fi), 
where f; is a fixed element of H,. Thus, a degenerate operator A can 
always be written in the form 


aps > NAATA (23) 


Conversely, if g,,..., g,, are any (possibly linearly dependent) vectors 
in H, and f, ..., fm are any vectors in H,, then formula (23) defines a 
degenerate operator. Each term ( f, f,)g, in the formula is an operator 
which maps the entire space H, onto the one-dimensional subspace of 
H, generated by the vector gą. Such an operator is called an operator 
of rank |. Thus, formula (23) gives a decomposition of the degenerate 
operator A into a sum of operators of rank 1. 

Let us introduce the operators Pf = ( f, fj)g,. Then Eq. (23) can 
be written in the form 


Af — > Pf. (24) 


k=1 


We will call such a decomposition a decomposition of the operator A 
into a sum of operators of rank |. We note that the norm || P, || is equal 
to || fi ll I| gx ||. In fact, 


| Pall = sup Cf f) = sup IC fe) asd = fcu 8x I- 


(flt [fil 


Of course, every degenerate operator A can be decomposed into a 
sum of operators of rank | in various ways. We now prove that the 
trace norm of the operator A is the infimum of sums X, || P; || taken 
over all decompositions of A into a sum of operators of rank 1, i.e., 


| All, = inf $ || Py. (25) 
k=1 


First we prove the inequality 


|All, > inf $, || Py ll. (26) 
k=1 
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Since the operator A is degenerate, the operator T appearing in the 


decomposition A = UT has only a finite number of eigenvalues A, 
different from zero. Therefore A can be written in the form 


Af = Ý, M, ehe 


ki 
where the e, É Sgene of T and A, = Uep. Since || je, || = Ax 
and || A, || = 1, for this decomposition the sum pa || P,|| equals 


Ya Ag Le. the trace of the operator T, and so the infimum of sums 
of the form X, || P, ||, taken over all the decompositions of the operator 
Al into a sum of operators of rank 1, does not exceed!? Tr(T), i.e 


inf p | Peli  Tr(T) = || A Ws. 


Thus inequality (26) is proven. 
Now we prove the reverse inequality. Let 


nm 


k=1 


be a decomposition of A into a sum of operators of rank 1. Then by 
the properties of the trace norm we have 


All <>, ll Pls. (27) 
k=1 


But for an operator P of rank | the trace norm coincides with the ordinary 
norm, ie, | Pj, = | P|. In fact, let Pf — (f, h)g. Then for any 
orthonormal systems ( f,) and {gp} in the spaces H, and H, we have 


> (Pfi gx) = 2 \( Fes A8, 8x). 


In view of the Bunyakovski-Schwartz inequality it follows from this.that 


| Pl = sup 2, (Pfe gi) 
á k=1 


«[x IG n Eg] <i Ai hel = PI 


13 'Tr(T) denotes the trace of T. 
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Since the reverse inequality || P|| < || Pj, always holds, the equality 
TPI = || Pl, is proven. Therefore inequality (27) may be rewritten 
in the form 


m 


Il Al <$ 1 P.I. Q8) 
k=1 
Since this inequality is valid for any decomposition of A into a sum of 
operators of rank 1, we have 


| A |, < inf >) | Pell. (29) 
k=1 


From inequalities (26) and (29) it follows that 


mM 


| All = inf $; | Pal 
and since | Py |! = li fi lIl gil, that 


All, = inf $, |i fell l gel 
k=1 


where the infimum is taken over all decompositions Af = Ly ( f, f;)gy 
of A into a sum of operators of rank 1. The infimum is achieved by any 
decomposition in which the f; are eigenvectors (with nonzero eigen- 
values) of the operator T appearing in the decomposition A = UT, 
and g} = Uf, 

We can now say that the nuclear operators are those obtained by 
completing the set of degenerate operators in the norm 


All = inf >) fell asl 
k=1 


where the infimum is taken over all decompositions of the operator A 
into a sum of operators of rank 1. 

In this form the definition of the nuclearity of an operator can be 
carried over to any Banach space. A degenerate operator which maps 
a Banach space E, into a Banach space E, has the form 


Af = > Fa Abe 


where F}, ..., Fp are fixed linear functionals on the space £,, and g,, ..., Zn 
are fixed elements of E,. An operator B, mapping £, into E,, is called 
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nuclear if it belongs to the completion of the set of degenerate operators 
in the norm 


m 


I A |, = inf >) ILE, IU gel 
k=1 


where the infimum is taken over all decompositions of Æ into a sum 
of operators of rank 1, We should remark, however, that we do not 
consider the concept of nuclearity in Banach spaces to be adequately 
justified, because such operators lack certain very important properties 
possessed by nuclear operators in Hilbert spaces, For example, the 
trace theorem (cf, Theorem 6) is not valid for nuclear operators in 
Banach spaces, In other words, if ( f,} and {F,,} are biorthogonal uncon- 
ditional bases in the spaces E and E’ (i.e., bases such that (F;, fm) = 8,,), 
and u, are the eigenvalues of the nuclear operator 4, then, generally 


speaking, the equality 
> (Fo Af) = >) mr 
kl k=1 


does not hold, 
We remark that if an operator 4, mapping a Banach space E, into 
a Banach space E, has the form 


Af = >) (Fo f gm (30) 
kel 
where F, € Ej, g, € Ea and the series 


> UFU gel 
k=1 


converges, then 4 is a nuclear operator, Conversely, if Æ is a nuclear 
operator which maps a Banach space E, into a Banach space E., then 
it can be written in the form of a series (30) for which the series 
Xa I Fr || || gx || converges. 

We will not linger over the proofs of these assertions, since they 
have been proved in the case which is of interest to us, namely Hilbert 
space, and, as we said, the concept of nuclearity for operators in a 
Banach space is apparently not sufficiently worthwhile. 


3. Nuclear Spaces. The Abstract Kernel Theorem 


One of the basic problems which arises after setting up a general 
theory of linear topological spaces and, in particular, of countably 
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normed spaces, is that of distinguishing a class of spaces which is 
defined by sufficiently simple requirements and is of service in analysis. 
We maintain that one such class of spaces is the class of nuclear spaces, 
which will be studied in this section. 

Nuclear spaces were introduced in Volume III (Chapter IV, Section3.1) 
in connection with the spectral analysis of self-adjoint operators. We 
give here another more natural definition of a nuclear space, which is 
equivalent to the previous definition for a wide class of linear topological 
spaces. Moreover, we prove an abstract version of the kernel theorem, 
i.e., a theorem on bilinear functionals on nuclear spaces, from which 
one can obtain the kernel theorem for the spaces K and S. 


3.1. Countably Hilbert Spaces 


We will call a strongly positive-definite Hermitean functional (o, #), 
defined on a linear space Ê, i.e., a functional such that 


(1) (Gi 9» Y) = (es V) + (os V), 

Q) — (ap, #) = alp, V), 

G) (p, 4) = Qo), 

(4) (pọ) >0 and (g,g)- 0 ifandonlyif 9 = 0, 


a scalar product in ®, 

With every scalar product (9, #) in the space ® one can associate a norm 
le |l, setting || ¢ || = V(o, p). Suppose now that we are given a countable 
system of scalar products (o, #), in the space 9, which are compa- 
tible in the following sense: If a sequence {pp} of elements of ® 
converges to zero in the norm |j g |, = V(g9, ¢),, and is a fundamental 
sequence in the norm || 9 ||,, then it also converges to zero in the norm 
lle ll- 

We introduce a topology in ®, taking as a complete neighborhood 
basis of zero in @ the sets U, o defined by the inequalities || p ||, < e. 
We will say that a space with a given countable collection of scalar 
products is countably Hilbert, if it is completet relative to the stated 


t Perhaps the simplest way to define completeness in the present context is to point 
out that the topology in 9 defined by the metric 


< ile |l 
Nell = >, 2" 
n=l + Il p lln 
is identical to that defined above. Completeness is then understood in its usual sense 
for metric spaces. It is not hard to see that completeness is equivalent to ® = nz. $,, 
where 9, is the completion of ® relative to the norm || g |. 
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topology. Thus, a countably Hilbert space is a complete linear topological 
space in which the topology is given by a countable set of compatible 
norms || ||, having the form lel. = V (p, P)n- 

We could also define a countable set of arbitrary (Banach) compatible 
norms || o |[,. In this case the space is called countably normed. 

At a first glance it might appear that the class of countably Hilbert 
Spaces is essentially a narrow class of countably normed spaces, because 
the Hilbert norms | p ||,, = V(¢, v), are only special cases of general 
Banach norms. However, thanks to the fact that we are considering 
countable collections of norms, the differences between different Banach 
norms frequently fall away.! For example, the class of functions having 
continuous first derivatives is different from the class of functions whose 
first derivatives have square integrable moduli. However, it is obvious 
that the class of functions having continuous derivatives of all orders 
coincides with the class of functions having derivatives of all orders 
with square integrable moduli. 

Frequently the system of norms || ¢ ||, in a given countably normed 
space ® can be replaced by a system of norms, defined by scalar products, 
without altering the topology of the space. 

We will ordinarily consider a system of scalar products (o, ),, 
n = ],2, .., inthe space O such that for any element 9 € © the inequali- 
ties 





(eh < (P, p) € .- 


hold. This condition does not restrict the class of spaces considered. 
If a given system of scalar products does not have this property, it 
can be replaced by a new system of scalar products (o, Y), setting 


(Ws =D (s 


As is easily seen, this does not alter the topology in ®. At the same 
time the system of scalar products (9, Y), has the property that 


(p, 9) € (o, 9) € ... 


1 The fact that differences between Banach spaces are either fictitious or too fine for 
many problems of functional analysis was made plain, for example, in the theory of 
representations of Lie groups. 

Representations, given by the same formulas, but considered in different spaces, turned 
out, as a consequence, to be nonequivalent. Therefore it is most natural to consider 
group representations not in Banach spaces, but rather in linear topological spaces. 
Concerning details, cf. Volume V. 
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We denote by 6, the completion of the space @ relative to the scalar 
product (o, V),.? Obviously ©, is a Hilbert space. From the completeness 
of the space ® it follows that ® is the intersection of the spaces @,, 
n = 1,2,..5 


L8 


© = f, 


fi 


n=1 


Conversely, if the topology in a linear topological space ® is defined 
by means of a countable collection of scalar products (o, Y), and e 
coincides with the intersection fY, , ©, of its completions relative to 
these scalar products, then Ó is complete and therefore countably 
Hilbert. We will not linger over the proofs of these simple assertions. 
The reader who so desires can acquaint himself in Chapter I of Volume II 
with the proofs of these assertions for the more general case of countably 
normed spaces. 

Further on we will need to consider certain elements of the space 
® as elements of the corresponding Hilbert spaces ®,. In such cases 
where this can lead to misunderstandings, we will write p instead of g. 
Thus, the elements p, Y, .. are the same element 9 of the space 4, 
considered in the different spaces Ó,. 

Let us now clarify the structure of the adjoint space ®’ of a countably 
Hilbert space ©. We show that ©’ is the union of the Hilbert spaces 
$^, which are the adjoints of the Hilbert spaces ®,, n = 1,2, .... In 
fact, let F be an element of the space $5, i.e., a linear functional on the 
Hilbert space P,a- Then obviously F is continuous relative to the topology 
of È, i.e., F is an element of ©’. From this it follows that UJ., 9", C D. 
On the other hand, if F is a linear functional on ®, then as was mentioned 
in Section 1.2, F is continuous relative to some one of the norms, say 
le ll, = V(es ),, i€., it belongs to the space ©. Thus P = U;., 4. 
We note that the spaces ©), form an increasing chain 


CPC 


In fact, since (p, P) < (p, y), for m < n, then from the boundedness 
of a functional F in the ball (9, 9), < 1 follows its boundedness in the 
ball (p, 9), < 1, i.e., if F belongs to ®„, then it belongs to $^. 

The space Ë, is the adjoint of the Hilbert space ®,. Therefore there 
is defined in ©), a norm which is conveniently denoted by || F || ,, given 
b 

” IF la = sup (P, o) 


lal 


* That is, relative to the norm || gll, = V (p, 9). generated by the scalar product. 
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As is well known, the adjoint space of a Hilbert space is a Hilbert space 
and therefore the norm || F || ,, is defined by a scalar product (F, G)_, 
in ®,. In other words, 


Fn = VP), 


It should be kept in mind that the scalar products in the different 
spaces ®, are different and that for m < n the inequality (F, F) ,, > 
(F, F)_, holds. 

Sometimes we will be led to consider a functional F from ©’ as an 
element of several of the spaces ®,. In this case we will use the same 
notation F, F,... as is used or elements of the space ®. We note that 
if m < n and F € à, then 


Gn) Gn) (n) (n) 


(F, e) = (F, 9) 


for any element p € ®. In fact, both sides of this equality are the value 
of the functional F for the element g € ®. 

One can introduce a topology in the space ®’ in various ways. For 
example, one can take as a complete system of neighborhoods of zero 
in ® the sets U(o, , ..., Pmi €), consisting of those linear functionals F 
such that 


(Fp) Se l<k<m. 


Here o, ..., Pm are elements of ®, and e is an arbitrary positive number. 
This topology is called the weak topology in the space ©’. Along with this 
topology we can consider the strong topology. In order to define the 
strong topology in ©’, we introduce the concept of a bounded set in ®. 
A set A in @ is said to be bounded, if for any k the set of numbers 
(o, ~),, where p € A, is bounded. In this case, for any neighborhood U 
of zero in 9 there is a number n such that Æ C nU. A complete system 
of neighborhoods of zero which defines the strong topology in ®' 
consists of all the sets U( A4, e), defined by the inequalities 


sup |(F, 9)| < e, 
yea 


where A is any bounded set in 9, and e > 0. 
It can be shown that the elements of each of the subspaces ©), form 
an everywhere dense set in the space ®’, relative to the weak topology. 
One can also introduce the notion of bounded sets in ®’. Here one must 
distinguish between a weakly and a strongly bounded set in ©’. A set 
A in ®’ is called strongly bounded, if for any strong neighborhood U 
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of zero in ©’ there is an n such that A C nU. In the same way a set A is 
called weakly bounded, if for any weak neighborhood V of zero in ®' 
there is an z such that A C nV. Since every weak neighborhood of zero 
in ©’ is also a strong neighborhood of zero, every strongly bounded set 
in P is weakly bounded. 

We consider, finally, the adjoint space ®” of ©’. In this space also, 
one can consider different topologies, starting respectively from finite, 
strongly bounded, and weakly bounded sets in the space ©’. We will 
construct a topology in ©’, starting from the strongly bounded sets 
in ©’, With each such set A and each number e > 0 we associate the 
set U(A, e) in ©’, consisting of those linear functionals ¢ on ®’ such that 
SUP Al ($, F) | < e. We take the collection of all the sets U(A, e) for a 
complete system of neighborhoods of zero in ®”. 

With this topology the second adjoint space ®” is isomorphic to the 
original countably Hilbert space ®, i.e., 6 = ®”. A linear topological 
space ® for which © = ®” is called a reflexive space. Thus a countably 
Hilbert space is reflexive. 

The proof is carried out in the following way. To each element 
9 € ® there corresponds a linear functional ¢ on the space ®’, defined 
by the equation (¢, F) = (F, 9). The correspondence 9 — ¢ is a one-to- 
one imbedding of the space ® into the space ©”. We show that it is 
one-to-one onto, i.e, that each element $ € 9" is the map of some 
element 9 € ®. In fact, a linear functional ¢ on the space ®' = U;,_,®, 
is at the same time a linear functional on each of the Hilbert spaces ®,. 
But a Hilbert space is reflexive and therefore ¢ can be considered as an 
element of each of the Hilbert spaces which one obtains upon completing 
the space ® relative to the scalar products (o, ),. Since 1, 6, = Ô, 
we find that $ € €. Thus we have proven that the spaces and p” 
coincide as sets of elements. 

Now we show that the one-to-one correspondence which we have 
introduced between ® and ®” is continuous in both directions. For 
this we make use of the description given in Volume II (Chapter I, 
Sections 5.2 and 5.3) of strongly bounded sets in a space d" which 
is the adjoint of a countably normed space ® = (1, , Öp It was shown 
there that each such set A belongs to some one of the spaces ®;, and is 
bounded in it with respect to the corresponding norm |j F || ;.. 

Let us now consider some neighborhood U(A, e) of zero in the space 
D". By the remark just made, the bounded set A is bounded in one of the 
Hilbert spaces ®,, and therefore lies in some ball || F || , < a. We now 
consider the ball || e j|, < e/a in the space 9. If an element 9 belongs 
to this ball, then for any functional F from the ball || F ||- < a, and a 
fortiori any functional F from the set A, the inequality |(F, 9)| < « holds. 
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This means that the map of the ball || o ||, < «/a lies in the neighborhood 
U( A, €) of zero in Ø”, i.e., the mapping 9 — ¢ is continuous. 

The continuity of the inverse mapping is proven in the same way. 
Let || o |, < € bea ball in the space ®. We denote by 4 a strongly bound- 
ed set in ©’, consisting of those functionals F for which |(F, 9)| < 1 if 
ll e lle < €- Obviously the map of the neighborhood U( A, e) of zero in ©” 
is contained in the ball || o Ihe <e. This proves the assertion of the conti- 
nuity of the inverse mapping. 

Thus we have proven that the spaces ® and 9" coincide not only as 
sets of elements but also according to their topologies, which proves that 
any countably Hilbert space is reflexive. 


3.2. Nuclear Spaces 


We now introduce the basic concept of this section—that of a nuclear 
space. Let ® be a countably Hilbert space. We consider the Hilbert 
spaces ®, which are obtained by completing the space in the norms 
lol, = V(p, o),. In each of these spaces the set of elements of ® is an 
everywhere dense set. By hypothesis, if m < n then (o, 9), < (o, P)n- 


From this it follows that the mapping o>? 9 is a continuous mapping 
of an ev erywhere dense set i in €, onto an everywhere dense set in Ó,, 

(we recall that ¢ and 9 denote the same element o € ®, considered as 
an element of ®, and Ó,). We can extend this mapping to a continuous 
linear operator T^ which maps the space ®, onto an everywhere dense 


subset of $,, and note the obvious equality T? = T*TVifm « n « p. 
We now introduce the following definition: A countably Hilbert 
space Ê is called nuclear, if for any m there is an n such that the mapping 


Th of the space ®, into the space ®, is nuclear, i.e., has the form 


Ed 
mP E 5 Alp, Prdnpro p € ®,, 
k=1 


where {p,} and (jj) are orthonormal systems of yectors in the spaces 
®, and 9,, respectively, à, > 0, and the series X, , Ay converges. 
“Geometrically this definition means the following: A countably 
Hilbert space ® is nuclear, if for any m there is an n such that the set 
(o, v), < lis, relative to the scalar product (p, ¢),,, an ellipsoid for which 
` the series consisting of the lengths of its principal semiaxes converges. 
We note further that instead of the nuclearity of the operator T7 
one can require that it be of Hilbert-Schmidt type. In fact, it was shown 
in Section 2.3 that the product of any two Hilbert-Schmidt operators 
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is a nuclear operator. Consequently, if the operators 77 and T7, are of 
Hilbert-Schmidt type, then 77, = ThT} is a nuclear operator. 

The concept of nuclearity can be generalized to any countably normed 
space. Namely, we call a countably normed space ® nuclear, if for any m 
there is an n such that the operator 7/7 which imbeds the space ©, 
into the space Ó,, is nuclear, i.e., has the form 


»9 = 9, (Fis Pus 
el 


where {F,,} and {p} are bounded sequences of elements of the spaces 
®', and ®,,, à, > 0, and the series Epi Ay converges.? 

However, this generalization does not lead to an extension of the class 
of spaces considered—in any nuclear countably normed space a countable 
set of scalar products can be introduced in such a way that the space 
becomes a nuclear countably Hilbert space, without altering its topology. 

These scalar products are constructed in the following way. We 
consider any value of m. There is an n such that the mapping Th is 
nuclear, i.e., is given by a formula of the form 


Tio = m > AAP ps Pfr 


where {F} is a bounded set in $,, {s,} is a bounded set in ®,,, à, > 0, 
and the series X, ; À, converges. 
We define (o, Sun by 


(o, ®)inn = inf > Agl ay E 
k-1 


where o € @ and the infimum is taken over all sequences {a,} such that 
Deer Ap lop |? < + © and T%p = Erida Let us show that 
(p, P)mn is finite for all p € ®. Indeed, we can take o, = (F,, p) and 
therefore 


(v, P)mn < x AlE p gXF. p). 


L4 
k=l 


3 This can also be formulated as 


oo 
Trp = $, (Fp 9, 
KSI 


É 00 
where the series Dya || Fx ll_n {| Yr ll, converges. 
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This series converges for all p € ®, since it is majorized by the series 


oo 


S all Falen eli, 


and by hypothesis the set of functionals {F,} is bounded in ®, and the 
series X, , A, converges. 

It is not difficult to show that (p, 9),,, is a Hermitean form in ® and 
therefore defines a scalar product (o, J),,, in 4. We will now show that 
(o, P)mn satisfies inequalities of the form 

(a) | p I. x Ci(g, P)mn 


and 


(b) (o, P)mn < Call p liż; 


where C, and C, are positive and do not depend upon y. In fact, from 
Tro = X? Assis it follows that 


olla < [> M on I bela 


Since the set {py} in ®,, is bounded, 


eli < ($ d. 
1 


where C = sup, || Yr ||. Further, in view of the Bunyakovski-Schwartz 
inequality 


a 


(È Mac) € SA 


k=] j= 


j| a; (2, 


M 


L 


and therefore 


lola < € S, Aut ove l, 
k=1 


where C, = C? X. 3 àx Since this inequality holds for all sequences 
(od saek that X, À on |? < o and T?9 = Dra Ayogab,, we have 


lel < Ci inf 9, Ad ar |? = Cip, P)mn- 
k=1 
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On the other hand, since we can put ap = (Fy, p), then 


(P, P)nn < È, Ad(Fi, 9)? 
kl 


«I el 9, Aull Fr lEn < Call ols 
k=l 


where C, = sup; || Fy li-n 23 à; This proves the stated inequalities. 
Since m is arbitrary, it follows from these inequalities that the collection 
of scalar products (o, Y)mn defines the same topology in 9 as does the 
collection of norms || o |lu 
v In order to prove that © is a countably Hilbert space, we have to 
further establish the compatibility of the norms ^/(o, p) n. For this it 
suffices, in view of inequality (a), to show that || o ||,, and vie P)mn are 
compatible norms. 'l'o show this, we remark first that, as is well known, 
the set of all sequences « = {a,} such that X 2, Àp | x, |? < oo forms a 
Hilbert space Lj, in which |j «||? = Eiei Ap | ap Now practically 
repeating the steps which led to inequality (a), we see that for each 
« € Lj the series D1 Ajogjj, converges to some element pa € Ë,» and 
ll pal, < Cul af? Now let M be the set of all a such that p, = 0. 
Clearly M is linear, and the last inequality shows that it is a closed set 
in L2. We have seen that for any 9 € ØC &,, there is at least one a € L7 
(namely, « == {(F,, 9))) such that 9 = v,. Let P be the projection 
of Lj onto the orthogonal complement 9t of Wt in Li, and set a, = Po, 
where a is any element of L2 for which 9 = gpa. Clearly a, is unique, and 
the set of all « € LẸ for which » = o, is just a, + M. We observe further 
that || a, |? = (o, 9),,, (this shows, by the way, that (o, p)„n defines an 
inner product (9, J),,,). There is thus a mapping a — o, of N into @,, 
such that the image of 9t in ®,, contains ®, and if o, # a, are elements 
of R, then pa, Æ Pa, in ®,,. Now if {p} is a sequence in which is 
fundamental in the norm 4/(o, g),,,, then there is a corresponding se- 
quence {a} in 3t which is fundamental in LẸ, and hence converges to 
some a, € 9t. Clearly (a) implies that {p,} converges in ®,, to some 
element o, € ®,,, which must be the element corresponding to ay. Thus 
ag = 0 if and only if y = 0. Hence || p |im and (o, P)}mn are compat- 
ible. Thus the /(g, ¢),,, are compatible. We note also from (a), (b), 
and the compatibility of the || p ||, that any || p]; and A/(o, P)mn are 
compatible. 
Now, recalling that n = n(m), choose a sequence m, < M, <... 
such that mı > n(m;), and set (p, 9); = (P, ®)nntmy- From (a), (b), 
and !||p]l «l| elle <... it follows that by multiplying each (o, 9); 
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i > 2, by a suitable constant D, we have (9, 9), < (p, 9)s S ..., where 
(p, 9), = (o, p); and (o, 9) = Dio, 9); for i > 2. It is evident, from 
(a) and (b), that the family of norms «/(o, p); defines the same topology 
in as does the family || ||. Thus 9 is a countably Hilbert space. 

It remains to show that ® is nuclear. Let ®,;, denote the completion 
of Ọ with respect to V/(o, p); Since the V (p, p); are compatible with 
the || pilm then (a) and (b) show that 6, C 6C $,, C Bio) C 
Now for any 1 there is j — 7 such that the natural mapping Tm of 
Pn, into ®,, is nuclear; and the natural mapping A of ®, into 6, iu 
is obvinil ‘bounded, as is the natural mapping B of ®, ; into Da 
But then BT A, which is clearly the natural tapping of Qj, into 
a is nuclear. Thus ® is a nuclear space. 

An important generalization of the concept of a nuclear countably 
normed space is that of a nuclear linear topological space. This concept 
is introduced in analogous fashion, the only difference being that the 
set of norms which define the topology is uncountable, and these norms 
can vanish on nonzero elements. We remark that the adjoint space of 


a nuclear countably Hilbert space is nuclear in this sense. 





3.3. A Criterion for the Nuclearity of a Space 


In this section we will formulate a necessary and sufficient condition 
for nuclearity which is convenient to use in various applications. 'l'o 
begin with, we introduce the following concepts. 

A series X, , F, of functionals, defined on a linear topological space 


4 The assertion of the nuclearity of the product of a nuclear and a continuous operator 
is as valid for mappings in Banach spaces as it is for mappings in Hilbert space. In fact, if 


Tp = È AU, gis 


is a nuclear mapping of the space ® into Y, and A is a continuous mapping of the space V 
into X, then the mapping AT can be represented in the form 


AT = EMPF. 9) Ay. 


The set {Ayy} is bounded in X in view of the continuity of the operator A. Therefore 
AT is a nuclear mapping. In just the same way one proves the nuclearity of the mapping 
TA, where A is a continuous mapping of X into © and T is a nuclear mapping of ® 
into V, Namely, 


TAx = X MF, Ay. = D MA*F,, bs 


and the set (A*F,j is bounded in view of the continuity of the operator A*. 
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®, is called unconditionally convergent if, for any element g e ®, the series 
e il (Fi, 9)| converges. The series De |Fy is called absolutely con- 
vergent if one can find a neighborhood U of zero in ® such that the series 
Xa |i Fy lly converges, where || F; |lu = supyeu | (Fi p) l. 

Obviously every absolutely convergent series is unconditionally 
convergent. In nuclear spaces the concepts of absolute and unconditional 
convergence are equivalent. In other words, the following theorem 


holds. 


Theorem 1. Any unconditionally convergent series X, ,F, of 
linear functionals on a nuclear space ® is absolutely convergent. 
First we prove the following lemma. 


Lemma 1. If X,,F, is an unconditionally convergent series of 
linear functionals on a countably Hilbert space ®, then there exist 
numbers M and m such that 


> Fe 9) < Mile llm (1) 


kzi 
for every element g € Ê. 


Proof. We define a functional p(y) on 9, setting 


p(y) = 2 \(Fis 9). 


From the unconditional convergence of the series X, , F, it follows 
that p(¢) is finite for every element » € €. Let us show that (o) is lower 
semicontinuous. In fact, we have 


plp) = sup palp) Q) 


where p (p) = Èr | (Fi, p) |. Since every one of the convex functionals 
Palp) is continuous, then, as was shown in Section 1.1, the functional 
P(g) is also convex and lower semicontinuous. 

By Theorem 2 of Section | the functional p(y) is bounded in some 
neighborhood U of zero in ®. From this follows the existence of numbers 
m and M such that 


Py) < Miel, 


for every element o € ©, which proves the lemma. 
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Since, in view of the lemma just proven, the inequality 
EnD «X, (Foy < MI 9 lm 


holds for any k, then || F, | ,, < M. Thus, if Ep. F, is an unconditionally 
convergent series of functionals on the countably Hilbert space ®, there 
exists an m such that the set of numbers || Fy || ,,, k = 1, 2, ..., is bounded. 
In particular, every functional F, belongs to the space ®,,. 

We now proceed to the proof of Theorem |. Let the. space ® be 
nuclear, and X, , F, be an unconditionally convergent series of linear 
functionals on ®. Then, as we have just proven, there exist M and m 
such that F, € ®,, and || Fy l-n < M. 

Since 9 is by hypothesis nuclear, there is an n such that the operator 
T^, which takes the space Ó, into Ó,, is nuclear. We will show that the 
series X, , || F,|| ,, converges. 

Since the mapping ®, — Ó,, is nuclear, one can choose orthonormal 
bases {y,} and {pp} in ®, and ®„ such that for every element 9 of 6, 
one has rA = Dee Ay Co. Prnt where à, > 0 and the series X. ., Àr 
converges. 'l'hus, for any 9 € 9 and any linear functional F on 9 one has 


(F, 9) = 9, M e. dad 


But since || p; |, = 1, then | (o, pn! < |l oll; and therefore 


x 


IE, e)! < E AXE. bs)! Il oll. 


k=l 

This means that 
I| Fl, = sup (Fg)! < 5 AJ, Ji). 
quai k= 


=1 


Applying this inequality to the functionals F}, Fa ..., Fj, ... and summing 
the resulting inequalities with respect to j, we find that 


IURE «x MD Es teh 


and so, by dents (1) we have 


YI, < MY Ak, = MDA 
i kzi Él 


iM: 
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Thus the convergence of the series Eia ll F; lln is proved; hence 
Theorem | is proved. Now we show that the converse theorem holds. 


Theorem 2. If every unconditionally convergent series X, ,F, of 
linear functionals on a countably Hilbert space 9 is absolutely conver- 
gent, then the space Ó is nuclear. 


Proof. According to the definition of nuclearity we must show that 
for any m there is an n such that the mapping 77 of the space ®, into 
n is of Hilbert-Schmidt type. Since the adjoint of an operator of 
Hilbert-Schmidt type is also of that type, it suffices to exhibit an n 
for which the mapping (T7)' of the space ®,, into ®; is of Hilbert- 
Schmidt type. 

Let us select any orthonormal basis F}, Fa ... in the Hilbert space 
i. We will show that there is an n > m for which the series X 
IF, Eu CC onyerges, this implies that the operator (T), defined by (T4) 


E = Pi is of Hilbert-Schmidt type. In the course of the proof we will 


m use of a well-known criterion for the convergence of the numerical 
series X, | a, |?, namely, if the series X, x,,a, converges for all numerical 
sequences {x,} satisfying the condition Ly | x, |* < oo, then the series 
Mila, |? converges. 

In view of the orthonormality of the basis {F,} in the space p, the 
series 


a 


È En o)l (3) 
k=l 
converges for any element 9€ 6,. Let us consider any sequence 
X = (x1, Xo ...) of numbers for which the series 3, 4| x, |? converges. 
From the convergence of the series (3) it follows that the series of func- 
tionals X, 4 x,(F,, p) converges for any g, i.e., the series X, 4 x,F, is 
unconditionally convergent. By the conditions of the theorem this means 
that the series X, , x,F, is absolutely convergent. In other words, there 
is an r [depending upon the choice of sequence x = (x1, xs, ...)] such 
that the series 


>, | tel Fells (4) 
k=1 


converges. Now we denote by H the Hilbert space consisting of all 
sequences x = (x4, X2, ...) such that Dyer | Xp |? converges. Setting 


bx) =D) | ae | Fe lly 
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we obtain a sequence of functionals f(x), p.(x), ... on H. Since the 
inequalities 
IEF ll- > LE ll- > Z 


hold for any functional F on ©, the functionals p,(«) satisfy the inequalities 


p(x) 2 px) > 


As was shown above, for any x there is an r such that the series (4) con- 
verges, i.e., p,(x) is finite. Since 


pix) = sup Dux), 


where 
j 
Tj = F =r 
bx) zn ll 


are convex and continuous functionals on the space H, then the func- 
tional p,(x) is convex and lower semicontinuous. We now apply Theorem 
3 of Section 1 to the functionals p,(x), obtaining the existence of numbers 
n and M for which 

Palx) < MI x1, 
where 


Hal? = xut 


k=1 


This implies that the series 
$e Fel 
ki 


converges for every sequence x in H. According to the criterion mentioned 
above for the e convergence of a numerical series Dp. | a, |?, we find that 
the series X, || F, ||2,, converges. 

Therefore we see that for any orthonormal basis F4, Fa, ... in the space 

Ph the series X, i I Fils converges. In other words, the mapping 
(TRY of the space p into "o, is of Hilbert-Schmidt type. This proves 
the nuclearity of the space ®. 

From Theorems | and 2 results the following assertion: In order 
that a countably Hilbert space ® be nuclear, it is necessary and sufficient 
that every unconditionally convergent sequence of functionals on be 
absolutely convergent. 

In other words, a nuclear space can be defined as a countably Hilbert 
Space in which every unconditionally convergent series of functionals 
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is absolutely convergent. We remark that the absolute convergence of 
unconditionally convergent series of functionals holds for every nuclear 
linear topological space. 


Remark. One can similarly prove a slightly different version of the 
preceding criterion for nuclearity, as follows: In order that a countably 
Hilbert space © be nuclear, it is necessary and sufficient that every one- 
parameter family f, (a <A < b) of linear functionals on ® which satisfies 
the condition 


sup >, Ifa, 9) — (fay p) < C 


for every o € ®, where C depends upon s, also satisfies for some p and 
C, the condition 


sup >) WN fios f llo < Ci. 


Here the suprema are taken over all partitions a = Ay <A, <<... <A, 
= b of the interval [a, b]. This definition of nuclearity played a funda- 
mental role in Chapter IV of Volume III. 


3.4. Properties of Nuclear Spaces 


We proceed now to establish certain properties of nuclear spaces. 
The concept of nuclearity will be understood in the sense indicated in 
Section 3.2, i.e., only countably Hilbert nuclear spaces are considered. 

First we show that any closed subspace ¥ of a nuclear countably 
Hilbert space ® is a nuclear countably Hilbert space.? In fact, it is obvious 
that any scalar product (o, J), in the space ® defines a scalar product 
in the space V. Moreover, from the completeness of ® and the assump- 
tion that ¥ is closed, it follows that ¥ is a complete space. Consequently, 
V is a countably Hilbert space. Now we show that V/ is nuclear. Given 
any m, there is an n such that the mapping T% of the space 9, into ©,, 
is nuclear. Then the mapping of V, [the completion of ¥ relative to the 
scalar product (o, #),] into V/,, induced by the mapping T% is also nuclear. 
This follows from the fact that for any orthonormal systems (o,) and 
bu) in the spaces VV, and V^, the series 


> (Tnpk Xk)n! 
k=1 


converges. This proves our assertion. 


5 This property is valid for any linear topological nuclear space. 
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Now we show that if ® is a nuclear space, and V/ is a closed subspace 
of ® for which the factor space ®/¥ is complete, then /V is also a 
nuclear space. 

In fact, setting 


(p+ P e t+ Pn = inf (p + se + Hw 


PIF becomes a countably Hilbert space (we leave the verification to the 
reader). Let us show that it is a nuclear space. To do this we consider an 
unconditionally convergent series of functionals Lye f, on the space 
@/¥. To each functional fẹ there corresponds a functional Fẹ on the 
space ® such that 


(Fi, 9) = (fi, 9 + Y) 


for every element o € ®. Obviously the series M S x is also uncondition- 
ally convergent. In view of the nuclearity of @ it follows that there exists 
an m such that the series Epa || Fp llm converges. But 


| Film = sup (Fis p) = sup: (o p + P) = IW fee lem: 


lel, < llgll,, <1 


Consequently, the series Epa || fy iim converges, and therefore Y, , fy 
is an absolutely convergent series. This proves the nuclearity of 6/¥. 

We now show that every nuclear space ® 1s perfect. In other words, 
every bounded closed set in a nuclear space ® is compact. As a matter 
of fact, let Æ be a bounded" closed set in a nuclear space ®. We denote 
by 4, the set A, considered as a set of elements in the Hilbert space ©,. 
In view of the boundedness of A, each set A, is bounded. Moreover, 
for any m and n (n > m) the equation T} A, = A, holds, where T7 
is the operator imbedding ©, into $,. In view of the nuclearity of à, 
for every m there is an n > m such that T7, is nuclear and a fortiori 


$ Let V be a closed subspace of 9. A set consisting of every element o of the form 
p = go + VJ, where po is a fixed element of ® and ¢ is an element of the subspace V, 
is called a coset of ® relative to Y'. We will often denote this coset by pọ + Y. The space 
IY consisting of all cosets relative to ¥ is itself a linear space, namely, we take 


(e + Y) + (pa + Y) p t 94 Y 
and 
Mg. + V) = Aoi + Y. 


If ® is a normed space, then setting 
ley + V II = inf! o; + V Il 
yer 
we make 6/¥ into a normed space. This space will be complete if © is complete. 


7 That is, a set such that for any neighborhood U of zero there is A > 0 for which 
AA CU. 
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completely continuous. But then the set A,,, as the image of the bounded 
set A, by the operator T7, has compact closure in ©®,,. Thus if (9j) is a 
sequence of elements lying in A, then setting m = 1, we obtain the 
existence of a subsequence g; , P: ... which is fundamental in the norm 
loli Taking m = 2, we can find a subsequence of (p; which is fun- 
damental in the norm || o lẹ Continuing in this way for all m = 1, 2, 
and then taking the diagonal sequence of the resulting infinite family 
of sequences, we see that this diagonal sequence is fundamental with 
respect to every one of the norms || 9 |in, and hence with respect to the 
metric || @ || defined in the footnote on page 57. Since a countably Hilbert 
space is by definition complete, the diagonal sequence converges, and its 
limit is in A since A was assumed closed. Thus A is compact. 

From this result it follows that an infinite-dimensional Banach space 
is not nuclear, because a ball in such a space is bounded but not compact. 
At the same time any finite-dimensional space is nuclear, because the 
identity mapping in it is nuclear. 

Since every nuclear space is perfect, all the theorems proven in 
Volume II for perfect spaces are valid for nuclear spaces, namely, the 
following assertions hold: 


(1) Both in a nuclear space ® and its adjoint space ©’, strong and 
weak convergence coincide.? 


(2) If the space @ is nuclear, then a closed bounded set A in its adjoint 
space O' is compact relative to weak and strong convergence. 


(3) A nuclear space is separable (contains an everywhere dense 
countable set). 


(4) A nuclear space is complete relative to weak convergence. 


The reader will find the proofs of these assertions (for the more general 
class of perfect spaces) in Volume II (Chapter I, Section 6). 


3.5. Bilinear Functionals on Nuclear Spaces 


We have already indicated above that the kernel theorem is valid not 
only for the space K, but also for many other spaces, for example, the 
space S, the space 3 of entire analytic functions, and so forth. In this 
section we prove a theorem which embraces all of these particular cases. 
This theorem is formulated in the following way: 


8 A sequence {p} of elements in a countably normed space Ó is said to be weakly 
convergent to zero, if lim, ,4 (F, pa) = 0 for every linear functional F on 6. For linear 
functionals the concept of weak topologv (and thus, of weak convergence) was defined 
on p. 60. 
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Theorem 3 (Abstract Kernel Theorem). Let ® and V be countably 
Hilbert spaces, one of which, say ®, is nuclear, and B(ọ, Y), p € 6, 
y € Y", a bilinear functional, continuous in each of its arguments p and 
y. Then there are values p and m such that B(g, /) can be represented 
in the form? 


B(o, y) x (4o, y), 


where 4 is a Hilbert-Schmidt operator which maps the Hilbert space 
9, into the Hilbert space V ;, (©, is the completion of the space Ó in the 
norm || oll, = V/(o, 9), and Wi is the adjoint space of Wp). 





Proof. Since the functional B(o, ys) is continuous in each of its 
arguments o and j, then by Theorem 3 of Section 1 there are norms 
Il g |l, and || x ||, in the spaces and ¥ such that 


| Bop, H) < M| e lll llm (5) 


where the value of M does not depend upon o and ys. We now introduce 
the linear operator A,, mapping the space 9, into V^, and defined by the 


equation 
(Ap, V) = BE, V). 
From relation (5) it follows that 


(Ap, p) = = | Bg, f)! < MI g lll i llm- 
Therefore 
{| Ag ll = roe Are Al < MI o llo, 


and consequently the operator A, is bounded relative to the norms 
|p ||, and || F ||-m in the spaces 6, and Yp. 

Since the space ® is by hypothesis nuclear, there exists a value p 
such that the operator T7, mapping the space ®, into ®, and leaving 
the elements of unchanged, is of Hilbert-Schmidt type. But then the 
operator A = A,T?, mapping the space ®, into V, is also of that 


type. Since the operator T? leaves the elements of ® unchanged (more 
(n), 


precisely, since T? pq = g), the bilinear functional B(p, y) can be 
written in the form 


Bie, }) = (Ay, J) = (Ai Tre, Y) = (Ap, V), 


which proves our assertion. 


? The symbol (Ag, y) denotes the value of the functional Ag on the element y (in 
distinction from the symbol (9, J),, which denotes the scalar product in the space 4). 
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We remark that any operator A of Hilbert-Schmidt type, mapping 
the space ©, into the space Wh, has, according to Theorem 3 of Section 
2, the form 


Ap zd > AAP; 9x)pF ys 
k=l 


where {ox} and {F,} are orthonormal bases in 6, and V, A, > 0, and 
the series X, , A converges. Therefore we obtain from "Theorem 3: 


Corollary. Let ® and ¥ be countably Hilbert spaces, where ® 
is nuclear. Then for any bilinear functional B(g, 4), o € 6, pe V, 
continuous in each argument, there exist m and p such that B(y, 4) 
has the form 


Big. d) = > Alo: exe Fey 


where {px} and {Fi are orthonormal bases in the spaces ®, and Ym 
A, = 0, and the series wi X converges. 

In certain cases a stronger version of Theorem 3, which says that, 
instead of being of Hilbert-Schmidt type, A is nuclear, turns out to be 
useful. Corresponding to this, the convergence of the series Ys. iX 
in the corollary can be replaced by the convergence of the series X, Ay. 
The proof of this stronger version requires no changes, since we can 
always take the operator T? to be not only of Hilbert-Schmidt type, 
but also nuclear. 

The kernel theorem can be given another formulation. We introduce 
the following notation. Let p and / be elements belonging respectively 
to the Hilbert spaces H, and H,. We associate with the element y the 
linear functional F, on the space Hg, defined by (F,, J4) = (#1, J)s, where 
ib, € H, and (i4, J)s is the scalar product in H,. We denote by » ® y 
the linear operator mapping the space 77, into H;, defined by 


(o O J)x = Go PhF y 


where (x, 9), is the scalar product in H,. We will denote by (p @ J)* 
the operator mapping H, into H, and defined by 


((e & V) *F, xh = (F, (o @ y»x)-o, 


where F € H;, o € Ay, and (Fy, F;) , is the scalar product in Hy. The 
operator (p G9 J.)* can also be defined by the formula 


((e O J)*F, xh = (F, 65 9) Fs 
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Obviously the operators o ® V and (y @ )* are degenerate, and thus 
of Hilbert-Schmidt type. Therefore if A is any operator of Hilbert- 
Schmidt type, mapping the space H} into H5, then the operator (o ® J/) *A 
is nuclear, and consequently its trace Tr[(p@ )*A] exists. Setting 


Be, Y) = Trip @ J)* 4], 


we obtain a bilinear functional on the spaces H, and H,. The Hilbert- 

Schmidt operator A is called the kernel of this bilinear functional.!? 
We shall now prove that in nuclear spaces any bilinear functional is 

defined by a kernel. In other words, the following theorem holds. 


Theorem 4 (Second Formulation of the Abstract Kernel Theorem). 
Let ® and ¥ be countably Hilbert spaces, where ® is nuclear. For any 
bilinear functional B(o, V), pe 6, eV, continuous in each of its 
arguments, there exist 5, m, and a Hilbert-Schmidt operator A, mapping 
the space ©, into Yp, such that 


Big, 4) = Trip @ J)*A]. 


Here (p ® V)* denotes an operator, mapping the space Y^, into ©, 
and defined by the formula 


(vp & J)*F, x), = (F, x% P)pFp)-m 


where Fe Ym x €®,, (p, x), is the scalar product in 9,, (F, Fy)_m is 
the scalar product in V, and F, is a linear functional on V^, defined 


by the formula (F, y1) = (Yo Wm: 


Proof. By Theorem 3 there are p and m such that 


Big, V) = (4o, V), 
1 Tf H, and H, are spaces of functions with square integrable moduli, then the operator 
9 G9 y is given by the formula 
(e & ox = VO) | xe) 9G) dx, 


i.e., it is a degenerate integral operator with kernel ¢(x)¥(y). In this case the bilinear 
functional B(g, y) has the form 


Ble, Y) = | Ale, 096090) de dy, 


where A(x, y), a function having square integrable modulus, is the kernel of the functional 


B(o, 4). 
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where A is a Hilbert-Schmidt operator, mapping the space ®, into 
Pa We shall show that 


Be, y) = Trip @ J)* 4]. 
For this we fix » € ® and choose an orthonormal basis {pp} in ®, such 


that o4 = 9/\|¢/|,- For brevity we denote the operator o ® y by T. 
Obviously 


Tr(T* 4) = J, (T*Ages Pr) = J, (Api Tpr)-m 
k=1 k=1 


But fork Æ 1 


Toy = (o @)or = (Pr 9),F, = || P ilis qi,F, -0, 
and 


Toi = Il 9 IF, 
and therefore 


Tr(T*A) = (Apr || o ll, F,)..s = (Ao, F,) s. 
Since the functional F, is defined by (F,, y1) = (Yr #), then for any 
element F of Y^, the relation (F, F,)_» = (F,) holds. Consequently 
BE, y) = (Ag, y) P (4o, F p)-m = Tr(T* A) =, Tr[(o G9 J)* A], 


which proves the theorem. 

Applying Theorems 3 and 4 to specific spaces, we obtain for them the 
kernel theorem. For example, in Section 3.6 it will be proved that the 
space K(a) of infinitely differentiable functions which vanish for | x | > a 
is nuclear. The scalar products which define the topology in this space 
have the form 


(P, Y)m = > | gU yx) dx. 


Applying the corollary of Theorem 3 to the space K(a), we see that any 
bilinear functional B(o, y) on K(a) has the form 


B(p.J) = EX exu(Fos d) (6) 


where {px} is an orthonormal basis in the space K, (a), (F,) is an ortho- 
EE È oo 
normal basis in the space K,,(a), A, 2:0, and the series 2, , A, converges. 


11 We denote by K,(a) the completion of the space K(a) in the norm || p ||, = V (9, 9)», 
and by K;.(a) the adjoint space of K,,(a). 
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We shall now show that the bilinear functional B(y, i) can be written 
in the form 


B(o, V) = (F, oy), 


where F is a linear functional on the space K,(a) of infinitely differentiable 
functions which vanish outside the square |x| <a, | y | <a. To do 
this, we associate with the function g,(x) € K,(a) and the functional 
F, € K,,(a) a functional on the space K,(a), which we denote by Fẹ} X o; 
and define by the formula 


(GF X oi, p(x, y)) = (Fr (Px, y). 91)5)- 


This functional is defined for every function o(x, y) € K,(a). In fact, the 
function J4(y) = (p(x, y), ee), has the form 


bdo) => [ ED gir ds. 


As (x, y) is infinitely differentiable and 9,(x) € K,(a), it follows that 
p(y) is defined for every value of y. Moreover, it is obvious that Jr(y) 
is infinitely differentiable and vanishes for |y | > a. Therefore the 
expression 


(Fi X.P p(x, y)) = (Fu, $a) 
is meaningful. A simple estimate shows that 
(Fx X ei ex, 3)! S lx lcu Pr lloll P, MMos 
where || (x, y) lmp denotes the expression 


[23 [| ater aa), 


t=0 j= 


Since by hypothesis || Fy | ,, = || yx ll, = l, for every k we have the 
inequality 


(GF X Phs v(x, y))l < | p(x, Y)llmp 


From this it follows that for every function g(x, y) € Kla) the series 


5 AF X 9x, p(x, y) 


converges, and it is easily seen that this series defines a continuous 
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linear functional on the space K,(a). We denote this functional by F. 
Obviously formula (6) can be written, by means of F, in the form 


By, 4) = (F, pW )). (7) 


But this means that any bilinear functional on the space K(a), continuous 
in each argument, can be written in the form (7), where F is a continuous 
linear functional on the space K,(a). Thus we have obtained a new 
proof of the kernel theorem for the space K(a). 

The kernel theorem for the spaces S and 3 is proven in a completely 
analogous way. 

In conclusion we mention yet another theorem, closely related to 
Theorem 3. 


Theorem 5. Let A be a linear operator, mapping the nuclear space 
® into the adjoint space V" of a countably Hilbert space ¥. If A is 
continuous relative to the topology in ® and the weak topology in V/', 
then there exist p and m such that A is of Hilbert-Schmidt type relative 
to the norms || o ||, and || F || ,, in the spaces ® and V/'. 


Proof. By Theorem 3' of Section | there exist n and m such that the 
operator A is continuous relative to the norms || ||, and || F || ,,. In 
other words, the operator 4,, induced by A on the space @,, is a contin- 
uous mapping of ®, into V^, But in view of the nuclearity of ® there 
exists p such that the mapping T} of ©, into ©, is of Hilbert-Schmidt 
type. Obviously A, = 4,T?, where A, is the operator induced by A 
on the space ®,,. Since A, is the product of a Hilbert-Schmidt operator 
T? and a continuous operator 4,, it is itself of Hilbert-Schmidt type. 
This proves the theorem. 

In the same way one proves the dual theorem. 


Theorem 6. Let A be a continuous linear mapping of a countably 
Hilbert space Ó into the adjoint space Y/' of a nuclear space ¥ (the space 
V" is considered in the weak topology). Then there exist p and m such 
that A is of Hilbert-Schmidt type relative to the norms || 9||,, and 
|| F || ,, in the spaces ® and Y”. 


3.6. Examples of Nuclear Spaces!? 


We have established various properties of nuclear spaces. The question 
naturally arises: To which specific spaces are our results applicable, 
ie., which specific spaces have the property of nuclearity ? 


12 Sections 3.6—3.8 can be omitted at the first reading. 
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First we show that the space K(a) of periodic infinitely differentiable 
functions g(x) of period 2a is nuclear. We define the norms in this 
space by 

lel X [f iQ) ds. 


O<acn * —4 


Obviously (a) is a countably Hilbert space. To show that it is nuclear, 
we note that the functions jJ, (x) = e7'"*/^ form an orthogonal (but not 
normalized) basis in É(a) with respect to every one of the scalar products 


(Pn = X f oP) ds, 


P2 £d 
2 nanm V? 
lii —2« $ (42) 
o<axn ^ @ 


It follows at once that the imbedding operator of É, (a) [the completion 
of K(a) with respect to the norm || p ||,,9] into K,(a) is positive definite 
and has finite trace, equal to 


and 





= ln 
Xa 


But this means that the space K(a) is nuclear. 

In view of the results proven in Section 3.4, it follows that the space 
K(a), which is the closed subspace of K(a) consisting of all functions in 
R(a) which vanish, together with all their derivatives, for | x | = a, 
is nuclear. The space K(a) of functions which are infinitely differentiable 
on the interval [—a, a] (and which have one-sided derivatives of all 
orders at the end points) is also nuclear. Indeed, the completion of 
K(a) relative to the norm || pl, differs from the completion of K(a) 
relative to the same norm only by a finite-dimensional direct component 
(ie., it is isomorphic to the direct sum of the completion of K(a) 
(relative to || p |l;) and a finite-dimensional space). 

We now describe a very general method of obtaining new nuclear 
spaces, starting from a given nuclear space. Let ® be a countably 
Hilbert nuclear space, and M = || m,,|| an infinite matrix consisting 
of nonnegative numbers such that 


5 


(1) 0< Mnp S Toa arp and Mnp < Masp+1 i 


13 For the sake of simplicity we will carry out all considerations for functions of one 
variable. The passage to functions of several variables leads only to a somewhat more 
involved notation, The results, however, remain valid for functions of several variables. 
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(2) For any k there exists p such that the series Doa Mpnk/Mnp con- 
verges, and its terms are monotonically decreasing. 


We form a new space G(M) whose elements are sequences 
Ê = (Pv 9» +) 


of elements of ® such that for any p the series 
1l = x moy] Pn li 


converges. Let us show that (M) is a nuclear space. This space is ob- 
viously countably Hilbert relative to the scalar products 


(e P)» = > Mas(Pns Ja) p- 


Further, for any k there is p such that the imbedding operator of ®, 
into ®, 14 has finite Hilbert-Schmidt norm and the series X 4(m,,/m,, i 
converges. But then it is easily seen that the imbedding operator i 
@(M), into ®(M), is likewise an operator of Hilbert-Schmidt type. 
From this follows at once the nuclearity of ®(M). 

In view of the fact that the space K(a) of infinitely differentiable 
functions on the interval [—a, a] is nuclear, we obtain from the result 
just proven the following corollary: 

If the matrix M = || m,,,|| has the properties indicated above, then 
the space K(M) of functions g(x), — œ <x < œ, infinitely differential 
on every interval [», n + 1], having one-sided derivatives of all orders 
at every integer point, and such that for any p the series 


oo n+l 
È, mof lOde, O<9 <p, 


n=—0 
converge, is nuclear. 
We can now deduce a criterion for the nuclearity of the spaces K{M,}, 


which were introduced in Volume II (Chapter II, Section 1.2). Let us 
recall the definition of these spaces. Suppose that 


1 < M) < Mx) < ~. (8) 


1 @, is the completion of ® relative to the norm || 9 |lp. 
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is an increasing sequence of functions. Then K{M,} consists (by de- 
finition) of all infinitely differentiable functions g(x) for which every 
function of the form 


| M,(x)p"(x), I< p<, O<k<p 


is bounded. The norms in K{M,} are defined by 


lel = max sup | M,(x)g' P (x). (9) 


O<k<p zx 


We will also assume that the functions M (|x|) are monotonically incre- 
asing and that for any n and k there are p and C such that 


| MiP(x)| < CM,(x) (10) 


(these conditions are fulfilled in all cases of interest). 
We will say that a space K{M,} satisfies condition (N), if for any n 
there is p such that the ratio 


Myg(X) = PA 


goes to zero as | x | — oo and is a summable function of x. 
We prove the following theorem: 


Theorem 7. If the space K(M, satisfies condition (N), then it is 
nuclear. 


Proof. First we prove that the space K(M,j is countably Hilbert. 
For this we introduce in K(M,j a countable collection of scalar products, 
setting 


(P, p) = [UMP Y, oP) ds. (11) 


O<a<p 


We shall show that the topology in K{M,}, defined by the norms || |, 
ies formula (3). coincides with the topology defined by the norms 


9l = V (o, 9),. In fact, for q <n <p we have 


[CF eG) dx < sup (LM) s'(9 f Fee] «e. 


But by condition (N), p can be chosen so that the integral 


PG dx — I my (x) dx 
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converges. Since lim, >v Mnp(*) = 0, the integral f m2,(x) dx converges. 
We denote its value by B2,. Then for q < n < p we obtain 


[ D, GP oy? dx < BP el. 
From this it follows that 


le?— D [IMGOPI eG)? dx < Cpl, 


2 


ie, lol? < C?1 912, where C is a constant not depending upon g(x). 
We now estimate || ¢ |, in terms of || ọ |p. Let 0 < q <a. Then for 
any x we havet 


| Ms) G)! S OU, Gy)! de. 
In view of (10) there are p and C, not depending upon g(x), such that 


f OAPI de < c f MAA s'en + Lotte) de. 


It follows then from the Bunyakovski-Schwartz inequality that for any 
x we have 





| M (apa) « 2c? f E [z M] 4 


x (f " | MAAP) de + [^ 1 Moose) ds). 
But by condition (JV) there is an s such that 
* LM)? 
J bite) & 


converges, and we may certainly suppose that s > q + l. Denoting 
the value of this integral by E?, we obtain 





sup | My(x)p'%(x)|? < 2C*EN( e I). 


tIt is easily seen that condition (N) plus the requirement that every function 
| M,(x)gP(x) |, 1 <p « 9,0 <k <p, be bounded implies that in fact these functions 
tend to zero as | x | > œ, 
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Since such inequalities hold for all q < n, we can find C, and s, such that 
lel, <Cile ll. 

From this inequality and the previously proven inequality 


le ls < Cl lly» 


it follows that the system of norms || o |, defines the same topology in 
K(M,) as does the system of norms || ||, Thus, if conditions (8), 
(10), and (N) are fulfilled, then K(M,j is a countably Hilbert space. 

Let us now prove that K(M,j is nuclear. For this we note that the 
system of norms || 9 |l; is equivalent to the system of norms! 


llellt- X Y me [Leal dx 


O0<a<p n-—o n 
where we have put 


Mnp = sup M(x). 


n<xr<n+l 


It is not hard to see that in view of condition (N) and the conditions 
(8), (10) on the M,(x), the system of numbers m,,, has the properties 
formulated earlier. Therefore the space K(M) corresponding to the 
system M = | Map || is nuclear. But the space K{M,} is a closed sub- 
space of K(M) and therefore is also nuclear. This proves the theorem. 

The class of spaces of type K{M,} and satisfying condition (N) is 
quite extensive. For example, the space S belongs to it. In this case 
M,(x) = (1 + x?). Also belonging to this class is the space S, 4, 
consisting of those infinitely differentiable functions for which the 
integrals 


f exp (a(1 — 1/p)| x /*)p'%x) dx, 0 « q <p, 


x 
p = 2,3, ..5 a= TA 

converge. In this case M,(x) = exp (a(1 — 1/p) | x |!*) and, as is easy 
to verify, condition (N) is fulfilled. Thus the kernel theorem holds for 
such spaces. 


* This assertion is not apparent in the general case, but it is easy to prove for the 
particular spaces considered below. We mention that two systems of norms are said to 
be equivalent, if each member of each system is bounded by some multiple of a member 
of the other system, as was the case with the systems {|| e lin} and (I| e zt. 
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Let us indicate a class of spaces of sequences, which are analogous 
to the space K{M,}. Suppose that || m,, |l, 1 <p, q < oo, is a matrix 
consisting of elements m,, such that 


1 x my x ma, « ... 


for every q. We denote by k{m,,} the space of sequences x = (x, , xs, ...) 
such that for every p the sequence 


(msi, MpaXos ~.) 
is bounded. Obviously k{m,,) is a linear space. If we set 


Ilx Ilp = sup | MoygXq |, 


then k{m,,} is a countably normed space. We say that the space k{m,,} 
satisfies condition (N) if for each n there exists p such that the series 
Sino 
aci ra 
converges. 

One can show, by means of considerations analogous to those used 
above, that a space k{m,,,} satisfying condition (N) is nuclear. In particular, 
the space s of rapidly decreasing sequences?? is nuclear. For this space 
mg = q^ and, as is easily verified, condition (N) is fulfilled. 

From the nuclearity of the space s follows the nuclearity of the space 3 
of entire analytic function, in which norms are defined by the formulas 


lel, = sup | e(z). 
In fact, it can be established without difficulty that the coefficients 
9 (0)/n! of the Taylor series of the entire analytic function g(z) form 
a rapidly decreasing sequence and, conversely, if the sequence of numbers 
4g, 4, ... is rapidly decreasing, then 


g(z) = 2 anz” 
n=0 


15 A sequence x = (x, X5, ...) is called rapidly decreasing, if for every p the relation 
lim, ,4 | g?x, | = O holds. 
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is an entire analytic function. Moreover, applying the well-known 
Cauchy inequalities for the coefficients of a Taylor series, we conclude 
that the correspondence 


e (0) i 
n! 


g(z) — je), whey RT 


is an isomorphism between the spaces 3 and s. Therefore, in view of 
the nuclearity of s, the space 3 is also nuclear. 

We remark, in conclusion, that B. S. Mityagin proved the nuclearity 
of the spaces S, which were introduced in Volume II, Chapter IV. 


as 


3.7. The Metric Order of Sets in Nuclear Spaces!* 


Let A be aset in a metric space R. A set B in R is called an e-set for the 
set A, if for each x e A there is a point b e B whose distance from x is 
less than e, € > 0. Obviously, the balls of radius e with centers at the 
points of an e-set for A cover the set A. 

If the set A is compact, then for any e > 0 there exists a finite e-set 
for A. We denote by N(e, A) the smallest number of elements in the 
e-sets for the set A. Obviously, N(e, A) is a nonincreasing function of e, 
and if the set A is infinite, then lim,,, N(e, 4) = oo. 

Many properties of the space R can be expressed in terms of the 
function N(e, R). For example, a Banach space is finite dimensional 
if and only if the function N(e, A) has power growth, as e — 0, for any 
compact set A. In other words, a necessary and sufficient condition for 
the finite dimensionality of a Banach space R is that for any compact 
set A in R we have 


Ne, 4) « C (4) 


where C depends upon A. Here n is the dimension of R. 

In this section we will characterize a nuclear countably Hilbert space 
by means of e-sets. 

First we introduce the concept of an e-set for any linear topological 
space. 

Let be a linear topological space and U a neighborhood of zero in ®. 
We call a set B an e-set for A relative to the neighborhood U of zero, if for 


16 The results of Sections 3.7-3.8 have as their origin ideas of A. N. Kolmogorov on 
the e-entropy and e-capacity of compacta in functional spaces. Cf. references (33-35). 
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any element g € A there is an element ẹ € B such that pew + eU (eU 
denotes the collection of elements of the form ey, x e U). We denote by 
N(e, A, U) the smallest number of elements in the e-sets for A relative 
to U. If the set A is compact (or has compact closure in 9), then N(e, A, 
U) is finite for every neighborhood U of zero and every e > 0. 

We consider a perfect countably Hilbert space  — Nga 9, and 
denote by U, the unit ball in the space $,. If k < m, then U,, has 
compact closure? relative to the norm || ¢ ||, and therefore N(e, Ums, U,) 
is finite for any e > 0. For brevity of notation we denote N(e, U,,, U,) 
by ri, (e). 

Thus, with each perfect countably Hilbert space we have associated a 
family of functions r,,(e), | x m « oo, k <m. 

We will give a necessary and sufficient condition for the nuclearity 
of a space ®, which is expressed in terms related to the rapidity of growth 
of the functions r,,,(«). Since a given topology in can be defined by 
various collections of scalar products, other conditions expressed in 
different terms will be given on page 94. 

Let us recall the following definition. Suppose f(x) is a monotonically 
increasing function of x. The infimum p of all numbers p, such that for 
some C (depending upon y) the inequality 


f(x) < C exp (x) 
holds, is called the order of growth of the function f(x). If o = 0, then 


t This property, which is clearly equivalent to the assumption that any set Ac ® 
which is bounded relative to the norm || ¢ ||, has compact closure in ®,,_,, appears to 
be more restrictive than the assumption that Ó is perfect. The following remarks should 
clarify this assertion. 


(1) If pi « fs <<... is an increasing sequence of positive integers, then the topology 
in a countably normed space ® is unaltered if we replace the family of norms {|| ¢ il3 by 
the subfamily (|$9],). This is obvious from the monotonicity || e| < ll ella < ... 
and the definition of ene topology in 9, 


(2) If py < pa < .. is as above, and has the property that any set A C © which is 
bounded relative to the norm || 9 ||p,,, has compact closure in 9,,, then @ is a perfect 
space. The proof of this is practically identical with the proof, on p. 72, that a nuclear 
space is perfect. 


However, this property is entirely subsumed, in the proof in Theorem 8 of the necessity 
of (28), by the nuclearity of ®. As for the proof of sufficiency, it appears to us that setting 
Pis = © if U, does not have compact closure relative to the norm || 9 |l; [which is just 
what (12) would give anyhow] permits it to be carried through with only a slight modi- 
fication. Indeed, it suffices to observe, first, that ppm < « implies 7;m(¢) < œ for all 
€ > 0, hence that U,, has compact closure in ®,, so that 77?" is completely continuous 
and one can speak about *'the semiaxes of the ellipsoid Un in $,," and second, that by 
the monotonicity of the norms || ¢ ||, one has Pxm < Pii i£ k <S « k «Jj «m. 
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f(x) is called a function of minimal order of growth. In this case, for any 
p. > O there exists C such that 


f(x) < C exp (x) 


From the definition of the order of growth it follows that 


u In In fe) 
Er lim In x 


If is a perfect countably Hilbert space, we will denote by p,,, the 
order of growth of the functions r,,(e) (considered as functions of 
71). In other words, we will set 





a INN] Um U) 
Pim = Tig NGC (12) 
Henceforth, we will call the number 


lm In In i In N(e, A U) 


e0 Ine n 





the metric order of the set A relative to the neighborhood U of zero. Thus 
Prm is the metric order of the ellipsoid U,, relative to the ball U, , k < m. 

The basic theorem of this section asserts the following: In order that a 
perfect countably Hilbert space ® = f, , ®, be nuclear, it is necessary 
and sufficient that 


c 1 


jp Piit 





= o (13) 


for any p > 0 (if p; ;,, = 0, then we set 1/p;j,, = 00). 


For the proof of this theorem we need a certain new concept. Let 
ai, ds, ... be a sequence of positive numbers converging to zero. We 
call the aru A, of those values u for which the series Èp a% con- 
verges, the exponent of convergence of the sequence {l/a,}. Thus, if the 
series X, à, converges, then A < 1; if A < 1, then the series X,., a, 
converges. 

To compute the exponent of convergence we can use the formula 


a= lim In n(e) 


e ‘In el? 





(14) 
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where n(e) denotes the number of terms of the sequence {a,} which 
are greater than e." 

We return now to the consideration of perfect countably Hilbert 
spaces. Let U,, be the unit ball in the space ®,,, the completion of the 
space ® in the norm V(¢; p)m Considered in the space ©,, where 
k < m, this ball is an ellipsoid. The sequence of lengths a, ag, ... of 
the semiaxes of this ellipsoid converges to zero, since the ellipsoid U,, 
is compact in ®, in view of the fact that is perfect. We denote by 
Àj, the exponent of convergence of the sequence {l/a}. For brevity 
Àm Will be called the exponent of convergence of the ellipsoid U,, in 
the space B, 

The following lemma lies at the basis of the proof of the theorem 


formulated above: 


Lemma 2. The exponent of convergence ,,, of the ellipsoid U,, 
in the space ®, satisfies the inequality 


Nem < Pum = lim In In N(e, U m Ui) 


«30 In e71 





(15) 


where pym is the order of growth of the function 7;,,,(e) = N(e, Um Up). 


If X,., a, < oo (in particular, if Àp, < 1 ), then we also have the 
inequality 


Pem S Arm (16) 


Proof. First we prove that 


In n(ee) < In In rz, (e) (17) 


where n(ee) denotes the number of terms in the sequence {a,} which 
are not less than ee. Without loss of generality, we may suppose that 
the sequence {a,} is nonincreasing, i.e., that a, > a, >.... 

We intersect the ellipsoid U,, with the finite-dimensional subspace 
spanned by the semiaxes a, ..., &,, n = n(ee). The volume of the inter- 
section equals T, IT , a;, where T, is the volume of a unit n-dimensional 
ball. 


Since the volume of an n-dimensional ball of radius e equals T,e^, 


17 The proof of this assertion is carried out, for example, in the book of B. Ja. Levin, 
“Distribution of Zeroes of Entire Functions," Chapter 1, $4. Moscow, 1956. English 
translation by Amer. Math. Soc., Providence, Rhode Island, 1963. 
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in order to cover the ellipsoid U,, by translates of the ball eU, we need 
at least IT; 4^ (a,/e) such translates. From this it follows that 


n( ee) 


rye) > I zs (18) 


j= 


Since for 1 <j < n(ee) we have a,/e >e, then from inequality (18) 
it follows that 


T €) 2 easy, 
Therefore 
In In z,,(c) = 1n n(ee) (19) 


From this it follows that 











lim In In r4, (e) > lm In z(ee) iim In n(e) 


i = Agm. 
e  ]ne- 2 e0 lne! «0 In e en 


Pkm 


Thus the relation pym = An iS proved. 

We proceed to the proof of inequality (16). Let A,,, < 1. Then the 
series D ; 4; converges. Denote its sum by a. If n > n(e?/4a), then we 
have 


oo 


oo 
2 1 
` dj S any > a « 34€. (20) 
j-n41l j-n41 


Now we will prove that 


49 « [PAYEE 


where p denotes the number n(e?/4a). For this we consider the inter- 
section U,, ,, of the ellipsoid Um and the subspace H, in ©,, spanned by 
the semiaxes a, ..., a. We construct, in the space H,, a cubical lattice 
with mesh e, = e/V p, choosing as coordinate axes the axes of the 
ellipsoid U, ,. 

In view of the choice of «,, any point of the subspace H, lies within 
a distance not exceeding 3 e of the nearest point of this lattice. Similarly, 
any point of the ellipsoid U,,, lies at a distance not exceeding 


$ € from one of the lattice points lying in the parallelpiped T,: 


— ġe — a, € x, € $e T a, | <k <p. 
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Obviously the number of lattice points in this parallelpiped is not greater 
than 





Tp +1) =f ever 


kel € k=1 


and, since a, > 4, , is not greater than 
2 = p 
[= (a v» 4 1]. 


Let us show that the balls in ®, of radius e with centers at those lattice 
points lying in the parallelpiped T, cover the ellipsoid U,,. In fact, from 
inequality (20) it follows that each point A of the ellipsoid U,, is at a 
distance not exceeding 4e from the ellipsoid U,,,,. Thus AB < $ «e, 
where B is some point of U,,,,,. But as was seen above, there is a lattice 
point C, belonging to the parallelpiped T,, such that BC < ġe. Con- 
sequently, AC < e and the point A belongs to the ball of radius e 
with center at the point C. 

Therefore we have constructed p, = [2e-(a, Vp + l)] points 
3, ++) xy, Such that 


T 
Um C U (x; + eUi). 
Therefore 
2 - p 
remle) = N(e Um Un < [5 (a vP =+ 1]. 


Taking into consideration that p = n(e?/4a), we obtain from this the 
inequality 


In In rz,(e) < In (I -) i Ain = + In In [Xa Vn(#/4a) 4- D]. (21) 





Since 
2 
lim dn e /4a). =) 
«0 Ine 
we have 
In In Fin(e) — =— In In n(e?/4a) 
Pim = lim ^ In zd S < lim “The! 7 = Arm (22) 


Thus inequality (16) is also proven. 
We need yet the following lemma, relating the numbers p,,,, px; and 
Pm fork <l<m. 
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Lemma 3. If k — | — m, then we have the inequality 


1 1 1 
ae see, 
Prem Pri Pim 





Proof. Obviously, for any 8 > 0 and e > 0 we have 
N(e, 8U,, U;) = N (5 , U, U,). 


Moreover, 
rele) = N(e, Um Ux) < N(8, Um, U))N(e, 8U, U,), 


Ch. I 


(23) 


(24) 


(25) 


since one can first cover the ellipsoid U,, with translates of the ball 6U, 


and then cover these translates with translates of the ball «U,. 


By definition of the numbers pp; and pim, we have, for any y, > Pki 


and y; > Pim: 
1\"%1 
N(e, Un Uz) < exp (—) 
and 


N(e, Um, U,) < exp (5. 
Therefore, in view of inequalities (24) and (25) 


s <0 ("+ (2)"] 


Setting a = ¢”%/(1+%) in this inequality, we obtain 


1 pee 


Teme) < exp [2 (— 


(26) 


Since y, — pp; and Ya — py, can be arbitrarily small, from inequality 


(15) follows the relation 


ipa = lim In In Tkn(e) « PxiPim 
£39 Ine Pri + Pim 





Consequently 
1 1 1 
> + , 
Pkm Pki Pmi 





which proves the lemma. 
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From Lemma 3 it follows that for any k and m 


1 m-—1 
EN Ls. (27) 


a 
Pim j-k Pit. 





whereby if one of p; ;,,, k <j <m— l, equals zero, then pym = 0. 
We now prove the theorem stated above, giving a necessary and 
sufficient condition for the nuclearity of a space. 


Theorem 8. In order that a countably Hilbert perfect space ® be 
nuclear, it is necessary and sufficient that 


= 1 


j&p+1 Pj 





= oo (28) 


hold for any p (where 1/p;,;,, = © if p;;,, = 0). 


Proof. First we prove the necessity of condition (28). Let 6 = Nj, 
@, bea nuclear space. Then without loss of generality we may assume that 
every mapping T7*' of the space ®,,, into ®; is nuclear. In other words, 
it can be assumed that each unit ball U;,, is, relative to the norm || ¢ |j, 
an ellipsoid such that the sum of the lengths of its semiaxes converges. 

Thus, if is nuclear, then for any j the exponent of convergence Ajj, 
of the ellipsoid U;,, in 9; does not exceed unity; ^;;,, < 1. In view 
of inequality (16), it follows from this that p; ;,, <2 for every j. But 
then for any p we have 





This proves the necessity of the condition of the theorem. 

Now we prove that the condition is sufficient for the ER of ®. 
We choose any index k. By hypothesis the series Maa (lp; s 
diverges. Therfore there is an m such that X7, (Le. a) >l. 
inequality (27) it follows from this that 1/p,,, > 1. But as was dowd in 
Lemma 2, Agm < Prem and therefore Aum < 1. 

Thus, for any k there is an m such that A,,, < 1, and, consequently, 
the series Ez. a;, consisting of the lengths of the semiaxes of the ellipsoid 
Um in the space Dp converges. Therefore the mapping Tj" of the space 
®,, into ®, is nuclear. Since k was arbitrary, this shows that @ is nuclear, 
which completes the proof. 

As was already mentioned, the same topology in ® may be defined 
by different collections of scalar products. We now give a necessary 
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and sufficient condition for the nuclearity of a space ®, in whose statement 
the scalar products (o, ), do not appear. 
We will consider the order of growth of the function 


N(e, A, U), 


where A is a compact set 18 and U is a neighborhood of zero in the space 
®, In the case where ® is n-dimensional, the function N(e, A, U) 
grows as (1/e)”, i.e., there is a constant C such that 


N(s A, U) < C (2). 


For a Hilbert space (or for Banach spaces) the function N(e, A, U) 
can grow arbitrarily fast. This means that for any increasing function 
f(x) one can construct a compact set A in a Hilbert space such that 


N(e, A, U) > t(4) 


We will see now that for nuclear spaces ®, N(e, A, U)isa function of 
minimal order of growth. In other words, if A is a compact set in a 
nuclear space and U is any neighborhood of zero in ®, then for every 
a > O there exists C such that 


N(e, A, U) < C exp et. (29) 


The minimality of the order of growth of N(e, A, U) is not only 
necessary, but also sufficient for the nuclearity of the space ®. This 
assertion can be stated as the following theorem. 


Theorem 9. Let © = (Y, , ®, bea countably Hilbert perfect space. 
In order that ® be nuclear, it is necessary and sufficient that for any 
compact set A in and any neighborhood U of zero the condition 


ga, InIn N(e A, U) 


€0 In e 





0 (30) 





be fulfilled. 
Proof. We show the necessity of (30). In fact, let us assume that there 


18 As is often done in analysis, we call a set with compact closure compact. 
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exists in the nuclear space ® a compact set A and a ball U,,!? such that 


gs, 1n 1n Ne, A, Us) 


«30 In e 1 








C 0. (31) 


Since the set A is compact, for any m > k there is 5,, such that A lies 
in the ball 5,,U,,. But then from inequality (31) it follows that 
Fag Inn Mle b. Uy, Uy) 


€ 30 In e 





2C»0 


for any m > k, and therefore pym > C > 0. 

Therefore, if inequality (31) holds for some compact set A and some 
ball U,, then for every m > k we have p,,, = C 7 0. But then, by 
inequality (27) 

V I 1 1 


E 
jak PUGH Pam C 





for every m >k, and therefore the series Èz. (1/pj;,,) converges, 
which in view of Theorem 8 contradicts the nuclearity of the space ®. 
This proves the necessity of condition (30). 

Now we prove that this condition is sufficient. For this, it suffices to 
show the following: If condition (30) holds for all compact sets A and 
all neighborhoods U of zero, then for any k there is an m such that 
Num <1. 

We carry out the proof by contradiction. Let us assume that there 
exists a k such that for every m > k the inequality Apm > 1 holds. 
Then in view of relation (15), p» = 1 also. Written out in detail, this 
inequality has the form 

gu In In Ne, Um Us) 


€ 30 In e 


21l. (32) 





Formally, this does not contradict (30), since the ellipsoid U,,, which 
is compact in the space ®,, is not in general a compact set in the space ®. 
However we will now show that if inequality (32) is fulfilled for every 
m > k, then there exists a compact set F in ® such that 

ji; In In NEF, Ue) 


€ 30 ln e! 


21 (33) 


\ 


But this now contradicts Eq. (30). 


19 We can assume, without loss of generality, that U, is a unit ball, since the metric 
order is not changed by replacing the sets 4 and U by sets which are similar to them. 
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The set F is constructed in the following manner. We consider, in the 
space ®, the sets Am defined by the inequalities (p, 9), < 1/m?. The 
closures of these sets in the spaces ®,, k < m, are compact sets! in ®,. 
These closures are simply the ellipsoids m~! U, in the spaces ®,. 

We assumed that inequality (32) holds for m > k. But then, obviously, 
the inequality 
gg Inn Ne mU, Us) 


«20 In e! 


(34) 





holds (the value of the metric order is not changed by replacing sets 
with sets which are similar to them). Inequality (34) says that for any 
m > k there is a sequence of numbers e,,, €ms, ... such that 





l l 
InN (e = Um U,) > Z 
Emn 
We choose a sequence of integers n,, nj,,, .. such that lim,,,. 


Emn, = O and denote emn „ by ôm Then we have 


In N (êm I Um Us) > (35) 


1 
Sin . 

Now in each of the sets A,, we choose the largest subset F,, = = in sg 
Xp} such that || x, — x; ||, > "25, for i 7 Jj. This subset is faites in view 
of the compactness of the closure A,, in ®,. In view of the maximality 
of the set F,, the balls x, + à Ups. na Xn + 8,,U, cover the set £, 
=m" Um i. 


1 n 
m Un Cc u (x; + 8 in Ux): 


Therefore N(8,, m^? U,, U,) <n 

Since we have || x; — x; |l, > $5, for distinct x; and x, of the set Fm 
then in order to cover Fm we need at least n balls of radius 48m. Con- 
sequently, n < N(45,,, Fms Up). From the inequalities which have been 
obtained, it follows that 
1 


Fm Ux) > In nn > In N (8m Z Um U) > t 


inn (v >s; 


3 , 
Therefore a i 
In N(, Fs U;) > eos (36) 


t Cf. the footnote on p. 87. Here, however, this compactness appears to be essential 
to the argument. 
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Let us denote by F the union of all the F,, and the point 9 = 0: 


F= OU UL Fe 


We prove that F is a compact set. For this it suffices to show that any 
neighborhood U of zero contains all but a finite number of the points 
of F. Let the neighborhood U of zero be defined by || p ||,, < p. We choose 
lso that ] > m and p > 17. Then it is obvious that -U,C U. Therefore 
for p > I we have 

F,C Ay Co Uc} U, C U. 
Thus only a finite number of points of F, namely those belonging to 
F,, ..., Fn can lie outside the neighborhood U. 
From inequality (36) it follows that 


—— Inln N(48,, F, U;) 





im — in(1/5,) 21 
and therefore 
z— 1n In N(e, F, U;) 
a dme 0L 


Thus we have constructed a compact set F for which inequality (33) 
holds. But the existence of such a set contradicts the hypothesis of the 
theorem. Therefore the assumption that p,,, > | for every m > k is 
false. Consequently, there is an m > k such that ppm < 1. But then the 
mapping Tý is nuclear. In other words, for any k there is an m such that 
the mapping Tj" is nuclear, and therefore ® is a nuclear space. 

We note a corollary of the assertions which we have proven. 


Corollary. If, for any compact set A in a countably Hilbert perfect 
space ® and any ball U,, the inequality 
lim In In Ne, A, U,) « C 
e20 In e7! 





(37) 


is satisfied, where C does not depend upon 4 and k, then the space ® 
is nuclear. 
In fact, using (37) we can construct, for any k, a sequence k = ky 
< kı <... such that p, e, < 2C. Then for n > 2C + 1 we have 
n—l 
> : >l 
Pk,kn j=l Phpkjyi 





and therefore p;,,,, < l. But from this follows the nuclearity of ®. 
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3.8. The Functional Dimension of Linear Topological Spaces 


Let ® be a linear topological space. We call the number df ©, defined by 


, G8) 





Em In In N(e, V, U) 


V 90 In In e! 


where U and V range over the neighborhoods of zero of ®, the functional 
dimension of the space ®. The basis for this terminology lies in the fact 
that for many linear topological spaces consisting of entire analytic 
functions, df © coincides with the number of variables on which the 
functions depend. 

In this section we consider countably Hilbert spaces having finite 
functional dimension. For a countably Hilbert space © = Ng- ©, 
formula (38) can be rewritten in the following form: 


In In rz4(c) 
dfó = sup inf lim -Ininet , (39) 
where femle) = N(e, Um Up). In other words, df © = sup, o,, where 


Op = inf, Cpm, and 


eu dm Hine. (40) 


«99 Inln e 





From this formula and Theorem 8 (Section 3.7) it follows that every 
countably Hilbert space with finite functional dimension is nuclear. 
It can be shown that for countably Hilbert spaces the formula 


In In N(e, A, U) 


df @ = sup lim infect 


(41) 





is valid, where U ranges over all neighborhoods of zero in ®, and A 
ranges over all compact sets in ®. The proof of this assertion is analogous 
to the proof of Theorem 9 (Section 3.7) and we will not detain ourselves 
over it. 

In this section we will introduce another formula for df ®, giving it 
in terms of the lengths of the semiaxes of the ellipsoids U,, in the spaces 
B, For this we need the following definition. Let a,, as, ... be a sequence 
of positive numbers tending to zero. We call the exponent of convergence 
of the sequence In (1/a,), In (1/a,), ... the convergence type of the sequence 
{an}. In other words, the convergence type 7 is equal to the infimum of 
those numbers u fot which the series X, In ^ (1/a,) converges. Ob- 
viously, for the finiteness of the convergence type of the sequence a, 
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45, ... it is necessary that the exponent of convergence of the sequence 
(1/a,), (1/ag), ... be equal to zero. 

If n(e) is the number of terms of the sequence a, a5, ... which exceed 
e, then one has 


Eco In n(e) 
7 = P nine. 


(42) 
In fact, applying formula (14) of Section 3.7 to the sequence In 
(l/a), In (l/a), ..., we see that the exponent of convergence À of 
(In (1/a,)} has the form 


lim In m(8) 


im —1- 
$590 Ind) ' 





where m(5) is the number of terms of (In (1/a,)) greater than 8. But 
obviously m(8) = n(e-1^?). Therefore 


_ a lnnag(e/6) 
7 um In à 





Replacing e7!/? by e, we arrive at formula (42). 

We now consider a countably Hilbert space and denote by Tem 
the convergence type of the sequence 44, ds, ... consisting of the lengths 
of the semiaxes of the ellipsoid U,, in the space ®,. Thus 


wu cus oin (43) 


20 Inline ’ 





where n(e) is the number of semiaxes of the ellipsoid U,, in the space 
P, whose lengths exceed e. 
We now prove the following theorem. 


Theorem 10. For a countably Hilbert space ® one has the formula 
df = n, 4- 1, (44) 


where ry = sup, Ths Te = inf, Tum: 


Proof. We show first that sup, 7, + | < df 9. Let us choose an 
arbitrary k. Since o, = inf, Gm then for any « >Q there is an m 
such that o,,, < df 9 + a. We denote by a,, a» ... the lengths of the 
semiaxes of the ellipsoid U,, in the space ®,. Fix e > 0. Comparing the 
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volume of an ellipsoid spanned by the axes a,,..,4,,/; with the 
volume of an n(/e)-dimensional ball of radius e, we ‘obtain 


II (E) < renle) = Nle, Um Ue) 


[see the derivation of formula (17), Section 3.7]. 


Since for 1 <j < n( Ve) we have a, > Ve, it follows from this in- 
equality that 


aoe Er 


€ 


and therefore 
In i 4- In n(V/e) + In Int < In In rz, (c). 


From this follows the inequality 





—— In n(Ve) u— In In rym(e) 
JO In ine) aS lig Inines? ^ 78m 
Since 
mln lnin(l/Ve) _ 
lim “TInine | 
we find that 





Tem + l = lim Ud Elo S df $ + a. 

From this it follows that 7, + 1 = inf,, Tym, + 1 S df 6 + o. But 
then sup, 7, + 1 < df Ø + o. In view of the arbitrariness of a > 0 
we see that sup, 7, + 1 < df È. 

Therefore the inequality sup, 7, + 1 < df is proven. Now we 
prove the reverse inequality. Suppose that sup, 7, is finite. Then for any 
k there is an m such that Tym is finite, and therefore the exponent of 
convergence of the sequence 1/a,, 1/4, ... Is zero (as before, we denote 
by 4,, 4s, ... the lengths of the semiaxes of the ellipsoid U,, in ®,). 
Therefore the series Zj- 1 4; converges. Without loss of generality we 
may suppose that the series D- 1 4; converges for any k and m; we denote 
its sum by a. In Section 3.7 it was shown that 


In In rymle) < Inn (t Z) +1nint + In In [2 (a, J^ G 1) 
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[cf. inequality (21)]. From this inequality it follows that 


L— lIninr,(e) 
650 ]nIn e 


z— Inn(e/4a) + In In[2(a, /n(2/4a) + D 
In In e7} 





Okm — 


«1-4 lim (45) 





Let k be arbitrary. Since tọ = sup, 7, and 7, = inf, Tem then for any 
a > O there is an m such that 


25s wars In n(e) 


«90 In In e! < Tokid: 


But then 
2 
i In z(e?/4a) 


oo Inine? S Tote 

Therefore it follows from inequality (45) that opm < 1 + To + o. Since 
« is arbitrary we find that c, = inf, Gym < To + l. But then df 6 = 
sup; 9, <7) + 1. Thus we have proven that df ® < r + 1. Since 
we proved earlier that df ® >7, + 1, then df ® = 7, + 1, which proves 
the theorem. 

We now present examples of nuclear spaces having finite functional 
dimension. 

Let 3 be the space of all entire analytic functions of s variables. We 
introduce a topology in 3 by means of the countable family of scalar 
products 


(9; V), — f g(2;, sony 2 )U(Z Zs) omeg'y Zs) dx, Md dx, dy, ace dy,, 


n 


where 2, = x, + ty, and Q, is the region defined by the inequalities 
< |z| <n, lores. 


The space 3 is a space of finite functional dimension. In order to prove 
this assertion, we consider the space 3,, obtained by completing 3 relative 


to the norm || 9 ||, = V(@, e),. The monomials 


BP... BPs, 0<p, <9, l<kes, 


belong to each of the spaces 3,. It is obvious that if the collections p}, 
s, Pg and qis ..., q, do not coincide, then the functions 2%), ..., 2? and 
211, ..., 2% are orthogonal relative to each of the scalar products (o, 4). 
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The norm of the monomial zb, ..., 2^: relative to the scalar product 
(p, V), equals 
nbi Ped ets A gP P, 


V(p, 4-1) (p, + 1) 





of the semiaxes of the ellipsoid U,, in ®, are given by 


aim — (Ż- 
m 


Pite +PgtS 


It is not difficult to see that the exponent of convergence of the set of 
numbers aj"? ,, is equal to zero for any k and m, and the convergence 
type Tem of this set equals s. Therefore 7) = sup, inf, Tym = s. But 
then, by Theorem 10 we have df ® = s + I. 

Another space of finite functional dimension is the space U of all 
entire analytic functions g(;, ..., 25), periodic in each variable with period 
2n. Scalar products are defined in this space by 


(o). = f ens os BAR e 8) d d, dy dy 


n 


where P, denotes the region 0 <x, < 2r, —n « y, «m, l«k«s. 
The functions 


exp [(5121 + --- + 0:23). 


where Ppi, ..., P, are any integers, are orthogonal relative to each of the 
scalar products (o, %),. Proceeding in the same way as above, we conclude 
that df 4 = s 4- I. 

It would be very interesting to consider, in the general case, the relation 
between the functional dimension of a space consisting of functions, 
and the number of variables on which these functions depend. Let 
us mention the following result. Let the countably Hilbert space ® be 
the topologized tensor product?" of countably Hilbert spaces dU 
and ©), having finite functional dimension. Then the functional dimen- 
sion of @ is finite, and 


df 6 = df AW 4 df 90, 


20 Concerning questions related to tensor products of linear topological spaces, see 
Grothendieck [reference (22)]. 
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4. Rigged Hilbert Spaces. 
Spectral Analysis of Self-Adjoint and Unitary Operators 


4.1. Generalized Eigenvectors 


One of the basic results of linear algebra is the theorem on the existence 
of a complete system of eigenvectors for any self-adjoint linear operator 
A in an n-dimensional Euclidean space R,. This theorem states that if 
A is a self-adjoint operator in an n-dimensional Euclidean space R, 
then an orthonormal basis e,, ..., e, in R, can be found, each vector of 
which is an eigenvector of the operator A: Ae, = A,e€,, where A, is a 
real number. Expanding any vector f of the space R, by means of the 
vectors ej, ..., Enf = Ajey +... + anen a = (f, ej), we can write the 
operator A in the following form: 


Af = Y Alf ender a) 
k=l 


An analoguous statement is valid also for unitary operators, with the 
only difference that the À, are not necessarily real, but rather complex, 
numbers whose moduli equal unity. 

The situation becomes complicated upon passing from the finite to the 
infinite-dimensional case. For example, in Hilbert spaces there exist 
unitary operators (i.e., operators U such that || Uf|| = || f|| = || Uf 
for any vector f of H), which do not have any eigenvectors different from 
zero. 

The so-called abstract theorem on the spectral decomposition (see the 
appendix to this section) gives only a certain substitute for the expansion 


by means of eigenvectors. For any e >Q and certain A, |A| = 1, it 
permits one to find a vector fe || f. | = 1, such that 
| Uf. — Af. ll e. 


An example of such an operator is the operator of translation U, in 
the Hilbert space L? of functions on the line, having square integrable 
moduli. As a matter of fact, let us suppose that the function f(x) in 
L? is such that 


U, f(x) = f(x — h) = af(x). (2) 
Since the Fourier transform of the function f(x — h) is e'^^ F(A), where 
F(A) = J f(x) e?" dx is the Fourier transform of f(x), then it follows 
from (2) that 
eiF (A) = aF(). 
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But this can hold only in the case where the function F(A) equals zero 
at every point for which e'^ 4 a, i.e., it differs from zero only at a 
countable set of points. Since F(A) has square integrable modulus, we 
find that f(x) = 0. Thus the operator U, does not have eigenvectors in 
the space L?. Nevertheless, it is easy to find functions not belonging to 
the space L? which are eigenvectors of the translation operator. For 
example, U,e- = eH?^e-Ur ie, et is an eigenfunction of the 
operator U,, corresponding to the eigenvalue e*””. Now, as is well known, 


any function f(x) from L? can be expanded in terms of the functions 
gm 


fx) = B f FAJ dà, 
where 
FQ) = f f(x dx, 


and the action of the translation operator is given by the equation 


U, f(x) = x f oF (Aoi dd 


= x [e [[ oes ae] e a, 


analogous to (1). The system of eigenfunctions e-?* is complete in the 
sense that for any function f(x) € L?, the Plancherel equality 


[Uto as = + f IFO 3) 


holds. Thus we see that although the operator U, does not have eigen- 
functions lying in L?, it has a complete system of eigenfunctions lying 
outside this space. An analogous situation arises also for other operators 
[for example, for the operator of multiplication by a function, whose 
“eigenfunctions” are the functions of the form 6(x — h)]. To interpret 
these eigenfunctions, drawing only upon concepts connected with the 
Hilbert space L? itself, turns out to be impossible. We shall show, 
however, that such an interpretation becomes possible, if together with 
the Hilbert space L? one considers a certain extension ®' of it. 

As a rule, Hilbert spaces arise in analysis upon considering a linear 
space 9, in which is given a positive-definite Hermitean bilinear function- 
al (o, V). Taking (o, V) as a scalar product in and completing ® with 
respect to it, one obtains a corresponding Hilbert space H. Following 
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this one usually forgets about the space 9 and studies only the space H. 
However, it is just the simultaneous consideration of the space 9 and its 
completion H which enables one to interpret the “eigenfunctions” 
lying outside of the Hilbert space 77. 

For example, the functions e-** may be considered as linear functionals 
on the linear space S of infinitely differentiable functions, rapidly de- 
creasing on the real axis together with their derivatives of any order. 
The space L? is obtained from S by completion relative to the scalar 
product 


(e) = | eG) di. 


Thus, the eigenvectors of the operator U,, which do not belong to the 
space L?, turn out to be none other than linear functionals on the linear 
space S, embedded in L?. In exactly the same way we can interpret an 
eigenfunction 6(x — h) of the operator of multiplication by a function 
as a linear functional on S. 

We now introduce the following definition. 

Let A be a linear operator in a linear topological space ®. A linear 
functional F on 6, such that 


F(Ag) = AF(g) (4) 


for every element o of $, is called a generalized eigenvector of the operator 
A, corresponding to the eigenvalue à.! 

We can now say that the functions e~**” are generalized eigenvectors 
for the translation operator considered in the space S. The Fourier 
transform F(A) of the function g(x) is none other than the value of the 
functional (e-**, (x)) for the function g(x). The Plancherel equality 
(3) shows that the set of generalized eigenfunctions e-‘ is complete, 
i.e., that F(A) = 0 implies p(x) = 0. 

In Section 4.5 we prove the existence of a complete system of general- 
ized eigenvectors for any unitary and any self-adjoint operators, defined in 
nuclear spaces. For this we make use of the concept of a rigged Hilbert 
space,” which arises in the consideration of a nuclear space ® in which 
is defined a scalar product (o, #). 


t We denote here the value of the functional F for the element 9 by F(g), and not by 
(F, 9), in order to avoid the possibility of confusion with the scalar product. 

2 The concept of a rigged Hilbert space proves to be useful not only in the study of 
the spectral theory of linear operations, but also in a number of other topics of functional 
analysis (for example, in the theory of quasi-invariant measures; cf. Chapter IV). We 
believe that this concept is no less (if indeed not more) important than that of a Hilbert 
space. 
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Suppose that in a countably Hilbert nuclear space ®, defined by the 
scalar products (y, %),, there is defined still another scalar product, i.e., 
a positive-definite nondegenerate Hermitean functional (p, V), continuous 
in each variable p and V. Thus, with each pair of elements p, ù € there 
is associated a complex number (o, i) such that 

(1) (pı + Po y) = (91, y) + (Pe y), 

(2) (ag, V) = a(p, y), 


3) (ed) (o) 
(4) (p, p) > 0, and (p, g) = 0 only when g = 0, 


(5) if lim,,4 Pn = p, then lim,,. (Pn V) = (p, d). 


From conditions (3) and (5) it follows that lim, ,«(J, Pn) = (s, p). 
Since ® is countably Hilbert, it follows from condition (5) that (p, #) 





is continuous relative to some norm || p ||, = V (p, P)m in ®, i.e., numb- 
ers M and m can be found such that 


We now construct a Hilbert space H, completing the space ® relative 
to the norm || p|| = V/(o, p). The elements of ® form an everywhere 
dense set in H, by which is therefore defined a continuous? linear 
operator T, mapping ® into H. We will in the sequel frequently identify 
the space ® with the corresponding subset of the Hilbert space H. 

Together with the spaces and H we will consider the adjoint space 
Ó' of Ð. The adjoint T’ of T is an operator mapping H', the adjoint space 
of H, into 9' and defined by the equation 





(T'Àyg) = h'(Te) 


for any elements h'e H' and 9 € €. Since every linear functional h’ 
on the Hilbert space /7 can be written in the form 


h'(h) = (h, hy), 
where h, is some element of H, then T" can be considered as a mapping 


t The Russian word here translated as “rigged” can be (and often is) translated as 
“equipped.” 

3 The continuity of T follows from the continuity of the scalar product relative to 
the topology of ©. 
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of H into ®'. It should be kept in mind, however, that the mapping 
h' — h, is antilinear, since if k’ — h,, h” > hy, then 


(a' + Bh'’)(h) = oh'(h) + Bh'(h) = (h, xh, + Bh) 


and therefore ah’ + Bh” + ah, + Bha. Therefore, if T' is considered 
as a mapping of H into ®', then T' is an antilinear operator, and T'T, 
mapping 9 into ®’, is also antilinear. If one considers only real spaces, 
then both T’ and T’T are linear. 

We call a triple of spaces ®, H, ©’, having the properties stated above 
(i.e., a nuclear countably Hilbert space ® in which is defined a non- 
degenerate scalar product (p, J), the completion H of ® by this scalar 
product, and the space ®' adjoint to ®) a rigged Hilbert space. We showed 
that for a rigged Hilbert space there exists a continuous linear operator T 
which maps 6 one-to-one onto an everywhere dense subset in H, and 
its (antilinear) adjoint T’ maps H one-to-one onto an everywhere dense 
subset in ©’. Therefore we will denote a rigged Hilbert space by 
oócHcd4., 

Let us note that T is continuous relative to one of the norms || 9 ||, 
defining the topology in €. As a matter of fact, in view of inequality (5) 
we have 


I Tell = Vip, p) < V MI. 


Therefore T can be extended onto the entire space ®,, n > m, obtained 
by completing ® in the norm || Ê ||, = V(g, v),. We denote the corre- 
sponding operator by 7',. From Theorem 5 of Section 3 it follows that 
there is a value n for which T,, mapping the Hilbert space ®, into H, 
is a nuclear operator. The operator 7;, mapping H into 9», is also nuclear. 

We remark that in a number of cases it suffices to consider, instead 
of a rigged Hilbert space C HC @’, the triple GC HC G' of Hilbert 
spaces connected with the nuclear mappings T and T’. However, only for 
rigged Hilbert spaces does any continuous scalar product (p, y) lead to 
such a triple of spaces. 

We now indicate the form of the operator T. For this we apply to the 
operator T, the description of nuclear operators given in Section 2.3. 
We obtain thereby the following result. There exist orthonormal bases 
{h,} and {p,} in H and 6, such that for every element 9 € ®, one has 


Tp = > AMPs Pr)nhir (6) 
k=l 


where A, > 0 and the series X, , A, converges. 
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In order to pass from T, to T, we note that Tẹ = Tọ if 9 belongs 
to ®, and therefore for elements p € ® formula (6) takes the form 


To = > AG, Pe\nlty- 


kel 


For fixed k the expression (y, q,), is a linear functional on ®,. We 
denote this functional by F}: Falp) = (p, q;),. Since the correspondence 
F <+ i, established by the formula F(p) = (p, $), between the elements 
of ®, and certain linear functionals on ©,, is isometric, the functionals 
F, form an orthonormal basis in ®,. We have thus proved the following 
result. 

Let DC HC © be a rigged Hilbert space, and let T be the natural 
imbedding operator of ® into H. Then there is an n, and also orthonormal 
bases {h,} and {F,} in H and ®,, such that for every element p € ® one 
has 


To = 3 MF.) () 


where ày > O and the series X, Ag converges. 
We remark that one can associate with a rigged Hilbert space a two- 
sided infinite decreasing chain of Hilbert spaces 


a D Dp D a D BD a D OLD ann (8) 


such that for any k, — œ < k < œ, there exists a nuclear mapping T4! 
of the space ®,,, onto an everywhere dense subset of ®,. 
In order to construct such a chain, we take into account the fact that 
a nuclear space ® is the intersection of a decreasing chain of Hilbert 
spaces:  — Nii Öp 
E DDD... D DrD on (9) 


and for every k the natural mapping T£" is nuclear.t Now the space 
. . . . . . , oo 
Ó' is the union of an increasing chain of Hilbert spaces: 9' = U, , -i 


Da CDC. CDC (10) 
where @_, denotes the space ®, adjoint to ®,. We denote by T$*!, for 


k < —], the operator adjoint to T4 ,. This operator is also nuclear. 
In order to connect the chains (9) and (10), we note the following. We saw 


t See remark (1) in the footnote on p. 87. 
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above that there is a value 2 for which the operator T,, mapping ®, into 
H, is nuclear. Then the mapping T , of H into ®_, is nuclear (this 
mapping, as was shown above, is antilinear). Without loss of generality 
we may suppose that n = 1. We now denote H by ®,, and the mappings 
T, and T. , by T} and T°,, respectively. We thereby obtain the desired 
sequence of spaces (8). 

Chains of this sort appear in the consideration of symmetric positive- 
definite differential operators. Let A be such an operator. We associate 
with this operator a family of scalar products in the space K of infinitely 
differentiable functions with bounded supports 


(p, Yn = > f Atg(x)p(x) dx, n= 0,1, (11) 


Obviously one has the inequality (p, @)n41 > (o, v), for any 9 € K. 
Therefore, completing K relative to these scalar products, we obtain a 
decreasing chain of Hilbert spaces 


BDD D.. D,D... 


Let us denote the intersection of these spaces by ®. Obviously the 
operator A carries Ó into itself. As a matter of fact, in view of the sym- 
metry of A we have 


(4p, Ag), = D, | AAA) dx = 3, | AMG) AE) de < (P, Pe 
=0 k=0 


Consequently A maps the Hilbert space ®,,, into ®, in a continuous 
manner, and therefore carries the space Ó into itself. 

Now we consider the spaces ®_,, adjoint to the ®,. These spaces form 
an increasing chain 


DCDC. bu d 


We identified the space ®_, with ®p, associating with a function (x) € B, 
the functional F, such that 


Fg) = | eax) ds. 
Thus we have obtained a chain of spaces of the form 


$'2..20 ,2..20,2..24,2..20. 
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For any two elements pọ and y of the space ® = NG -ı Ó, there is thus 
defined, together with the scalar products (p, ¢),, n > 0, also the scalar 
products (p, J).,, n 2 0, which appear if p and y are considered as 
elements of the space ®_,,. The scalar products of the form (p, %)_, prove 
to be useful in certain questions in the theory of partial differential 
equations. 


4.3. The Realization of a Hilbert Space as a Space of Functions, 
and Rigged Hilbert Spaces 


As is well known, a Hilbert space admits various realizations as a 
space of functions. These realizations are constructed in the following 
way. We choose a positive measure c on some set X (for example, on the 
real line) and denote by L? the space of all functions g(x) for which the 
integral 


[1692 dots) 
X 
converges. Introducing in the space L? a scalar product by the formula* 


(eJ) = | eG) dola), (12) 


we obtain a Hilbert space. Precisely speaking, the elements of L? are not 
separate functions g(x), but rather classes of functions which differ from 
each other only on a set of o-measure zero. 

A drawback of this realization is the circumstance that, associating 
with the functions g(x) of L? their value at some point x9, generally 
speaking we do not obtain a continuous linear functional (the exceptions 
to this are those points whose individual measure is nonzero). Moreover, 
since the functions g(x) € L? are only defined up to a set of o-measure 
zero, we lose the possibility of speaking of their values at a fixed point 
Xy. However, in many questions, in particular in questions connected 
with the spectral decomposition of self-adjoint operators, it is desirable 
to consider the value of a function at a point as a linear functional. 
Just as in many similar cases, this turns out to be possible if we pass from 
the consideration of a Hilbert space to the consideration of a rigged 
Hilbert space. 

Let ØC H C Ọ' be a rigged Hilbert space. We consider a realization 


4 Henceforth in integrating over the set X we will omit any indication of the region 
of integration. 
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h —> h(x) of the space H as a space of functions with scalar product of the 
form (12). Then to each element y of the nuclear space ® there corre- 
sponds a function g(x), associated by this realization with the element 
Tọ of H (we denote by T the natural imbedding of @ into its completion 
H). Thus we obtain a realization p — g(x) of the space ®, induced by the 
realization A — h(x) of the space H. In this section the following theorem 
concerning such a realization will be proved. 


Theorem 1. Let C HC @' bea rigged Hilbert space and p — p(x) 
be the realization of ®, as a space of functions, induced by the realization 
of the Hilbert space H as a space L2. Then to each value x one can associate 
a linear functional F, on the space 9 such that for any function g(x) € o 
the equation 


9(x)) = Fa (P) (13) 


holds for almost every x, (relative to the measure oc). 
For the proof of this theorem we begin with the following lemma on 
orthogonal series. 


Lemma 1. Suppose that the functions {h,(x)} form an orthonormal 
system relative to a positive measure c. e for any sequence of positive 
numbers A, such that the series X}. À, converges, the series 


X, M ho) (14) 


converges almost everywhere (relative to c). 


Proof. We apply the following well-known criterion for the conver- 
gence almost everywhere of a series of nonnegative functions. 

If the series Sy. a f ex) do(x) converges, where g(x) = 0 and a ts a 
positive measure, then the series X, , g(x) converges almost everywhere 
relative to o. 

In view of the Cauchy-Bunyakovski inequality we have 


(S, iG) < S As D AUDI 
k -1 a k -1 k=-1 


Since by hypothesis the series X. A, converges, it suffices for us to show 
the convergence almost everywhere of the series 


X A DIE. (15) 
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Let us consider the integral 
f [rel ae] dota). (16) 
kel 


Since the functions A,(x) are normalized, this integral equals Dae 
As the series X , A, converges, by hypothesis, the integral (16) has a 
finite value, and therefore the series (15) converges for almost every x 
(relative to o). From this, as we saw, also follows the convergence almost 
everywhere of the series (14), which proves the lemma. 

We now turn to the proof of Theorem |. Thus, we are given that 
9 — (x) is a realization of the nuclear space ®, arising from the realiza- 
tion of H as L2. We have to construct functionals F, on ® such that 
F (p) = g(x) for every p € D. We define these functionals in the following 
way. Let us consider T, the natural imbedding operator of ® into H. 
We saw in Section 4.2 that T can be written in the form 


Ty = > AF Ap) (17) 


P (i is an orthonormal basis in one of the spaces 4, adjoint i 
o {h} is an orthonormal basis in H, Ap > 0, and the series Ppi A 
rua Since by the hypothesis of the theorem H is realized as a 
space of functions, then to each element h, there corresponds a function 

h(x). Let us consider the series 


oo 


= Yeh”), (18) 


and prove that it converges for almost every x (relative to a) in the norm 
of the space ®,. To do this we apply Lemma | to the series DES 
| Aj(x) |. Since T A, converges, and the h,(x) are orthonormal relative 
to o, then by this lemma the series X3: | A(x) | converges almost 
everywhere (relative to c). 

Now we take into account the fact that the functionals (F,) form an 
orthonormal basis in $5, and therefore || Fy | ,, = 1 (J| F|| ,, is the norm 


5 Actually, an element of L2, which is a class of functions. We assume that h,(x) is 
some arbitrary but fixed element of this class, and therefore h,(x) is meaningful for every 
value of x. 

6 These functions correspond, under the realization of H, to the elements Jj of the 
orthonormal basis in H. 


4.3 Rigged Hilbert Spaces 113 


of a functional F € $;). Consequently, the series X, , Àx | h(x) | can 
be rewritten in the form 


5 sd hGQ)L LPs La. (19) 
k=1 


Thus the series (19) having positive terms converges for almost every 
x. Since 
|| Af) Pi ln = Axl BO] EP las, 


the series of functionals (18) converges in the norm of ©, for almost 
every x. 

Thus the convergence of the series of functionals (17) relative to the 
topology of ®, for almost every x is proven. We take for the functional 
F, the sum of the series (18) (at those points for which it converges), 
setting, for example, F, = 0 at the remaining points. 

It remains for us to show that if g(x) is any function in ®, then for 
almost every x (relative to o) the equality F(p) = g(x) holds. But from 
(18) it follows that for almost every x we have 


Fg) = *, Mh(9)Fg). (20) 
k=1 
On the other hand, from (17) it follows that 
Ax) = Tp = FF (pel), (21) 
k=1 


where g(x) and h,(x) are considered as functions in L2. From this it 
follows that the series (21) is the expansion of g(x) in terms of the or- 
thonormal system of functions {h,(x)}. Since p(x) has square integrable 
modulus, the series converges to it in the mean. But if a series converges 
almost everywhere to the function F,(y) and converges in the mean to 
the function g(x), then F(p) = p(x) for almost every x, which proves 
the theorem. 

We remark now that each function g(x) is defined only up to a set of 
c-measure zero. Therefore we can change the value of each of these 
functions on a set of o-measure zero (different for different functions) 
without changing the realization of the space. Henceforth we will always 
have in mind a realization of H for which q(x) = F(p) for every x and 
every element o € ®. 

It is useful to note that every functional F, in Theorem | belongs to 
the same space ®,. We also note that the condition of nuclearity of the 
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space ® can be weakened. The theorem remains valid for any pair 
© C H consisting of a locally convex linear topological space ® and a 
Hilbert space H, if there exists a nuclear mapping T of into H.’ 


4.4. Direct Integrals of Hilbert Spaces, and Rigged Hilbert Spaces 


The theorem proved in the preceding section is a particular case of a 
more general theorem, connected with the representation of a Hilbert 
space as a direct integral of Hilbert spaces. 

The concept of a direct integral of Hilbert spaces is a generalization 
of the concept of the orthogonal direct sum of a countable family of 
Hilbert spaces H,, Ha .... 

We recall that one calls “orthogonal direct sum of the Hilbert spaces 
Hy, Hy, ...” the Hilbert space 


b= DOM, 


n=1 
whose elements are sequences 


£ => (n, he, e) hn € Hy, 


such that the series X, , || A, |2, where || A, |, is the norm in H,, converges. 
The linear operations in h are defined coordinate-wise: If € = (h,, ho, 


e)» 1 = (£o £o) then E+ $ = (I + gy he + go...) and a£ = 
(ah, ahs, ...), and the scalar product (£, 7) is defined by 


(E n) = 2 (Any gu) 


where (hn, g,), is the scalar product in H„. One can consider the some- 
what more general concept of the orthogonal direct sum of the Hilbert 
spaces H,, H,, ..., taken with the positive weights pi, us, ..., Hn > 0. 
In this case the scalar product is defined by the formula 


(£, 7) = > [AUN £n)n- 


A linear topological space is called locally convex if each neighborhood of any element 
contains a convex neighborhood of the same element. A mapping of © into H is called 
nuclear if it is the product of a continuous linear mapping of into some Hilbert space 
H, and a nuclear mapping of H, into H. 
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This equation can be written in the form 
(61) = f (x), 669). dul), 
X 


where we denote by X the set consisting of the points x — 1, 2, ..., and 
by u(x) the measure on X which equals u, at the point x = n. Corre- 
sponding to this, the orthogonal direct sum of the Hilbert spaces 7, 
H,, ..., taken with weights py, us; ..., can be written in the form 


b= | , HG) dula). 


We now generalize the concept of the orthogonal direct sum of Hilbert 
spaces, taken with given weights, by relinquishing the assumption of a 
countable number of terms. In other words, we consider some set .X 
on which is defined a positive measure u. Suppose that with each point 
x € X there is associated a separable Hilbert space H(x) of dimension 
n(x), where n(x) may assume the values 1, 2, ... or oo and is measurable 
with respect to u. We consider first the case where all the spaces H(x) 
have the same dimension z (n is an integer or oo). In this case we identify 
each of the Hilbert spaces H(x) with some one Hilbert space H of dimen- 
sion zn. 

We construct the space b, consisting of those vector functions 
é = h(x) on the set X, taking values in H, such that 


(1) for any he H the numerical function (h(x), k) is measurable with 
respect to p, 


(2) the numerical function || h(x) || is square integrable with respect 
to u; 


[AGE da) < >. 


We define the linear operations in b, setting for the vector functions 
€ = A(x) and q = g(x) 
E+ 9 = h(x) + gx), 
a£ = ah(x), 


and we introduce a scalar product, setting 
(62) = J G9, a6) dut). (22) 


t Rather, equivalence classes of such vector functions, two vector functions being 
considered equivalent if they differ only on a subset of X having u-measure zero. 
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This scalar product is defined for all elements é = h(x) and n = g(x) 
of 5. As a matter of fact, in view of condition (1), for any orthogonal 
basis Ay, hg, ... in H the functions (h(x), hp) and (A,, A(x)) are measurable, 
as is therefore the function 


(i9) a) = $y 06), hU, a9) 
But 


J 10669, 8691 dala) < 3 [f 126018 du) + f aer aac] 


and therefore in view of condition (2) the integral (22) converges. 

It is easy to verify that the space h satisfies all the axioms of a Hilbert 
space. In particular, it is complete. The proof of the completeness of h 
is well known in the case where n(x) = 1, i.e., when h is the space L? 
of scalar functions f(x) having square integrable moduli with respect to 
u. In the general case the proof is carried out analogously. 

We will call the Hilbert space h the direct integral of the Hilbert spaces 
H(x) with respect to the measure u and denote it by the same symbol 


s-[ ,O HG) dula) 


that was used for the orthogonal direct sum. 

In the case where the spaces (x) have different dimensions, we 
proceed in the following way. We divide the set X, on which the measure 
u is defined, into measurable subsets X,, Xa, ...,on each of which n(x) =n. 
We already know the definition of the Hilbert space 


bn = | © HQ) dela). 


We now denote by h the orthogonal direct sum of the spaces V, 
o, very 


n=l 


We will also call this space h the direct integral of the spaces H(x) with 
respect to the measure u and denote it by 


s-[ , O HG) duo). 
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The concept of an orthogonal direct sum of Hilbert spaces is a special 
case of that of a direct integral of Hilbert spaces. It corresponds to the 
case where the measure pu is defined on a countable set. The Hilbert space 
LÈ of functions with square integrable moduli relative to the measure yz 
is a direct integral of one-dimensional spaces relative to p. 

We proceed now to the consideration of results, analogous to those of 
Section 4.3, for direct integrals. 

We note the following lemma, analogous to Lemma 1 of Section 4.3. 


Lemma 1'. Let h be the direct integral of the Hilbert spaces H(x) 
relative to the measure y; 


b= | © nt) dus). 


If {€,} = {h,(x)} is any orthonormal system in þh and the series Ep1 An, 
where A, > 0, converges, then the series 


> AJ (x) 


converges for almost every x (with respect to u) in the norm of H(x). 
Since the proof of this lemma proceeds word for word like that of 
Lemma 1, we omit it. 
Let us consider now a rigged Hilbert space 6 C H C ©’, Suppose that 
H is represented as a direct integral 


b= f © HQ) due) 


of Hilbert spaces H(x) relative to the measure u. Then to each element 
heH there corresponds a vector function € = h(x) whose value for 
each x is a vector h(x) € H(x), and 


(En) = |. 09) 69) dun. 


Since to each element pe ® there corresponds the element Tọ € H 
(T is the natural imbedding of ® into H), then we can associate with an 
element 9 € 9 a function g(x) € 5. We now prove the following theorem 
concerning these functions, generalizing Theorem | of Section 4.3. 


Theorem 1'. Let ØC HC Ó' be a rigged Hilbert space and 4  £ 
= h(x) € H(x) be a representation of H as a direct integral 


ken © Ho) duo). 
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Then for any x there exists a nuclear operator T,, mapping ® into A(x), 
such that for p € ® the functions g(x) and T,(¢) differ only on a set of 
p-measure zero. 


Proof. Since @ is nuclear, there is an such that the natural imbedding 
T of © into H can be written in the form 


Tp = Y. AF) (23) 


where {h,} is an orthonormal basis in H, {F,} is an orthonormal basis 
in $/, A, > 0, and X, , A, converges. We associate with each k and each 
xe X the operator A,F,/i(x) of rank 1, taking the element y € ®, into 
the element A,F,.(p)h,(x) of H(x). We will now prove that the series 


S FA), (24) 


consisting of these operators, converges in norm for almost every x (with 
respect to u), and for almost every x the sum T, of this series is a nuclear 
operator. For this we note that from the definition of the operator 
A,F,Aj(x) follows the equality 


[A FA) Aul ERU IIl 


where || F, || ,, is the norm of the linear functional F, in the space ®,, 
and || A, (x) | is the norm of the element A, (x) in the space H(x). Therefore, 
according to Section 2.5, both the convergence almost everywhere of the 
series (24) and the nuclearity almost everywhere of the operator T, 
will be proven, if we prove that the series 


S, Adl Fe Nall GO, 
k-1 


consisting of the norms of operators of rank l, converges almost 
everywhere. But this follows at once from Lemma |’, taking into ac- 
count that || F,|| ;, = 1 and the vector functions h(x) correspond to 
the elements of an orthonormal basis (4) in H and therefore form an 
orthonormal basis of functions in b. 

We now set 


ne > MF din) (25) 
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for each point x at which the sum of the series (24) is a nuclear operator, 
and T, = 0 at the remaining points of X. Let us show that for each 
element g € 9 the equation T,(g) = (x) holds for almost every x. 
In fact, it follows from (25) that almost everywhere 


Tig > AF u(p)hid)- (26) 


But the function g(x) corresponds to the element Ty € H and therefore 
we have, by (25), that 


os) =D AEO), (27) 


where the series converges in the mean (with respect to u). Comparing 
(26) and (27), we conclude that the vector functions T,(y) and p(x) are 
equal almost everywhere. The theorem is proved. 

We note, as in Theorem 1, that the operators T, can be chosen so 
that they will all be nuclear relative to the same scalar product (o, V), 
in ©, Moreover, we remark that instead of the requirement that ® be 
nuclear, it is sufficient to require that be a locally convex linear 
topological space which admits a nuclear imbedding T into the space H. 

Henceforth, in speaking of a realization h +> h(x) of H, we will have 
in mind a realization for which the relation T,(p) = «(x) holds for 
all x and all pe È. 


4.5. The Spectral Analysis of Operators in Rigged Hilbert Spaces 


We proceed now to the basic topic of this section—the spectral analysis 
of operators in rigged Hilbert spaces. We first recall the concept, intro- 
duced in Section 4.1, of a generalized eigenvector. Let A be an operator 
in a linear topological space 9. A linear functional F € ®', such that 


F(Ag) = AF(g) 


for every pe 9, is called a generalized eigenvector of A corresponding 
to the eigenvalue A. 'This equality can be written in the form 


AIF = M, 
where 4’ is an operator in ©’ such that 


A'F(g) = F(Ag) 
for all pe 6 and Fe Ø. 
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To each value A there corresponds the eigenspace ®, of A, consisting 
of all the generalized eigenvectors F whose eigenvalue is A. We now 
introduce the notion of a spectral decomposition for elements of the 
space ®, Associating with each element p € and each number A a 
linear functional d; on ©}, taking the value F,(y) on the element F, of 
®,, we obtain vector functions ¢,, whose values are linear functionals 
defined on the subspaces ®,. We call the correspondence gy — ¢, the 
spectral decomposition of the element q corresponding to the operator A. 
It is obvious that if o — ğı is the spectral decomposition of the element 
9, then the spectral décomposition of the element  — Ag is the vector 
function $, = Ag,. In fact, for any functional F, € 6; we have 


Fb) = F(Ao) = AF), 
and so by definition of ¢, and $, we have 
ga = Àj. 


If the subspaces ©, are one dimensional (or, as we will say, the 
operator A has a simple spectrum), then the functions ¢, are scalars. 

An example of a spectral decomposition with simple spectrum is the 
correspondence by which to a function g(x) of the space S there corre- 
sponds its Fourier transform ¢(A), 


$0) = | g(x)ei^* dx. 


This decomposition corresponds to the translation operator U,: 
g(x) — g(x — h), since the functions &? are the generalized eigenvectors 
of this operator. 

If the operator A has “few” generalized eigenvectors, it can happen 
that ¢, = 0 while at the same time 9 zz 0. In this case the same vector 
function will correspond to various elements of the space 9. We will 
say that the operator A has a sufficient family of generalized eigenvectors, 
or else that the set of generalized eigenvectors of the operator A is complete, 
if $, = 0 implies 9 = 0. If the set of generalized eigenvectors of A is 
complete, then distinct elements v of ® give rise to distinct vector 
functions ¢). 

We will show that if we have a rigged Hilbert space ® C H C ®' and the 
operator A, acting in ®, can be extended to a unitary or self-adjoint 
operator in H, then the system of generalized eigenvectors of A is 
complete. 

For the proofs of these results we will make use of certain theorems of 
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the spectral theory of linear operators in Hilbert space. In order not to 
interrupt the discussion, we will only quote here the statements of these 
theorems (some of them will be proven in the appendix to this section). 

We recall the following definitions. An operator U in a Hilbert space 
H is called unitary if for any vectors f, g € H we have (f, g) = (Uf, Ug) = 
(Uf, U-1g). A unitary operator U is called cyclic if there exists a vector 
fe H such that the vectors U"f, —oo < n < oo, where m is an 
integer, generate the entire space H. 

Let us give an example of a unitary cyclic operator. Suppose that L? 
is the space of functions g(A), | à| = 1, on the unit circle, having square 
integrable moduli with respect to a positive finite measure o on this 
circle. Then the operator U which takes a function ¢(A) into the function 
Ag(A) is unitary. In fact 


(Up, Up) = f A908) do) = | 90990) do0) = (HW). 


It is not difficult to see that U is a cyclic operator, for which the function 
P(A) = | is a generating vector. It turns out that any unitary cyclic 
operator has this form. In other words, the following theorem holds. 


Theorem 2. Let U be a unitary cyclic operator in a Hilbert space H. 
Then the space H can be realized as a space L? of functions ¢(A), 
|A| = l, on the unit circle, having square integrable moduli with 
respect to a positive finite measure c, in such a way that to the operator 
U corresponds the operator of multiplication by A: if A — A(A), then 
Uh — aha). 

Let us now consider a rigged Hilbert space ® C H C @’. An operator U, 
mapping © onto itself, is called unitary if 


(Uo, Uy) = (p, y) 


for any elements g, ù € ®, where (p, #) is the scalar product by which ® 
is completed to yield H. 

As G is dense in H and U is unitary, U can be extended to a unitary 
operator in /7. We will denote this operator by the same letter U. 
If the extended operator U is cyclic in H, then we will also call the opera- 
tor U in ® cyclic. 

We now prove the following theorem on the completeness of the 
system of generalized eigenvectors of a unitary cyclic operator U in a 
rigged Hilbert space 6 C HC @’ 
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Theorem 3. Let U be a cyclic unitary operator in a rigged Hilbert 
space. Then the set of generalized eigenvectors of U is complete, i.e. 
from the vanishing of all components ¢, of the spectral decomposition 
of p corresponding to the operator U, it follows that o = 0. 


Proof. Since ® is everywhere dense in H, then U can be extended 
to a unitary operator in H. We apply Theorem 2 to it, obtaining a 
realization A — A(A) of H as a space of functions on the unit circle, having 
square integrable moduli with respect to a positive measure c. To the 
operator U corresponds, by this realization, the operator of multiplication 
by A, | à| = 1, i.e. if h — A(A), then Uh — dA(A). 

By the realization A — h(A) there corresponds to each element y € o 
a function 9(A). By Theorem | of Section 4.3 the functions (À) can be 
chosen so that 


pA) = Fi(g) 


for any A, where F; is a continuous linear functional on ®. We show that 
the F, are generalized eigenvectors of U. In fact, let p be any element of 
Ó and let Up = p. Then for any A we havet (A) = Ag(A). But 


PA) = Filh) = F(Ug), 
and 
pA) = Filg), 


and therefore 
F(Ug) = AF). 


But this means that F, is a generalized eigenvector of U, corresponding 
to the eigenvalue A. 
Now we note that 


pA) = Fip) = pa 


‘This means that the function g(A) coincides, on the space ®; of the 
generalized eigenvectors F,, with ¢,. Hence it follows that if ¢, = 0, 


then (A) = 0. 
In order to prove the completeness of the system of generalized eigen- 
vectors of U, it remains for us to show that if g(A) = Ofor alla, |à] = 1, 


t Since the representatives p(A) have already been chosen so that 9(A) = Fu(g) for 
all à and all 9 € ®, it is not clear why (A) = Ag(A) should hold for all A and all p e à. 
A similar question also arises in the proof of Theorem 5 below. 
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then p = 0. But this assertion follows at once from the fact that the 
mapping h -> h(A) of H into L? is isometric, and therefore 


lel = (ee) =f 190) dog). (28) 


lal 


Consequently, if (à) = 0, |à | = 1, then 9 = 0. Thus Theorem 3 is 
proven. 
We remark that (28) can also be written in the form 


Ie? = | 1E) do), 


which is a generalization of the Plancherel equality for the ordinary 
Fourier transform. 

Now let us consider self-adjoint operators. A linear operator A, acting 
in a Hilbert space H and defined on an everywhere dense linear subset 
Q, in H, is called self-adjoint if: 


(1) for any vectors f, g € 2, 


(Af, g) = (f Ag), 


(2) for no vector g ¢ Q, can there be found a vector g, such that 
(Af, 8) = (f. 81) for all fe Q4. 


A self-adjoint operator A is called cyclic if there is a vector f such that 
the vectors A”f, n = 0, 1, ... generate the entire space H. 
For self-adjoint operators a theorem analogous to Theorem 2 is valid. 


Theorem 2'. Let A be a self-adjoint cyclic operator in a Hilbert 
space H. Then there is a realization k — A(A) of H as a space L? of func- 
tions on the real line, having square integrable moduli with respect 
to a positive measure c, such that 


(1) the domain of definition of A is carried by this realization into 
the set of all functions f(A) € L2 for which the integral 


[1098 do) 


converges, 
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(2) if to the element f corresponds the function f(A), then to the element 
Af corresponds the function Af(A).® 

We call an operator A, acting in a nuclear space ©, self-adjoint 
relative to a scalar product (o, #), if its closure in the completion H of 
o relative to the norm (gq, ¢) is self-adjoint. In this case we will say 
that A is self-adjoint in the rigged Hilbert space o C HC 9. If the 
operator in H thereby obtained turns out to be cyclic, then we will also 
call A cyclic. 

Using Theorem 2', the following theorem can be proved. 


Theorem 3'. Let A be a self-adjoint cyclic operator in a rigged 
Hilbert space C HC’. Then the set of generalized eigenvectors 
of A, corresponding to real eigenvalues, is complete. 

We remark that the conditions of Theorems 3 and 3’ can be weakened, 
by relinquishing the requirement that U (or A) map the space ® into 
itself (this condition is not fulfilled, for example, if is a space of in- 
finitely differentiable functions, and A is a linear differential operator 
whose coefficients are functions having only a finite number of continuous 
derivatives). Theorems 3 and 3' remain valid also in the case where U 
(or A) carries into itself a completion ®„ of ® such that the natural 
imbedding T, of ©, into H is nuclear. This follows from the validity 
of Theorem | in the case where @ is not nuclear, but the imbedding T 
of 6 into H is nuclear. 

Let us now consider the case in which the operator is not cyclic. In this 
case Theorems 2 and 2' are replaced by the following more general 
theorems. 


Theorem 4. Let U bea unitary operator in a Hilbert space H. Then 
there exists a positive measure o on the unit circle and a representation 
of H as a direct integral 


b= [o H0) doa) 


8 Theorems 2 and 2’ are closely related to each other. If U is a unitary operator, then 
the operator A defined by 
U —iE 
U -- iE 





is self-adjoint. Any self-adjoint operator A can be written in the form indicated, where 
U is a unitary operator. Using these remarks, one can obtain 'Theorem 2' from 'Theorem 2 
and vice versa. 
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of Hilbert spaces H(A) with respect to the measure c, such that to the 
operator U there corresponds by this realization the operator of multipli- 
cation by A. In other words, if to the element h € H there corresponds 
the vector function A(A), then to the element Uh there corresponds the 
vector function M(). 


Theorem 4'. Let A be a self-adjoint operator in a Hilbert space H. 
Then there exists a positive measure o(A) on the real line and a represen- 
tation of H as a direct integral h of spaces H(A) with respect to o: 


b= [© HO) doo, 


such that to A corresponds the operator of multiplication by A. 

We shall apply these theorems to proving the completeness of the 
system of generalized eigenvectors of unitary and self-adjoint operators 
in a rigged Hilbert space 6 C H C @’. We will consider in detail only the 
case of unitary operators, since the proof for self-adjoint operators is 
entirely analogous. 

Thus, let U be a unitary operator in a rigged Hilbert space 6 C HC P. 
By Theorem 4 there exists a representation of H as a direct integral 


p | OHO) do, 


such that to the operator U corresponds the operator of multiplication 
by A. Applying Theorem |’ to this representation, we find that 


P(A) = Tilp) 


for all elements » € 9 and all A, where T3 is a nuclear operator mapping 
® into H(A). 

From this it follows that to each element £ € H(A) there corresponds 
a linear functional £ on @, defined by 


&g) = (90), Ea = (Te, €); 


(the scalar products are taken in H(A)). Now in view of the fact that to 
U there corresponds in h the operator of multiplication by A, we find 
that the functional £, corresponding to the element £ € H(A), is a general- 
ized eigenvector of U, i.e., that U'£ = Ag; if € #0, then E40. 
Thus we have constructed an imbedding of each space H(A) into the 
space ®; consisting of linear functionals F on ® for which U'F = AF. 
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It is not hard to see that this imbedding is continuous: if lim,,,.. £, = é, 
then lim, ,.. £, = È 

Now let o be an element of ® such that ¢, = 0. Then for any A and 
any ée H(A) we have 


0 = gE) = Ey) = (PA); £. 


Hence it follows that (A) = 0. Since 








el? = (p, p) = [eot do(A), 


we obtain » = 0. 


Thus, we have proven that if ¢, = 0 for all A, then o = 0. In other 
words, we have proven the completeness of the system of generalized 
eigenvectors of U. 


Theorem 5. A unitary operator in a rigged Hilbert space has a 
complete system of generalized eigenvectors, corresponding to eigen- 
values A having modulus one. 

The following theorem is proven in exactly the same way. 


Theorem 5’. A self-adjoint operator in a rigged Hilbert space has a 
complete system of generalized eigenvectors, corresponding to real 
eigenvalues. 

In certain cases, analogous theorems, regarding commutative systems 
of unitary or self-adjoint operators, are useful. 

Let {A,},k = 1, ..., n, be a system of commuting self-adjoint operators 
in a rigged Hilbert space. This means that the operators E,(4), k = 1, 
..., n, appearing in the resolutions of unity of the self-adjoint closures 
of the A, in H, commute with each other. We call a linear functional 
F on 6 a generalized eigenvector for the system {A,}, if for any k, 1 < k 
xm, 


ALF = AF. 


We shall call the set of numbers A = (A, ..., A,) the eigenvalues corre- 
sponding to the eigenvector F. 
The following result holds. 


Theorem 6. If {4,}, | <k <n, is a system of commuting self- 
adjoint operators in a rigged Hilbert space, then the set of generalized 
eigenvectors of this system is complete. 
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An analogous theorem is valid also for commutative systems of unitary 
operators in a rigged Hilbert space. 


Appendix. The Spectral Analysis of Self-Adjoint and Unitary Operators 
in Hilbert Space 


1. The Abstract Theorem on Spectral Decomposition 


In this section use was made of certain results of the spectral theory 
of operators. Since not all of these results can be considered as generally 
known, we give here a discussion of them based upon the theorem on the 
abstract spectral decomposition of a self-adjoint operator (concerning 
the definition of a self-adjoint operator, cf. Section 4.5). 

In order to formulate this theorem, we introduce the concept of a 
resolution of unity. Suppose that to every interval 4 = [«, b) on the real 
line there corresponds a bounded self-adjoint operator E(/1) in a Hilbert 
space H, whereby the following properties are satisfied: 


(1) for any two intervals 4, and 4, 
E(A,)E(4,) = F(A, A A9); (1) 


(2) 
Jim K(x) = E, lim E(x) = 0, Q) 


where we have put E(x) = F(4,) [.1, is the interval ( — oo, x)], E denotes 
the identity operator, and 0 the null operator?; 


(3) if the interval 4 is a countable union of nonintersecting intervals 


A,, 4 = U, â, then E(4) = X, , E(A,). 


Such a system of operators E(4) is called a resolution of unity. 

From (1) it foliows that for any interval 4 one has E*(4) = F(A). 
This means that E(4) is a projection operator, projecting the space H onto 
the subspace H, = E(4)H. The operators E(4) are positive definite, 
i.e., (E(A)f, f) = 0 for any f e H. In fact, 


(HAY. f) = (EMA. f) = (EY, EYP) > 0. 


? Here and further on the convergence of operators is understood in the weak sense; 
lim, ,,4 E(x) = E means that 


Jim (E) f, g) = Cf 8) 


for any two elements f, g € H. 
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We set, for any interval 4 and any element f € H, 


er) = (4f. f). 


From the discussion above it follows that (4) is a countably additive 
positive measure defined on the intervals 4. This measure can be extended 
to every Borel set. We will call (4) the spectral measure corresponding, 
by the resolution of unity E(4), to the element f. 

The theorem on the spectral decomposition of a self-adjoint operator 
is formulated in the following way. 


Theorem 1. Let A be a self-adjoint operator in a Hilbert space H. 


Then there exists a resolution of unity E(4) such that the operator A 
is defined on the set Q, of those elements f € H for which the integral 


[duo 


converges, where u(x) = (E(4)f, f). The operator A is given, for these 
elements f, by the formula!? 


Af =| 4B), G) 


where E(x) — E(— oo, x). 
From Theorem | it follows that if 4 is any interval, then 


E(4)A = AE(4) = | x dE(x). (4) 
In fact, 
E(4)A = E(4) f » x dE(x) — f - xE(4) dE(x). 


But by Eq. (1), E(4) dE (x) = 0 if x does not belong to 4, and E(4) 
dE(x) = dE(x) if x € A. Therefore 


E(4)A — I x dE(x). 


10 Formula (3) is also understood in the weak sense; for any two elements f,g € 24 
one has 


(o = S s dls) J, 9). 
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Similarly one can prove that 


AE(4) = f x dE(x). 


From (4) it follows that for any vector f in the subspace H, = E(4)H, 
A = [a, b), one has 


\| Af — af || < (b — aji f il- 


Therefore if b — a is small, then f is “almost an eigenvector” of A. 
If 4,, 4,, ... are nonintersecting intervals which cover the real line, then 
H is the orthogonal direct sum of the subspaces H, , in each of which 4 
“almost coincides with a similarity operator.” 

An analogous theorem holds also for unitary operators, the only 
difference being that the intervals 4 lie not on the real line, but rather 
on the unit circle. 


2. Cyclic Operators 


Cyclic operators have a particularly simple structure. A self-adjoint 
operator A is called cyclic, if there exists a vector f such that the linear 
combinations of the vectors E(4)f are everywhere dense in H. The 
vector f is called a cyclic vector. 

If A is a cyclic operator, then the Hilbert space H can be realized 
as a space L? of functions g(x), having square integrable moduli with 
respect to the measure u(4), whereby to the operator A corresponds the 
operator of multiplication of the functions g(x) by x. 

Thus, the domain of definition of A by this realization consists of those 
functions g(x) € L? for which the integral 


f. seen? dada) 


converges. 

This realization can be accomplished in the following way. With each 
vector of the form E(4)f we associate the characteristic function y,(x) 
of the interval 4. In particular, we associate with f the function identically 
equal to unity on the real line. Let us show that this correspondence 
is isometric in the sense that 


(Eye = f bay de). 
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In fact, it follows from (1) that 
\| E(Af l? = (QE(A)f, E(4)f) = (XGA, f) 
= (d) = f du = J xa) dun. 


We now extend the isometric correspondence E(4)f — y,(x), using 
linear combinations and passing to the limit. Since the linear combina- 
tions of the vectors E(4)f are everywhere dense in H, and the linear 
combinations of the characteristic functions y,(x) are everywhere dense 
in L7, we obtain an isometry between H and Lj. 

It is obvious that 


(AR(AY, g) = f x AES, 8) 
for any interval 4. Therefore 


(ABA, f) = | ser.) [nde = [mao dun. 


This means that to the operator A there corresponds in L} the operator 
carrying the characteristic functions y,(x) into the functions xy,(x). 
Since the functions y4(x) form an everywhere dense set in L7, we find 
that for the realization under discussion there corresponds to A the 
operator of multiplication by x of the functions g(x) € Lj. 


3. The Decomposition of a Hilbert Space into a Direct Integral 
Corresponding to a Given Self-Adjoint Operator 


We will show: If Æ is a self-adjoint operator in a Hilbert space H, 
then there exists a representation of H as a direct integral 


b = [6 He) duo) 


of Hilbert spaces H(x), for which A is given in each of the spaces H(x) 
by the operator of multiplication by x. 

Let A be a self-adjoint operator in H and f a vector in H. The smallest 
closed subspace H, in H containing every vector E(4)f, where E(4) 
is the resolution of unity corresponding to A, we call the cyclic subspace 
in H generated by the vector f. If a vector h is orthogonal to a cyclic 
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subspace 77,, then every vector E(4)h is orthogonal to H,. In fact, since 
E(A) is self-adjoint, then for g € H, we have 


(E(A)h, g) = (h, E(4)g). 


Since the subspace H, contains, along with the vector g, every vector 
E(A)g, then (E(4)h, g) = 0 for ge Hj, i.e., the vectors E(A)A are or- 
thogonal to H,. From this it follows that if a vector A is orthogonal to a 
cyclic subspace H,, then the cyclic subspace H,, generated by A, is 
orthogonal to H,. 

We proceed now to construct the representation h of H corresponding 
to the operator A. Choose a countable dense set fi, fz, ... in H and denote 
by H; the cyclic subspace generated by fı. Suppose that we have already 
constructed pairwise orthogonal cyclic subspaces H4, ..., H, in H. We 
choose the first among the f}, | < k < oo, not belonging to the direct sum 
H” = H, +... OH, Let this be f... In the subspace G spanned by 
H” and f,. we choose an element 4,,, (|| 4,31 || = 1) orthogonal to H”, 
and denote by 77,,, the cyclic subspace generated by A,,,. Obviously 
fy, € H4 +... + H,444. Since the set of elements fy, fa, ... is everywhere 
dense in H, then continuing the process described, we obtain a decom- 
position 


H-YGH, 
n=1 
of H into an orthogonal direct sum of cyclic subspaces H,, Ho, ... . 


It was shown above that each of the cyclic subspaces H, can be realized 
as a space of functions h,(x), in which the scalar product is given by 


(69, (9) = [fier duna), 


where 1,(4) = (E(4)A,, An) is a positive measure. From this it follows 
that each element f € H is given in the form of a sequence of functions, 


f= AG), fol), ---)s 
and the scalar product in H has the form 
(F.8) =D S AORE di 


The operator A takes each of the functions f,(x) into the function xf,,(x), 
and consequently 


Af = (xfi(x), xfo(x), ...). 
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The space H has been realized as a direct sum of spaces of functions, 
in each of which the scalar product is defined by means of some positive 
measure. Now we show that one can obtain a realization of H as a direct 
sum of spaces of functions such that the scalar product in each of these 
spaces H, is defined by the same measure u. This measure is defined by 


el 
B4) = 2 3; (d) (5) 
(since for any n we have 


the series (5) converges). The measure p has the following property, 
which follows at once from (5): if «(/4) = 0 for some set 4, then n, (4) = 0 
for every n. 

By the Radon- Nikodym theorem!" it follows that each of the measures 
pa, can be written in the form 


n4) = | es dnte) 


where o,(x) is a nonnegative function. We denote by L7 the Hilbert 
space consisting of all functions (x) for which the integral 


[19699 da) 


converges. Obviously if A,(x) is a function in H,, then the function 
plx) = v/o,(x) h,(x) belongs to L2, and 


I aCe = [14s G0I* dur) = f | g(x) es) dela) 


= [1008 dpal) = I QI 


In other words, A,(x) — y(x) is an isometric mapping of H, into Li. 

v Now let A, be the set of x for which o, (x) > 0. It is clear that the mapping 
h (x) — n(x) is an isometric mapping of H,, onto Li(A,), the set of all 
functions defined on A, and having square integrable moduli relative 
to p. We thus have an isomorphism 


H © L(A) 6 Lil) 9... 


u Concerning the Radon-Nikodym theorem, see the footnote on p. 351. 
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Now define n(x) as the number of values of m, m — 1, 2, ... for which 
xE Ám The values of n(x) are 0, 1, ..., oo and n(x) is clearly measurable; 
further, u({n(x) = O}) = 0. Let B, = {n(x) = n}. For each element 


(AC), Vals) 3 EÈ OLA) 


we construct, for each n = 1, 2, ..., oo, a set of functions oí" (x), ..., 
p(x) defined on B,, in the following way. Fix n and x € B,; let m(x) 
< mx) < ... < m,(x) be those values of m for which x € Am. We define 


ep) = dax), oux) = Yn (x). 


It is not hard to see that this mapping (i.e., of sequences (/,(x)) into 
infinite sets (pf (x)]) is one-to-one, that the qf" (x) are measurable, and 


that 
2 Px) dp(x) = 5 x)|? du(x). 
2, |, yee dt) = FDA O da) 


Now for each xe B, we choose, in an n-dimensional Hilbert space 
H(x), an orthonormal basis ei(x), ..., e(x), and with each f € H we asso- 
ciate the vector 


of(xyeq(x) + ... + (xe, (x) € H(x), 


where the gf” (x) are as above. We see thus that H is represented as a 
direct integral 


b= | @ He) da) 


of the Hilbert spaces H(x) with respect to the measure p. Since the 
correspondence f  (J4(x), p(x), ...} implies Af  (xJq(x), xus), ...), 
it follows from the definition of the 9f"(x) that if f< (f(x), where 
A f(x) € H(x), then Af {xf(x)}. The operator A (considered in 5) is 
defined on the set of those vector functions {f(x)} € for which the integral 


[rs tico? dac) 


converges. 
We have thus proven the following theorem. 
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Theorem 2. Let 4 be a self-adjoint operator in a Hilbert space H. 
Then H can be represented as a direct integral 


b = f © Ho) dufa) 
of Hilbert spaces H(x) relative to a positive measure » in such a way 


that to the operator A there corresponds in h the operator of multi- 
plication by x. 


CHAPTER Il 


Positive and Positive-Definite Generalized Functions 


1. Introduction 


In this chapter we will discuss a number of results of the theory of 
generalized functions, related in one way or another to the concepts of 
positivity and positive definiteness. At the focus of our attention will 
be the question of defining such generalized functions by means of 
positive measures on various sets. For continuous functions the classical 
example of such a means of definition is given by Bochner's theorem, 
which says that every continuous positive-definite function is the Fourier 
transform of a positive measure. Here we will deal with various generaliza- 
tions of this theorem. In particular, we will consider conditionally 
positive-definite generalized functions, which have useful applications 
in the theory of random processes (cf. Section 4). 

The subsequent part of this chapter is devoted to the theory of evenly 
positive-definite generalized functions. This theory gives an example 
of how the uniqueness or nonuniqueness of the positive measure defining 
a generalized function depends upon the a priori estimates imposed 
upon the function. A typical theorem in this range of topics is a theorem 
concerning even functions f(x), for which the kernel 


K(x, y) = f(x + y) + f(x — y) 


is positive-definite. As M. G. Krein showed [reference (39); see also 
A. Ya. Povzner, reference (54)], such functions are Fourier transforms 
of positive measures, concentrated on the real and imaginary axes. 
Here, in distinction from Bochner’s theorem, the measure u which 
gives the function f(x) is not always uniquely defined, but only under 
certain assumptions concerning the growth of the function at infinity. 
We consider the cases of uniqueness and nonuniqueness of the measure u 
to be fundamentally different. Within the class of uniqueness, the proof 
of the existence theorem can be carried out by general methods, and it is 
possible to carry over the theorem from functions of one variable to 
functions of several variables. At the same time examples are known 
to us which show that outside the class of uniqueness, the existence 
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theorem is valid only for functions of one variable. A similar situation 
also occurs in the theory of moments. 

The methods used in this chapter show that the general plan, which 
consists in constructing for each problem an appropriate space of test or 
generalized functions, furnishes the key to the solution of the question 
in the present case. For example, in the theorem of M. G. Krein 
it turned out to be expedient to consider functions which grow more 
slowly than every one of the functions exp (ax?), a > 0 (functions which 
are linear functionals on the space St; cf. p. 198). 

The general methods which can be applied for the study of the in- 
dicated range of questions break up into spectral methods and methods 
connected with the use of normed rings. With the help of spectral 
methods, A. G. Kostyuchenko and B. S. Mityagin recently proved a 
number of theorems on positive-definite generalized functions. This 
method borders upon M. G. Krein's method and is a synthesis of the 
methods of M. G. Krein [reference (39)] and I. M. Gel'fand and A. G. 
Kostyuchenko [reference (18)]. T'he main difficulty in the use of spectral 
methods is the proof of the self-adjointness of the differential or difference 
operators which appear. However, this difficulty can be successfully 
overcome by considering the Cauchy problem associated with these 
operators and using the results of Volume III. T'he other general method 
—that of normed rings—has been applied to the range of questions under 
consideration in a paper of I. M. Gel'fand and M. A. Naimark (19). 

The problems considered here concerning positive-definite functions 
are interesting in that they show the close connection among uniqueness 
in the Cauchy problem, quasi-analytic functions, self-adjoint operators, 
moment problems, and normed rings. As was already stated, in the 
class of uniqueness a general method is possible. This method ought 
presumably to be a first step toward a properly constructed theory of 
linear topological rings, which would enable one to combine the various 
approaches indicated above. The problems considered in this chapter 
should also serve as a beginning in the creation of such a theory. Since 
this theory has not yet been constructed, and in order not to introduce 
unnecessary complications, we have discussed these problems by elemen- 
tary methods, not based on any general theory. 


1.1. Positivity and Positive Definiteness 
We will call a generalized function F positive, and write F > 0, if 
(F, 9) > 0 for every positive! test function. For example, 6(x) > 0, and 


1A test function (x) is called positive if g(x) > 0 for every x = (x,,..., x). If 
g(x) > 0, the function is called strictly positive. 
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ô'(x) and 8'"(x) do not possess this property. In many cases positive 
generalized functions can be defined by means of positive measures y, 
i.e., they have the form 


(F, p) = | g(a) du(x), 


where the positive measure u satisfies some growth condition at infinity 
(these growth conditions depend upon which space of test functions one 
considers the generalized functions to be defined on). 

Let us consider the space C, of real functions g(x), continuous on a 
bounded closed set A of n-dimensional space (for example, A can be 
the ball | x | < a? 

According to a theorem of F. Riesz,? any positive linear functional 
F on the space C, is given by a uniquely defined finite positive measure 
p. on the Borel subsets of A, i.e., 


(F, p) = | ox) du(x). 


An arbitrary linear functional F can be represented in the same way, 
but only with a measure u which takes positive and negative values. 
Finally, if the space C , consists of complex functions, and the functional 
F is also complex, then one has the same representation with a complex 
measure. 

The theorem of Riesz also remains valid for certain other spaces of 
continuous functions. Thus, any linear positive functional on the space 
C(a) of functions g(x) which are continuous in the ball | x | < a and 
vanish for | x | > a is also given by a positive finite measure. 

Another concept which is studied in this chapter and is connected 
with the concept of positivity is that of positive definiteness. Positive- 
definite functions arise in considering the Fourier transforms of positive 
summable functions, and appear in such different topics as probability 
theory (cf. Chapter III), the theory of group representations (cf. Volume 
V), and many other areas of mathematics. 'l'o better orient the reader 
we will now formulate certain results regarding positive-definite func- 
tions.* We first consider functions of one variable. 


? Let us recall notation: 
fas = Vx 2 
x {x es Xj and Ix | xi toe me 


3 Cf. S. L. Lusternik and V. I. Sobolev, ''Elements of Functional Analysis," Chapter III, 
Section 22. Ungar, New York, 1962. : 

4We will not formally make use of these results. Moreover, they will be derived 
in Section 3 from more general theorems which we shal] prove. 
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Let f(x) be the Fourier transform of a positive summable function 
F(A), 


fx) = f Fe» dd. 


In this case f(x) has the following properties: It is continuous, and for any 
real numbers xj, ..., Xm and complex numbers &,, ..., Ém one has 


S flee oik > 0. (1) 


k,j=1 


In fact, substituting for f(x), in the left side of this inequality, its 
expression in terms of F(A), we obtain 


m 


Y fe xb = S eb [ep tite, xxr) o 


Ej kl 
a 
Since F(A) is positive, the expression standing on the right side is either 
positive or zero; hence inequality (1) follows. 

A function f(x), satisfying inequality (1) for any real numbers x, ..., x, 
and complex numbers £, ..., £,, is called positive-definite. We have 
therefore proven that the Fourier transform of any positive summable 
function is positive-definite. In precisely the same way one proves the 


continuity and positive definiteness of every function f(x) having the 
form 


ll 


m 


S, exp (25€; 


j=1 


Il 


FAJA. 








fe) = [^ et dap), (2) 


where p is a positive finite measure on the line.5 
Now consider a positive finite measure u in n-dimensional space. The 
expression 


fe) = [et du) 2) 
(where, as usual, x = (xy, ..., Xah A = {Ay, ..., Anh and (A, x) = A, 


5 This assertion is a generalization of that proven earlier, since to every positive 
summable function F(A) there corresponds a positive finite measure p defined by 


aid = I FQ) da. 
A 
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+... + A,*,) defines a continuous function f(x), positive-definite in the 
following sense. 

For any points x, .., x,, of the, z-dimensional space A, and any 
complex numbers é, ..., £,, one has 


> f(x — */)EE; > 0 


Mj 


(x, — x; denotes the point with coordinates xj, — Xj, ..., Xen — Xim 
where xy = (xia, = Xia] Xj = gp s Xn) 

As S. Bochner showed, the functions of the form (2’) exhaust the class 
of continuous positive-definite functions, namely, every positive-definite 
function is the Fourier transform? of some positive finite measure y. 

We have considered the Fourier transforms of positive summable 
functions (or, in formulas (2) and (2), of positive finite measures). 
A substantial generalization of Bochner's theorem is obtained if one 
considers the Fourier transforms of positive functions which are not 
summable over the entire space. It is natural to introduce the definition 
of positive definiteness in such a way that the Fourier transforms of such 
functions (as well as the Fourier transforms of infinite positive measures) 
also will be positive-definite. We know that the Fourier transforms of such 
functions are generalized functions. Obviously the definition of positive 
definiteness expressed by inequality (1) does not carry over to generalized 
functions, since for generalized functions the notion of their value at a 
point is lacking and therefore the expression f(x, — x;) is meaningless. 
However, it can be shown that the definition of positive definiteness 
which we gave for continuous functions is equivalent to the following: 


€ By the Fourier transform f£ of a measure p (in general, complex) we understand the 
Fourier transform of the corresponding generalized function (u, p), defined for test 
functions (A) by 


(n, 9) = faw dp(à). 
In other words, by definition we set 
(A, 9) = Quy f «09 4409, 
where 


$() = f eiA) dÀ. 


It is not hard to verify that if the measure p is finite, then the generalized function i is 
given by a continuous function f(x), where 


fe) = [em auo). 
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a continuous function f(x) is called positive-definite, if for any infinitely 
differentiable function g(x) with bounded support one has 


f [f — 5090) dt dy > 0 (3) 


(the proof of equivalence is carried out in Section 3.2). 

Let us rewrite this definition so that it can be carried over to generalized 
functions. For this we make the substitution ¢ — y = x in the integral 
in (3). Then (3) becomes 


SFE | oE 3) dt dx > 0. (3) 


But the integral f o(t)g(t — x) dt represents simply the convolution’ 
of the functions g(x) and p*(x) = o(— x) 
| oet — x) dt = o * g*(x). 


Thus, we find that a continuous function f(x) is positive definite 
if the functional 





(f. = | FOWE) ds 


corresponding to it assumes nonnegative values for all functions of the 
form y(x) = o * »*(x), i.e., if (f, p x 9*) > 0 for every infinitely differ- 
entiable function » with bounded support. In this form the definition 
of positive definiteness can be extended to generalized functions. 
Namely, let F be a generalized function on the space K of infinitely 
differentiable functions with bounded supports. We will call F positive- 
definite if for every test function g(x) the inequality (F, p x p*) = 0 
holds, where »*(x) = e(—x). Further on, we will extend this definition 
to generalized functions on other spaces of test functions. 

L. Schwartz has generalized Bochner's theorem to positive-definite 
generalized functions on the space K. In order to formulate the theorem 
which he obtained, we introduce the notion of a tempered measure. 
We call a positive measure u tempered if the integral f(1 + | A |?)7 
du(X) convergest for some p > 0. The theorem of Bochner-Schwartz 


7 We recall that the convolution of the test functions g(x) and (x) is the function 


vue) = | eds — di. 


t In certain cases (for instance, Theorem 1 of Section 4), where p is not necessarily 
finite in any neighborhood of zero, the region of integration in this definition is presum- 
ably taken to be of the form | A | > a 7» OQ. 
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asserts that the class of positive-definite generalized functions (i.e., 
functionals) on the space K coincides with the class of Fourier trans- 
forms of posttive tempered measures. In other words, every such 
generalized function F can be written in the form 


(F, p) = f A) du), (4) 


where ¢(A) is the Fourier transform of the test function g(x), and p 
is a positive tempered measure. Conversely, every generalized function 
of the form (4) is positive definite. 

As examples of positive-definite generalized functions, one can take 
the Fourier transforms of the functions | x |^, x^, x^, where A > 0, etc. 
(concerning the definition of these Fourier transforms, cf. Vol. I, 
Chapter I, Sections 2 and 3). In particular, the positive-definite general- 
ized functions ó(x) and —6’’(x) are respectively the Fourier transforms 
of the positive functions | and x?. However, we can ascertain the positive 
definiteness of these generalized functions directly. In fact, for any 
infinitely differentiable function g(x) with bounded support we have 


f aE — 5090) dy dt = f pP dt > 0 
and 
— f lt — xe) dy dt = — f oltp E) dt = f | pE) dt > 0. 


The Bochner-Schwartz theorem is connected with the Fourier trans- 
forms of positive functions having power growth (and also tempered 
measures) One can also consider the Fourier transforms of rapidly 
growing functions, which are usually linear functionals on spaces of 
analytic functions. Let us consider, for example, the positive function 
et, where c is a real number. Its Fourier transform is the generalized 
function F = 278(A — ic) on the space Z of entire analytic functions of 
exponential type, rapidly decreasing on the real axis together with all 
of their derivatives (cf. Volume I, Chapter II, Section 2.2). This general- 
ized function is positive-definite in the following sense. Let g(z) be a 
function in Z. We denote by »*(z) the function in Z defined by 9*(z) 
= g(—Zz). If z is real, z = x, then p*(x) = g(— x), so that this nota- 
tion agrees with that introduced earlier. 

A generalized function F on Z is called positive-definite, if (F, p * 9*) 
> 0 for every p(z) e Z.? 








8 Since every function g(z) € Z, when considered for real values of z, belongs to the 
space S, the notion of convolution is defined for these functions; the convolution of two 
functions from Z belongs to Z. 
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We shall also study other generalizations of the notion of positive 
definiteness in this chapter. 


2. Positive Generalized Functions 


We have already mentioned, in the introduction to this chapter, the 
connection between positive measures and positive-definite generalized 
functions. This connection consists in the following. The Fourier trans- 
formation takes positive-definite functions F into generalized functions 
F having the following property, which we will call the property of 
multiplicative positivity: For any test function ¢(A) of the dual space the 
inequality (F, $$) > 0 holds. 

Multiplicative positivity is, in general, a weaker requirement than 
positivity for generalized functions. However, as we shall see below, for 
many spaces of test functions the class of multiplicatively positive linear 
functionals coincides with the class of positive functionals. These, as a 
rule, are given by positive measures. In the present section we will also 
study positive linear functionals on certain spaces of test functions and 
establish the connection between the concepts of positivity and mul- 
tiplicative positivity. 


2.1. Positive Generalized Functions on the 
Space of Infinitely Differentiable Functions Having Bounded Supports 


A generalized function F is called positive, if 


(F,g) 20 


for any positive test function g. 
In this paragraph we will study positive generalized functions on the 
space K. 


Theorem 1. Every generalized function F such that (F, 9) > 0 for 
every infinitely differentiable function g(x) with bounded support has 
the form 

(E, p) = | oe) du). 
where u is some positive measure (not necessarily finite). 

Conversely, every positive measure p defines a positive linear function 

F on K by the above formula. 
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To prove this theorem we will first show that any positive linear 
functional on K can be extended, preserving its positivity, to the space 
C of all continuous functions having bounded supports. The topology 
in C is defined in the following manner: A sequence {9,,(x)} of functions 
in C converges to zero if every one of the functions g(x) vanishes outside 
some fixed ball | x | < a and the sequence ío,(x)) converges uniformly 
to zero. 


Lemma 1. Every positive linear functional on the space K is continu- 
ous on K relative to the topology of C. 


Proof. Let {p „(x)} be a sequence of functions in K, converging to 
zero in the sense of the topology of C. In other words, suppose that the 
o, (x) vanish outside the ball | x | < a and converge uniformly to zero. 
Then for any e > 0 there is an n such that 


—€ S o,u(x) Se (1) 


for m > n. We multiply every term of (1) by a positive function a(x) € K 
such that a(x) = 1 for |x| <a. Since g,(x) — 0 for |x| >a, 
o(x)p,(x) = pa(x). Therefore we obtain 








—«a(x) < p, (x) < ea(x). 
Applying the positive functional F to this inequality, we obtain 
—«(F, o) < (F, gmn) < (F, a). 


Since ¢ is arbitrary, it follows that lim,, ,,(F, »,,) = 0.! This proves the 
continuity of F relative to the topology of C. 

Similar considerations show that if a sequence of functions {9,,(x)} 
in K is fundamental in the sense of the topology of C, and F is a positive 
linear functional, then the numerical sequence ((£, ¢,,)} is also fundamen- 
tal. From this it follows that every positive linear functional on K can be 
extended by continuity to the space C of continuous functions having 
bounded supports. 

In fact, if p(x) € C, then there exists a sequence fp (x)! in K which 
converges to g(x) in the topology of C. One can set, for example, 


1 The funetional F cannot be applied directly to the terms of inequality (1), since a 
constant does not have bounded support. We will frequently apply the device of multi- 
plving by a function o(x) in similar cases further on. 
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e, (X) = p*o,(x) where {a,,(x)} is some 8-sequence,? consisting of 
functions in K. But then the functions (p,(x)) form a fundamental 
sequence in the sense of the topology of C. By an earlier remark the 
numerical sequence ((F, 9,,)) also will be fundamental. Setting (F, 9) 
= lim, ,«(F, pm), we extend F to the function y. The reader can convince 
himself without difficulty that the linear functional thus obtained is 
continuous on all of C. It is also positive on C, since if (x) € C is positive, 
the approximating sequence {y,,(x)} can likewise be chosen positive 
(choosing, for example, the functions of the -sequence to be positive). 
But then we obtain 
(F, p) = lim (F, pm) = 0. 


Thus, we have proven that every positive linear functional on K can 
be extended in a unique way, preserving its positivity, to the space C of 
continuous functions having bounded supports. We now give a descrip- 
tion of positive linear functionals on C. 


Lemma 2. Every positive linear functional on C is given by 


(F, p) = | o(x) du(x), 
where u is some positive measure (generally speaking, not finite). 


Proof. 'l'he functional F is defined on every continuous function 
having bounded support. Therefore it is defined also on every space 
C(a) consisting of those continuous functions g(x) such that g(x) = 0 
for | x | > a. By a theorem of F. Riesz, on each of the spaces C(a) the 
functional F has the form (F, o) = f p(x) du (x), where ua is a positive - 
measure defined in the ball | x | < a. Since the measures y, are uniquely 
defined by the values of F, then for a < b the measures p, and py, 
coincide in the ball | x | < a. Therefore there exists a measure u which 
coincides in each ball | x | < a with the measure u, But then 


(F, p) = f (x) du) 


for any function g(x) € C. 


2 By a d-sequence or a ó-convergent sequence we mean a sequence of functions {pm(x)} 
such that 


lim f Flx)om(x) dx = (8f) = FO) ` 


for any bounded continuous function f(x). If {pm(x)} is a 9-sequence, then {p*(x)} is 
also a 8-sequence, The termwise convolution (9, * f, (x)) of two à-sequences is a 
9-sequence. 
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From Lemmas | and 2 it follows at once that every positive linear 
functional on K is given by a positive measure u. This proves the first 
part of Theorem 1. The converse (second part of Theorem 1)—every 
positive measure u defines a positive linear functional 


(F,g)— [o dy(x) 


on K—is obvious. This completes the proof of Theorem 1. 


2.2. The General Form of Positive Generalized Functions on the Space S$ 


Now we consider the space S of infinitely differentiable functions, 
rapidly decreasing as | x| —- oo together with their derivatives of all 
orders (we recall that p(x) is called rapidly decreasing if lim zz% | x*o(x)| 
= 0 for every k). 

Suppose that we are given a positive linear functional F on S. Then 
we are also given a positive linear functional on K (since K is contained 
in S, and convergence in K implies convergence in S). In view of the 
results of Section 2.1, there exists a positive measure y such that F can 
be represented in the form 


(F, p) = f ole) dula) Q) 


for every function g(x) e K. 

In order that (2) be meaningful for every function p(x) € S, the measure 
u has to satisfy certain growth conditions at infinity. Namely, we will 
show that the continuity of the functional F relative to the topology of 
S implies the convergence of the integral 


fa e qoo das) 


for some p > 0 (or, as we will usually say, the measure y is tempered). 
In order to prove the necessity of this condition, we use the following 
lemma of Fatou.? 
Let u be a positive measure, and {p,,(x)} a sequence of positive functions 
such that J p,(«) du(x) < A for every m. If lim, s Pm(*) = (x) at 
every point x, then 


[o du(x) < A. 


3 Cf. I. P. Natanson, “Theory of Functions of a Real Variable," Volume I, p. 160. 
Ungar, New York, 1955. 
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In view of this lemma, to prove that u is tempered it suffices to construct 
a sequence {y,,(x)} of positive functions in K such that f ,,(x) du(x) < 1 


and 
lim g(x) = ACL + | x B)? 


for some A > 0 and p > 0. This sequence is constructed in the follow- 
ing way. 

From the continuity of F relative to the topology of S follows the 
existence of a neighborhood U of zero in S such that |(F, »)| < 1 for 
every o € U. In view of the definition of the topology in S this neighbor- 
hood is defined by positive integers p and k and a number q, and consists 
of those functions (x) € S satisfying, for | q | < k, the inequality 


sup |(1 + | x PpO) <a. 


The desired functions p(x) are defined by 

ex) = Aa (=) (1 + 1 PY, 
where a(x) is any infinitely differentiable function with bounded support 
such that a(x) = | for | «|< 1. For sufficiently small values of A 
each of the ,,(x) belongs to the neighborhood U of zero* and therefore 


(F, pm) <1. But since the @,,(x) have bounded supports, (F, Pm) is 
given by formula (2). Consequently the y, (x) satisfy the inequality 


[os dao) < 1. (3) 
Moreover, by the construction of the ¢„(x) we have 
lim g(x) = ACL + |x B)" 
for every x. Passing to the limit in (3), we obtain, by Fatou’s lemma, 
Af (1 + | xP)? da) < 1. 
But this shows that u is tempered. 
Thus, if a functional F, defined by (2), is continuous relative to the 
topology of S, then the measure u corresponding to it is tempered. 


* This follows easily from inequalities of the form 
[0 t 1x7]? « CO + 1x7. 


2.3 Positive Generalized Functions 147 


Conversely, if y is a positive tempered measure, then the integral f p(x) 
du(x) converges for every g(x) € S and defines a linear functional on S. 
The continuity of this functional easily follows from the definition of 
the topology in SS. 

We are now in a position to prove that formula (2) is valid for every 
g(x) € S. In fact, we have seen that the linear functionals (F, 9) and 
[9(x) du(x) coincide on the everywhere dense set in S consisting of 
functions having bounded supports. Moreover, both functionals are 
continuous relative to the topology of S. From this it follows that these 
functionals coincide over all of S. 

Thus, we have proven the following theorem. 


Theorem 2. Every positive generalized function F on the space S 
is given by a tempered measure y; 


(F, p) = Í g(a) dela). (2) 


Conversely, if p is a positive tempered measure, then (2) defines a positive 
generalized function on S. The definition of a tempered measure is 
given on p. 140. 


2.3. Positive Generalized Functions on Some Other Spaces® 


We now apply the method, used in order to describe positive general- 
ized functions on S, to a substantially wider class of linear topological 
spaces, in particular to spaces of type K{M,,} and their unions. 

Concerning the definition of spaces of type KIM} cf. Chapter I, 
Section 3.6. We will restrict ourselves here to considering spaces K(M,j 
for which the following conditions are satisfied: 


(a) The M, (x) are infinitely differentiable outside some neighborhood 
of zero (which is the same for all p) and are nowhere infinite; 


(b) for any p there are numbers q, a, and C such that if | x| >a 
and l <|k| <p, then 





(k 
[x5] | s xis i 


For such spaces K{M „} the positive generalized functions are described 
by the following theorem. 


5 This section can be omitted at the first reading. 
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Theorem 3. If the sequence of functions M(x) satisfies conditions 
(a) and (b), then a positive generalized function F on K{M,,} is given 
by a positive measure p such that the integral f [M,(x)]-! du(x) converges 
for some p. Conversely, every positive measure u such that the integral 
[[M,(x)]-! du(x) converges for some p defines a positive generalized 
function on K{M,}. 

The proof of this theorem proceeds in a manner entirely analogous 
to that of the corresponding theorem for the space S, which is the 
particular case of the space K(M,j corresponding to M, (x) = (1 + | x |?)?. 
We leave it to the reader to carry through the details of the correspond- 
ing proofs. 

We now consider a union of spaces of type K(M,j. Such a union is 
given by a doubly indexed sequence of functions (M,,(x)). We require 
that for each fixed r the functions Mea) satisfy conditions (a) and (b) 
and the condition 1 < M,,(x) < M,,(x) < .... We will denote the space 
corresponding to the sequence of functions (M, (x)? (for fixed r) by 

K,{M,,}- Suppose now that for each p one has M,,, ,, < M,,. Then if a 
function p(x) belongs to the space K,{M,,}, it also belongs to the space 

ra 0M, uuu. Thus, we obtain an increasing chain of spaces 


Kd My C Ky Ms, C... 


The union of these spaces, with the corresponding topology, will also 
be called a space of type K{M,,,} (a sequence {y,,(x)} in K(M,,) converges 
to zero if all the ¢,,(x) belong to some one space K,{M,,,} and converge 
to zero in this space). 

Positive generalized functions on spaces of type K(M, 
by the following theorem. 


rp 


,] are described 


Theorem 4. Suppose that we are given a doubly indexed sequence 
(M, (x)) of functions satisfying conditions (a) and (b) above, and also the 
inequalities 


< Mals) < MpAlx) < 
M,,(*) > M, 1, (x). 


Every positive generalized function on K{M,,} is given by a positive 
measure u such that for any r the integral f [M,,(x)]? du(x) converges 
for some f. Conversely, if u is a positive measure such that for any r the 
preceding integral converges for some p, then (F, 9) = f g(x) du(x) 
defines a positive generalized function on K{M,,, 
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Let us consider, for example, the space S,, consisting of infinitely 
differentiable functions g(x) satisfying the inequalities 


| fg (x)| < CARE, 


where the constants C, and A depend upon g(x). 
As was shown in Volume II (Chapter IV, Section 3.1), this space is a 
space of type K{M,,}, where 


M(x) = exp [rl = 27) x [Ve]. 


We have, from Theorem 4, the following description of positive linear 
functionals on S,. 


Theorem 5. Every positive linear functional on S, is given by a 
positive measure u such that for any r > 0 the integral 


[exert — pL x s] daa) (3) 


converges for some p > 0. Conversely, if a measure p is such that for 
each r > 0 the integral (3) converges for some p > 0, then (F, 9) = 
J p(x) du(x) defines a positive linear functional on Se. 

We remark that the condition that for any r > 0 the integral (3) con- 
verge for some p > 0 is equivalent to the condition that the integral 
[ exp (—a | x |V*) du(x) converge for any a > 0. 


2.4. Multiplicatively Positive Generalized Functions 


Many of the spaces which we are considering (in particular, the spaces 
K and S) are linear algebras, i.e., the products of functions belonging 
to one of these spaces also belong to this same space. In such spaces 
there exists, together with the concept of positivity which was investigated 
above, another concept—that of multiplicative positivity. It will be 
used further on in an essential way for the study of positive-definite 
generalized functions. 

A generalized function F is called multiplicatively positive if (F, o9) 
> 0 for every test function (x). 


ë The spaces considered contain, together with every function g(x), the function 
9(x). The passage from g(x) to g(x) has the usual properties of an involution, 
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Every positive generalized function is multiplicatively positive. In 
fact, since y(x)p(x) > 0, the inequality (F, V) > 0 for all positive test 
functions implies the inequality (F, ¢@) > 0 for all test functions g(x). 

The converse statement is in general false—there exist linear spaces 
(for example, the space of all real polynomials in two variables) in which 
the validity of the inequality (F, pp) > 0 for all test functions p belonging 
to the space does not by itself imply the inequality (F, V) > 0 for all 
positive test functions x(x) in the space (cf. Section 7). However, for the 
spaces K and S every multiplicatively positive generalized function is 
positive. 

We will first carry out the proof of this assertion for the space K. 
Let F be a generalized multiplicatively positive function on K. Since 
F is continuous, it suffices, for the proof of its positivity, to show that 
the functions of the form g(x)g(x) are everywhere dense in the set of 
positive functions in K.? 


Let us consider a positive function f(x) € K. This function vanishes 
for | x | >a for a > Q sufficiently large. We denote by a(x) a positive 
function in K such that a(x) = | for | x | < a, and we set p,(x) = a(x) 


Vix) + 1/m. Then obviously o, (x) belongs to K,* and the sequence 


pax) = o, (x)p,(x) converges to p(x) in the topology of K. = 

Thus, we have proven that the set of all functions of the form g(x)g(x) 
is everywhere dense in the set of positive functions in K. Therefore the 
validity of the inequality (F,9g) > 0 for all functions g(x) e K implies 
that of the inequality (F,) >0 for all positive ẹ(x)e€ K, i.e., the 
positivity of F. 

Let us now prove that the concepts of positivity and multiplicative 
positivity coincide for generalized functions on the space S. 

Suppose that (x) is a positive function in S. There exists a sequence 
of positive functions g,(x) € K converging to (x) in the topology of 
S.’ Therefore the set of positive functions in K is everywhere dense 
in the set of positive functions in S. But as we have seen above, the set of 
functions of the form g(x)g(x), where g(x) € K, is everywhere dense in 
the set of positive functions in K. Since the imbedding of K into S is 


? We note that the set of functions of the form e(x)g(x), p(x) € K, does not coincide 
with the set of all positive functions in K. This is connected with the fact that the function 
V h(x) can have a break at those points where (x) = 0. 

8 Since y(x) + l/m does not vanish, the function V d(x) + 1/m is infinitely differen- 
tiable. 

? For example, we set o,4(x) = a(x[m)4(x), where a(x)e K, 0 < a(x) < 1, and 
a(x) = l in some neighborhood of x = 0. Then the sequence {¢,,(x)} has the required 
properties. 
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continuous, the set of functions of the form g(x)g(x) is also everywhere 
dense in the set of positive functions in S. But then the positivity of a 
generalized function F follows from its multiplicative positivity. Thus, 
we have proven that the concepts of positivity and multiplicative positiv- 
ity also coincide in the space ,S.!? 

Since we know the general form of positive generalized functions on 
the spaces K and SS, the assertions just proven imply the following 
theorems. 


Theorem 6. Every multiplicatively positive generalized function on 
the space K of all infinitely differentiable functions having bounded 
supports is given by a positive measure. 


Theorem 7. Every multiplicatively positive generalized function, 
on the space S of infinitely differentiable functions which are rapidly 
decreasing as | x | — oo together with their derivatives of all orders, is 
given by a positive tempered measure. 


3. Positive-Definite Generalized Functions. Bochner's Theorem 


In this section we find the general form of positive-definite general- 
ized functions on the spaces K and S. We will show that the positive- 
definite generalized functions on these spaces are Fourier transforms of 
positive tempered measures. We begin our consideration of positive- 
definite generalized functions with the space S, as this case is simpler. 


3.1. Positive-Definite Generalized Functions on $ 


A generalized function F on the space S is called posttive-definite, 
if (F, p * p*) 20 for every q(x) eS, where p * p*(x) denotes the 
convolution of the functions g(x) and g*(x) = g(—-x); 


e *e*() = [ets — 9) dt. 


We show: The Fourier transformation carries positive-definite general- 
ized functions on S into multiplicatively positive generalized functions 


10 One can similarly prove that the concepts of positivity and multiplicative positivity 
coincide in any space ® under the condition that the positive functions in K are every- 
where dense in the positive functions in 9 and that the mapping of K into Ê is continuous. 
This condition is fulfilled, for example, for all spaces K(M,,j. 
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on S,! and every multiplicatively positive generalized function on S can 
be obtained in this manner. 

In fact, the Fourier transformation takes the convolution of the 
functions (x) and ¢,(x) into the product of their Fourier transforms 
#(A) and (A), and takes p*(x) into &(A), where (A) is the Fourier 
transform of g(x). Therefore the Fourier transform of y * p*(x) is 
YAJA), where J(A) is the Fourier transform of g(x). 

Now since S is self-dual with respect to the Fourier transformation, 
any function of the form J(AyJ(A), where (A) € S, is the Fourier trans- 
form of a function of the form o * 9*(x), g(x) € S. But by definition, 
one calls “the Fourier transformation of the generalized function F on 
S" that generalized function F on S for which (F, ¢) = (27)"(F, p) for 
every g(x) € S. Consequently, the validity of the inequality (F, o * 9*) 
> 0 for all g(x) € S is equivalent to that of the inequality (F, yx) > 0 
for all 4(A) eS. Therefore the positive definiteness of a generalized 
function F on S is equivalent to the multiplicative positivity of its 
Fourier transform F. 

Since multiplicatively positive generalized functions on S are given 
by positive tempered measures (cf. Section 2.2), one has the following 
theorem. 


Theorem 1. In order that a generalized function Fon S be positive- 
definite, it is necessary and sufficient that it be the Fourier transform 
of a positive tempered measure. 


3.2. Continuous Positive-Definite Functions 


In this section we consider a special case of positive-definite generalized 
functions on the space S—that of continuous positive-definite functions. 
A continuous function f(x) is called positive-definite, if for any real 
numbers x, ..., x,, and complex numbers é, ..., m one has 


S, flee — oé, > 0. (b 


i,k=1 


We will show that a continuous positive-definite function f(x) is a 
positive-definite generalized function on S. Before proving this, let us 


1 We recall that the space S is self-dual with respect to the Fourier transformation. 
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establish some simple properties of continuous positive-definite func- 
tions. 

In the first place we note that if f(x) is positive-definite, then f(x) 
is also, since 


Fee — x); = > f(xx — x)&£, > 0. 


m 
jkl 
We further note that inequality (1) denotes the positive definiteness of 
the matrix with elements f(x, — xj). It is known that the conditions 
for the positive definiteness of a matrix are that it be Hermitean and that 


its principal minors be nonnegative. From the first condition on the 
matrix || f(x, — x;) || we obtain 


f(—x) = fo), 
and from the positivity of its diagonal elements it follows that 
f(0) > 0. 


Finally, since the numbers x, — x, are arbitrary, the nonnegativity of the 
second-order principal minors implies 


K0) f) 
f(—x) fO) 


|>0, 


from which it follows that 


Iœ) < FO), 
i.e., f(x) is bounded. 


Thus we see that a positive-definite continuous function is bounded. 
Since every continuous bounded function f(x) defines a generalized 
function 


(f 9) = | Fees) d 


on S, we obtain the following assertion: Every positive-definite continu- 
ous function defines a generalized function on SS. 

We now show that this generalized function is positive-definite, i.e., 
that (f, p * 9*) > 0 for every g(x) € S. To this end, we note that the 
expression (f, o * p*) can be represented as an integral 


[fs — Deo) dx dy. 
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This integral is the limit as T — oo of the integral 


T T o o o EN 
J Í f Deve) ds dy Q) 


(since g(x) is summable and f(x) is bounded). But for each T the integral 
(2) is the limit of sums 





> f(xi — 5) p(x )p(x;) Ax, Ax; 


j 1 

which, in view of (1), are nonnegative. From this it follows that the 
inequality (f, p x p*) 2 0 holds for all g(x) € S, i.e., the generalized 
function (f, 9) is positive definite. 

This proves our assertion—the validity of inequality (1) for a con- 
tinuous function f(x) implies the inequality (f, p * 9*) 2 O0 for all 
g(x) € S. In particular, this last inequality holds for every g(x) € K. 

The converse assertion is also valid—if a continuous function f(x) 
is such that 


(Ae *e*) = [78 eE) dx dy > 0 6) 


for every o{x) € S, then f(x) is positive definite, i.e., inequality (1) holds 
for all real numbers x,, ..., Xm and complex numbers é» ..., £4. We will 
actually prove the more general inequality 


| Fe — 3) dat) da) > 0, (4) 


where p is any finite measure which is concentrated on a bounded set 
(inequality (1) is a special case of inequality (4), in which the points 
Xi, X4 have p-measure é, ..., €,, respectively, and f(x) is replaced 
by f(x). 

In fact, suppose that u is a finite measure with bounded support. Let 
(ou (x)) be a 9-sequence of functions in the space K. Then the functions 


is) = [ente — 9) duG) 


also belong to K. In fact, there is an A such that u and 9,,(x) vanish for 
|x| > A. But then u, (x) = Ofor| x | > 24 and therefore the functions 
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ps (X) have bounded supports. Since the o, (x) are infinitely differentiable, 
so are the p, (x), and therefore the uL, (x) belong to K. 

The functions u(x) are such that for any bounded continuous func- 
tion f(x) one has 


M0 


lim (fii, * ug) = | fle — ») dula) duly). (5) 


In fact, 
(f bm * Bx) = {fe — V)Lm(U)p4m(v) du do 


MES erue ©) 
= [ftu = pnl — x)\pn(O— Y) du do dux) dp). 


Since {p,,(x)} is a 6-sequence, 
n [fe — v)gs(u — x)pgs(v — y) du dv = f(x — y). 


Therefore, passing to the limit m— oo in (6), we obtain (5). 
Now let f(x) be such that (f, o * 9*) > 0 for any g(x) e £. Then we 
have 


(Í; Bm * BX) 2 O. 


Passing to the limit m — oo and taking (5) into account, we obtain 
[fes — y) dula) day) > 0. 


We have therefore proven that the validity of inequality (3) for all 
g(x) e K implies the validity of (4) for any finite measure with bounded 
support. In particular, from this it follows also that inequality (1) is 
satisfied. 

Thus we see that for continuous functions f(x) inequalities (1), (3), 
and (4) lead to mutually equivalent definitions of the notion of positive 
definiteness. 

We have carried out the arguments for functions of one variable; 
however, the assertion is also valid in the case of several variables. 

Now we proceed to the description of all continuous positive-definite 
functions (of several variables). 


Theorem 2. (Bochner). Every continuous positive-definite function 
f(x) is the Fourier transform of a finite positive measure y. 
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Proof. We have already seen that a continuous positive-definite 
function defines a positive-definite generalized function on the space S. 
By Theorem | (Section 3.1) there exists a positive tempered measure p 
such that the generalized function (f, 9) is the Fourier transform of y. 
This means that 


(f) = Qr f BA) du) (7) 


for all functions o(«)eS[G(A) is the Fourier transform of o(x)]. It remains 
for us to show that the measure y is finite (i.e., that f du(à) < + oo). 
For this we apply (7) to the functions o,(x) = a, * a(x), where 
(o, (x)) is a 8-sequence in S. We obtain 


(fr Pm) = (2m) | G(X) dur). (8) 


Now we pass to the limit m — oo. Since the termwise convolution of 
two 6-sequences is a 5-sequence, {p,,(x)} is a 8-sequence. From this it 
follows that the left side of (8) tends to f(0) as m — oo. Now consider the 
right side of (8). From the relation 


him ¢,,(A) = lim [ ees) dx — (8, etha) zu 
it follows that ¢,,(A) — 1 for any À as m — oo. Moreover, these functions 


are positive in view of the relation ¢,,(A) = | &,(A) |?. Hence it follows 
that 


lim f EnO) du) > f daO) 
and therefore 
| dA) < 2n)-"f(0)2 
This proves the finiteness of p. 


The converse assertion is also true: if u is any finite positive measure, 
then its Fourier transform 


feo) = fe da) 
is a continuous positive-definite function. 


2 [n fact, we have here equality. 
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We first prove that f(x) is continuous. Since y is finite, for any e > 0 
there is an N > Q such that 


f du(à) < ie. 
lA N 


Let | x, — x4 | < e/2NM, where M is the u-measure of the ball | À | < N. 
Then it is easily seen that 


fes) — fle) < dee f. LexpliQ a] — expli, x] |duQ) < e 


This proves the continuity of f(x). To prove its positive definiteness, we 
note that 


"m 


2, fs —x)&£ = >) &É [ expli, xe — x] duQ) 


1 i,k=1 


-f 


Since y is positive, we find that 


j 


: dy (^). 








> expliQ, sl; 


> f(x. — x)EE; > 0, 
ikl 


i.e., that f(x) is positive definite. 


3.3. Positive-Definite Generalized Functions on K 


In Section 3.1 we described the totality of positive-definite generalized 
functions in S'. The space K' is substantially richer in generalized 
functions than S’; nevertheless it turns out that in passing from S’ to 
K' the totality of positive-definite generalized functions is not enlarged. 
In other words, although S’ C K’, the class of positive-definite functions 
in K' is the same as that in S’. This class is described by the following 
theorem. 


Theorem 3. (Bochner-Schwartz). Every positive-definite general- 
ized function F on the space K of infinitely differentiable functions having 
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bounded supports is the Fourier transform of a positive tempered 
measure p, i.e., can be written as 


(F, p) = f EO) d«Q). (9) 


Conversely, the Fourier transform of any positive tempered measure 
defines a positive-definite generalized function on K. 

The first step in the proof of this theorem will be to consider certain 
continuous functions F(x) connected with the generalized function F. 
We prove the following assertion: 


Lemma 1. If F is a positive-definite generalized function on K, and 
a(x) is any function in K, then the generalized function Fy = a x a* x F, 
defined for all p € K by 


(Fa, p) = (F, a * a* x 9), 


is given by a continuous positive-definite function. 


Proof. To show that F, is positive definite, we observe that since 
F is positive definite, 


(Fa p *p*) = (F, a * a* x p x p*) = (F, (a * p) * (x * p)*) 20 


for any p € K, i.e., F, is positive definite. As 0(x) = a « a*(x) is in- 
finitely differentiable and has bounded support, it is easy to verify that 


(Fn p) = (F, 0 * p) = (F, | Oy — x)e() dy) 
= | (F, 0y — 30e) dy 


for all pe K, and that (F, 0(y — x)) is a continuous (in fact, infinitely 
differentiable) function of y (it is understood that 0(y — x) is considered 
as a function of x in the expression (F, 0(y — x)) ). In other words, 
setting F;(y) = (F, 0(y — x)), we have 


(Fs p) = | Fole) dx. 


As the generalized function F, has already been shown to be positive 
definite, this proves the lemma. 

From this lemma and Bochner's theorem, we have the following 
assertion. 
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Lemma 2. If F is a positive-definite generalized function on K, 
and a(x) is any function in K, then the generalized function 
F, = a x a* x F has the form 


(Fare) = [609 44409, (10) 


where $(A) is the Fourier transform of g(x), and ua is a positive finite 
measure. 

Let us now consider the connection between measures po and pg 
corresponding to functions a(x), B(x) € K. In view of the fact that the 
Fourier transform of B » B* x g(x) is the function B(A)B(A)g(A), it follows 
from (10) that 


(F, (xx a) + (B x B*) * p) = [eoo Bye dp (X) (107) 
and 


(F, (x x a) * (B x B*) * p) = fpo GA)? dig). (107) 
Since the left sides coincide, for every g(x) € K we have 


f POU BO) dual) = f PON AYP dag, 


where ¢(A), the Fourier transform of (x), belongs to the space Z. 
Since the space Z is sufficiently rich in functions,? it follows from 
this that 


| BAY? di) = | KAJI? dug). (11) 


We can now rewrite equation (10), eliminating a(x) from it. To do 
this we introduce a positive measure p, setting 


{ #0) dey = [60 EE 


3 Tt follows from a lemma proven in Volume II (Chapter IV, Section 8.4) that 


frode = 0 


for all g(x) € Z implies the vanishing of the continuous function f(x). This assertion 
carries over without difficulty to any finite positive measure (for example, using the 
convolution of the measure with a à-sequence). 
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for all g(x) € K. From (11) it follows that u does not depend upon the 
choice of a(x) € K. By means of p, Eq. (10) can be written in the form 


(Fax at =e) = 180960) EXO — fOO da). — (12 


Denote the function a « a* x p(x) by p(x). Then (12) becomes 


(F, 4) = f FQ) due. (13) 


This formula is valid for every function J(x) which is representable in 
the form 


y(x) = a * a* x G(x), (14) 


where a(x) and g(x) are any functions in K. 

Thus, (13) has been proved for functions J(x) having the form (14). 
We now have to prove that (13) remains valid for every J(x) € K and that 
p. is tempered. 

The first of these assertions is easily concluded from the second. 
Indeed, if u is tempered, then the functional f (A) du(A) is continuous 
in the topology of S and a fortiori in that of K. But this functional 
coincides with the functional F on the set of all functions representable 
in the form (14). Since the set of such functions is everywhere dense in 
K, the functionals F and f $(A) du(A) coincide on K, i.e., (13) is valid 
for every function in K. 

Thus, it remains for us to prove the following lemma. 


Lemma 3. Let the positive measure u be such that for all functions 
y(x) of the form y(x) = a x a* x g(x), where a(x), p(x) e K, one has 


[909 dua) = (F, p), 


where F is a generalized function on K, and #(A) is the Fourier transform 
of s(x). Then p is tempered. 


Proof. Since F is continuous on K, it is continuous on all of the 
subspaces K(a) of K. Fix a > 0. Then there is a neighborhood U of 
zero in K(a) such that | (F, 9) | < 1 for all g(x) € U. 

To prove that p is tempered, it is sufficient to construct a sequence 
of functions J,(x), belonging to the previously given neighborhood U 
of zero in K(a) and having the following properties: 
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(1) The y,,(x) are of the form (14), for which the representation (13) 
is already proven, i.e., 


Va(x) = Qa ee * Prix), (15) 


where Om) Pm € K; 
(2) 4, (A) > 0, where #,,(A) is the Fourier transform of (x); 
(3) lim, ,4 %m(A) = à(A) exists for every A, and 


A 


20 > TTA pr 


(16) 
where A > 0, p > O are certain numbers, and n is the number of 
variables. 

We call this sequence of functions and the corresponding limit func- 
tion @(A) a barrier sequence, since it makes it possible to estimate the 
growth of the measure p (such a barrier sequence was also constructed in 
studying positive generalized functions on S). 

Assume that we have constructed such a sequence. Since all the 
V4(x) belong to the neighborhood U of zero, one has | (F, #,)| < 1. 
But since they are of the form (15), then 


(F, hm) = f EnO) dul). 


Therefore | f mà) du(A) | <1, or since p > 0, 4,2) > 0,0 < f 4,0) 
du(A) < 1. Passing to the limit m — oo and using Fatou’s lemma (cf. 
p. 145), we find that f (A) du(A) converges. In view of (16), it follows 
from this that 





dd) sei 
Jasper an 
i.e., p is tempered. 

'Thus, Lemma 3 will be proven if we construct a barrier sequence. We 
proceed to construct such a sequence, belonging to a given neighborhood 
U of zero in K. 

Choose any a > 0; then U A K(a) is a neighborhood of zero in K(a). 
By definition of the topology in K(a) (cf. p. 20) one can find numbers 
p and x such that from | g'(x) | < n for all g,0 < |q | < 2p, it follows 
that g(x) € U A K(a) (we assume o € K(a)). This number f is at the 
basis of the construction of the barrier sequence J,,(x). First we construct 
the limit function (A). To do this we denote by y(x) the function whose 
Fourier transform is 


90) = (1 + A yer. 
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Now we choose an infinitely differentiable function (x) which vanishes 
for | x | > ła, and set y(x) = x(x) * x*(x), 


w(x) = (x)xo(x) = v(x) x(x) * x*(x)]. 


Lemma 4. The function w(x) has the following properties: 

(1) w(x) = 0 for |x| > da, 

(2) @(A) > A(1 + |A |)7?771, 

(3) all the derivatives of w(x) up to order 2p are bounded.* 

Proof. Since x(x) — 0 for |x| > ia, then x(x) »x*(x) — O for 
| x | > ła. Consequently w(x) = y(x)[x(x) x x*(x)] = 0 for | x | > da. 
Further, by definition 


eg i2 


Y) = «y f c rage Os 
and so 


|y) < Quy f Ax qma + tim a. 


Since the integral converges for | g | x: 2p, the derivatives y'? (x) are 
bounded for | q| < 2p. 

Now we estimate (A). Since the Fourier transformation takes a 
product into a convolution, and a convolution into a product, it follows 
from 


ex) = y(i) * x*G9] 
that 
&(A) d ya) * | R(A)|? = (1 + | à [2)7^-93 * | ZA), 
G(A) = f ZD + [à — u [2)77?71 du. 


Choosing any number p > 0, we have 


o> f RPU + DX — u P- du 
lul cp 
and for | à | > p we have 
&) > (10 + [À ++ pf) f 2 | Ru)? du = CU + JÀ + p B. 
ul<p 


4 The derivatives of order 2p + 1 have a discontinuity at x = 0. 
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Setting 
A=C sup[(1 + [A + p BPA + JA J2)77771], 


we arrive at inequality (16). This proves the lemma. 

The function w(x) which has been constructed has continuous 
derivatives only up to order 2p. However, if we convolute it with an 
infinitely differentiable function having bounded support, we obtain 
an infinitely differentiable function. We therefore construct the (x) 
from w(x) in the following way. Choose a function a(x) vanishing, say, 
for |x| > $a, such that fa(x) dx = 1, and set «,,(x) = m"o(mx). 
We denote by B,(x) the function o,(x) * až(x) and construct J,(x) 
according to 


m(x) = C(x) * By (x) * Bala). 


Lemma 5. The sequence {y,,(x)} is a barrier sequence, i.e., it 
satisfies the following conditions: 


(1) The Yp are of the form 


Ym = Am * on * Onl), 
where o4, Py € K(a); 
Q) 4.0) > 0; 
(3) lim,,.0 V,(4) = @(A), where 


A 


20 2 TT : 


Moreover, for sufficiently small C the functions J,(x) belong to the 
given neighborhood U of zero in K(a). 
Proof. Set 
P(X) = Cou * Om * w(x). 


Since p(x) = Cw * Bm * BA(x), where B,,(x) = am * a(x), then V (x) 
= Am * Ah * Pml X). From the very construction of ¢,,(x) it is clear that 
Pm € K(a), and therefore condition | is fulfilled. 


Further, we have 4,40) = (A) | (3) |? 22 0. Let us now find 
lim, soo J,(4). Since 


da) = DA) BAM? = DAN &QUI*, 
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it suffices to find lim, 4, &,(A); 


lim & (A) = lim m^ f o(mx ei e dæ 


= Jim f o(x)e/m 0,2 dy = f «9 dx = l, 


and so lim,,..0 du (A) = à(A), i.e., condition 3 is also fulfilled. 

It remains to show that for sufficiently small values of C the V, (x) 
all belong to the neighborhood U of zero. For this we note that for any 
functions g(x), (x) one has 


[o * 4(x)] = o » (x) 


and therefore 


sup | [p * p] < sup | p(x)! [199] dx. 


Apply this inequality to the V, (x). For every m one has 
J Bn * BRE) de = | [s de | = | fnnt de | 

= | [sas = |m f oma) ds |= | fas) ae | = L. 
Since w(x) has bounded derivatives of order q, 0 < |q | < 2p, there is 


an M such that 


sup | w'(x)| SM, O<|q| <22. 


Consequently, for C = 7/M the functions (x) satisfy the inequalities 


sup | YP) <m  Oxlq| «2p 


and therefore belong to the neighborhood U of zero. This proves the 
lemma. 

Thus, the existence of barrier sequences is proved, and from this, 
as was mentioned, follows Lemma 3. 

We have already shown that Lemma 3 implies the validity of formula 
(13) for all functions in K. In other words, we have proven that any 
positive-definite generalized function on K is given by 


(E, V) = [909 dQ), (17) 
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where #(A) is the Fourier transform of (x) and p is a positive tempered 
measure. But this assertion is simply the Bochner-Schwartz theorem. 

We mention that the Bochner-Schwartz theorem can also be 
formulated in the following way. 


Theorem 3’. Any multiplicatively positive generalized function F 
on Z has the form 


(F, p) = [909 du(), 


where p is a positive tempered measure. 
The next result follows without difficulty from the Bochner-Schwartz 
theorem. 


Theorem 4. Every positive-definite generalized function F on K can 
be represented in the form 


F = (1 — Ayf(x), (18) 


where f(x) is a continuous positive-definite function, and 4 is the Laplace 
operator 
e? 


d à 





7M: 
atts 


1 


Indeed, let P be the Fourier transform of the generalized function F. 
By the Bochner-Schwartz theorem, F is given by 


(E, P) = f BO) dul), 


where u is a positive tempered measure. Therefore there is a p such that 
the integral f (1 + | A |2)? du(A) converges. Set 


d) = (1 + [A P)? du). 


The measure v is positive and finite. Therefore its Fourier transform 
is a continuous positive-definite function fi(x): 


fig) = feto ao). 
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The function f(x) = f,(x) is also positive definite. Now from dy (A) 
= (1 + |à 9)? dw) it follows that 


(F, p) = Qn) (F. E) = [ FO) dul) 
= | e(3et^» 0 + [A y d) dx 
= [t — Ayol) d) dx 
= [t — APNA) dx 
= [I — aye(91fG) de = (f, (1 — Ayo) 


for every pE K. But this means that F = (1 — 4}f. 

The converse is also true: Every generalized function of the form 
(1 — 4)*f, where f(x) is a continuous positive-definite function, is positive 
definite. 


3.4. Positive-Definite Generalized Functions on Z 


lt is easier to find the positive-definite generalized functions on Z 
than on K and S. Let p(z) be some function from Z. We will denote 
by o *(z) the function g(—2Z). Obviously q*(z) e Z. The notation *(z) 
is justified by the fact that for real values of z, p*(z) = e(— z) 

We will call a generalized function F on Z positive-definite if, for every 
gp EZ, 





(F, p *p*) 2 05 


But the Fourier transformation carries the function y * p*(z) into the 
function | (A) ?, where (à) is the Fourier transform of p(z) and lies 
in K. Also, every function of the form | J(A) |?, (A) € K, can be obtained 
in this way. From this it follows that the Fourier transform of a positive- 
definite generalized function F on Z is a multiplicatively positive general- 
ized function F on K. Since by Theorem 6 of Section 2 all multiplicátively 


5 If we consider functions in Z for real values of their argument, we obtain functions 
belonging to S. These functions can be convoluted. Now it is easily seen that convoluting 
the functions g(x) and y(x) corresponding to the functions g(z) and (z) from Z, we 
obtain a function o * %(x) which also corresponds to some function from Z (this can 
be seen more simply by taking Fourier transforms). We denote this function from Z 
by 9 * (a). 
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positive generalized functions on K are defined by positive measures, 
and any positive measure defines a multiplicatively positive generalized 
function on K, we arrive at the following theorem. 


Theorem 5. Positive-definite generalized functions on Z are Fourier 
transforms of positive measures. Conversely, the Fourier transform of 
any positive measure is a positive-definite generalized function on Z. 


3.5. Translation-Invariant Positive-Definite Hermitean Bilinear Functionals 


Positive-definite generalized functions most frequently turn up in 
connection with translation-invariant positive-definite bilinear func- 
tionals. We will now examine this connection in detail. For simplicity 
we will consider bilinear functionals on the space K, although the results 
to be obtained can without particular difficulty be extended to other 
spaces of test functions. 

A functional B(g, Y), where o, ù range over the space K, is called a 
Hermitean bilinear functional, if 


(1) for fixed y(x), B(o, y) is a linear functional in g(x), continuous 
in the topology of K, 


(2) for fixed g(x), B(g, p) is a linear functional in y, continuous in the 
topology of K. 


A bilinear functional B(o, y) is called translation-invariant if its value 
does not change under simultaneous translation of p(x) and y(x) by 
the same vector h; 


Blo(x), &(x)] = Blew + A), J(x + A]. (19) 


Let us exhibit the general form of such functionals. T'o do this, we note 
that the value of a convolution p * /j* remains unchanged under simul- 
taneous translation of g(x) and (x) by the same vector h. Indeed, let 


p(x) = g(x + A), p(x) = y(x + h). Then 
pi dt) = [ ey — 3) d 


= [eG + Bir F h — x) dy 


= [eG — x) dy = p * *(). 
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Set 
B(o, V) = (F, p * 4*), (20) 


where F is any generalized function on K. An elementary calculation 
shows that B(o, V) is a Hermitean bilinear functional on K. From the 
invariance of o * j* relative to simultaneous translation of g(x) and 
y(x) by the vector A it follows that B(g, J) is translation-invariant. We 
will show that any translation-invariant Hermitean bilinear functional 
on K can be written in the form (F, o * p*), where F is a generalized 
function on K. 

This assertion is based upon the kernel theorem for the space K, 
discussed in Chapter I. It follows from this theorem that every Hermitean 
bilinear functional B(g, 4) on K can be written in the form 


Be, V) = (Fi, pW), 


where F; is a linear functional on the space K, of infinitely differentiable 
functions of x and y (i.e., of 2n variables x,, ..., X; Yi -> Yn) with 
bounded supports. mE 

Since the linear combinations of functions of the form qg(x)j(y), 
where g(x) and Jy) range over K, are everywhere dense in K,, it follows 
from (19) that 


(Fis ex, y) = (Fi p(x + h, y + h)). (21) 


Thus, the generalized function F, is invariant under simultaneous 
translation of the arguments x and y by a vector h. 
But every generalized function F, satisfying (21), has the form 


(Fi, g(x, y)) = (Fx), (22) 


where F is some. generalized function on K, and x(y) is defined by 


xo) = [eG x — y) dx. 
Indeed, let us introduce a generalized function F, on K, by setting 


(Fe V, y)) = (Fi, dx + yox — y)). Q3) 


It follows from (21) that F, is invariant under translation of x by A. 
It was shown in Volume I (Chapter I, Section 4.1) that such a generalized 
function is given by 


(Fa Hx, 9)) = (FO), | We y) da), (24) 
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where F is a generalized function on K. Setting 


W(x, y) = plx + dy, 4x — 1y), 


we find from (23) and (24) that 





(Fi, (59) = (Fa Gs 9) = (F, [Gs y) dx) 
(F, feo + dy, ds — 47) de) = 2 (F, fos s — y) x) 


This proves (22) (the factor 2 can be absorbed into F). 
From (22) it follows that for functions of the form q(x, y) = plx Hy) 
the generalized function F, is given by 


(Fy), oO) = (F, | oE —5) dx) = (F, p *9*. (25) 





But 


(Fi o(x)4(y)) = BE, V). 


We thus obtain the following result: Every translation-invariant 
Hermitean functional B(o, y) on K has the form B(o, y) = (F, p x *), 
where F is some generalized function on K. 

A bilinear functional B(ọ, V) on K is called positive-definite, if 
Blo, p) > 0 for every o € K. If B(o, ij) is moreover translation-invariant, 
then the generalized function F corresponding to it satisfies (F, p « 9*) 
> 0, i.e., F is also positive definite. 

Availing ourselves of the Bochner-Schwartz theorem (cf. Section 3.3), 
which gives a representation of positive-definite generalized functions 
by m means of tempered measures, and taking into consideration that 
o * p* = G(A)G(A), we obtain the following result. 


Theorem 6. Every translation-invariant positive-definite Hermitean 
bilinear functional B(y, y) on K has the form 


Bly, 9) = [ 80990) du, 
where u is some positive tempered measure and ¢(A), (A) are the 
Fourier transforms, respectively, of p(x) and x(x). 
3.6. Examples of Positive and Positive-Definite Generalized Functions 


In this section we present various examples of positive and positive- 
definite generalized functions on S and on other spaces. 
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We will begin with functions of one variable. The simplest positive 
functions are the monomials x?". Since the Fourier transform of a 
positive generalized function is positive definite, and the Fourier 
transform of x?" isë (— ])"256?m(x), we obtain the following result: 
The generalized function (—1)"8@™ x) is positive definite. This result, 
however, is easily obtained directly by computing the integral 


(—1)" 89m — yoly) de dy = (—1)" [ ey) dx. 
Integrating by parts m times, we find that this integral is equal to 
[Lomo dx > 0. 


This result is connected with the following general fact: If F ts positive- 
definite, then (—1)™ (d?"Fj|dx?") is also positive-definite. Indeed, 


2m 


(on ee *e*) = (F, ( p pu 9 *9*) 


= (F, pm » (p™(x))*) > 0. 





If à > —1, then the generalized function | x |? is positive. In fact, 
it is defined by 


(1 (0) = f Iæ p) d 


and it is clear that (| x |^, p(x)) > 0 for p(x) > 0. The Fourier transform 
of the generalized function | x |? is 


—2 sin(4Ar) D(A + 1)| x |?! 


(cf. Volume I, Chapter II, Section 2.3). Thus, forà > —| the generalized 
function —2 sin (Av) P(A + 1)| x |-^-! is positive definite. One can 
similarly show the positive definiteness, for A > —1, of the generalized 
functions. 


ietz (A + 1)(x + 10) 
and 
ie ^T(Q + D)(x — i0)-^-1 


$ We will find it convenient, throughout this paragraph, to use the same symbol for 
the argument of a function and that of its Fourier transform. 
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(they are the Fourier transforms of the positive generalized functions 
x! and x^). 

The situation is otherwise for A < —1. Thus, for example, for 
à > — m — | the generalized function x’, is defined by 


k- 


(x1, 9) = f x [e = S umo) dx 











EE PE 
This expression can take on negative values for positive test functions 
g(x). However, if g(x) is such that ¢(0) = 9'(0) = ... = p™ 10) = 0, 


then (26) becomes 


(4, 9) = (i x(x) dx. 


Therefore for A > — m — | the generalized function x4 is not positive 
on the entire space of test functions, but only on its subspace consisting 
of those functions 9 for which ¢(0) = 9'(0) =... = g 710) = 0. 
An analogous remark applies also to the generalized function x^. 

It follows that for —2m — 1 <A the inequalities (x1, pë) > 0 and 
(x1, og) > 0 are fulfilled if 


(0) = e'(0) = ... = pi" (0) = 0. (27) 


Indeed, in this case every derivative of the function g(x) p(x) up to 
and including the (2m — 1)st vanishes for x = 0, and therefore one has 





(x1, eg) = f x^lg(x)? dv 220 


and a similar inequality for x^. Considering the Fourier transforms of 
the generalized functions x^ and x^, we find that the generalized func- 
tions 
ie ^T(A + 1x + :0)-?71 
and 
—iei ATQ + 1)(x — i0) 


are not positive definite, for —2m — | <A, on the entire space S, but 
only on a certain subspace of S. It can beshown that this subspace consists 
of those functions for which every moment m, — i xřo(x) dx of 
order up to and including the (m — 1)st vanishes.t 


t Presumably m is the smallest integer satisfying —2m — ] < A. 
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In other words, 
(iei TQ, + D) (x + i0), p * p*(x)) > 0 


for every g(x) € S such that 
f x*p(x) dx = 0, 0 x kh xim — 1. 


Let us now consider the generalized functions of the form (ax? + bx 
+ c). These functions were studied in Volume I (Chapter II, Section 
2.6), where their Fourier transforms were obtained. The generalized 
function (1 + x?) is positive for any real A. Therefore its Fourier 
transform 

2/7 T 
TO Gs DK a0 
is positive definite for any real A. 

The generalized functions (x? — 1) and (x? — 1) are positive for 

A 2 — l. Therefore for à > — 1 their Fourier transforms 


TA + 1) Va(1 x DN 1x |) 
and 


TQ + 1) Va(À x )-^3 Ji x 1) 


are positive definite. 
For positive integer values m, the generalized functions 


(1- T &(x) 
and 


2«(—0 (1 + a)” 96) + C- Dn? Vallo Do) Jai 


which are the Fourier transforms respectively of the positive generalized 
functions (x? + 1)" and (x? — 1)", are positive definite. 

Let us now consider functions of several variables. For A > — n the 
generalized function 7? is defined by 


(r^ 9) = Qn f r^*7-18, (r) dr, 


where Q, denotes the “surface area" of the n-dimensional unit sphere 
[Q,, = 2n'"/I'(4n)], and S,(r) denotes the average of the function 


3.6 Positive- Definite Generalized Functions 173 


g(x) over the sphere of radius r. From this formula one sees that the 
generalized function 7^ is positive for A > — n. Consequently, its 
Fourier transform 


THA + in) die 
T(-M) 


p ee 2À engin 


is positive definite for A > — m. 
If —n — 2m < À < — n — 2m + 2, the generalized function r^ is 
defined by 


e$ = 9, f [s6 - $ aa seo] a 


In this case 7^ is positive on the subspace consisting of those functions 
g(x) for which 


S0) = S7 (0) = ... = St"-*(0) = 0. (28) 


According to formula (6) of Volume I (Chapter I, Section 3.9) condi- 
tion (28) can be represented in the form 


(0) = 4e(0) =... = A"3900)— 0, A= > > . (29) 


Thus, we have proven that the generalized function (r^, 9), where 


r^ — (x? 22 x24, —n — 2m < À < —n — 2m + 2, 


is positive on the subspace consisting of those test functions satisfying 
condition (29). 

More complicated examples of positive and positive-definite general- 
ized functions of several variables arise in considering generalized 
functions connected with quadratic forms (cf. Volume I, Chapter III, 
Section 2). 

For example, let P = Dj 421 gj,xjx, be a quadratic form in n variables. 
Then the generalized functions P^ and P^ are positive for A> — 1. 
Therefore their Fourier transforms are positive-definite. 

These Fourier transforms are given by (Volume /, Chapter III, 
Section 2.6) 


land 1 
Pi = imna rA a lig). ——— 
+ S RERE TBI 
x [edem nO ete eine) ci] — (30 
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and 
— 1 
PA no—Qen$fquindpa + DA + $n) ———— 
i DERE IO s 
x [e-iv(Q — 10)-?-:" — eivi(Q + i0)?-17], (31) 


where q is the number of negative terms in the canonical representation 
of P; Q = Zi- 1g x;x, is the quadratic form adjoint to P (i.e., for 
which pı gg" = 8"); D is the discriminant of P; and (Q + 10), 
(Q — i0} denote the generalized functions Q^ + enti? and Q^ + ec? 
Qt ae 

Let us point out that for s > 0 and even, the generalized function 


(—1y(dey- 2k : 
Qzy D uc or "wu gr ^90) 


where 


z n a e 
= DE uu 
2 8 Ox. 4 Ox k ‘ 


i,k=1 


is positive definite, since it is the Fourier transform of the positive 
generalized function (c? + P)*/I'(s + 1). We will not give here the more 
complicated examples connected with the positive generalized functions 
(c + PY, and (c + PY, since the expressions for the Fourier trans- 
forms of these generalized functions are rather complicated. 

Up to this point we have considered examples of positive-definite 
generalized functions on the space K (or, what is the same, on the space 
S). Let us give examples of positive-definite generalized functions on 
the space Z. These generalized functions are Fourier transforms of 
positive generalized functions on K. Thanks to the fact that test functions 
in K have bounded supports, generalized functions on K can have any 
behavior at infinity. 

Consider, for example, the positive function e^*, a real. Its Fourier 
transform is the positive-definite generalized function 278(z — ta), 


(2178(2 — ia), p(2)) = 2rg(ia), 
on Z. 
In the same way, the Fourier transform of the positive generalized 
function exp ($x?) on K is the positive-definite generalized function 


(Pe) = —i VI (^ eple) de 


on the space Z. 
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4. Conditionally Positive-Definite Generalized Functions! 
4.1. Basic Definitions 


One can obtain new positive-definite generalized functions from given 
positive-definite generalized functions, by applying to them differential 
operators of the form DD, where D = X.,a,(d*|dx") is a linear 
homogeneous constant-coefficient differential operator of order s,? and 
D denotes the operator (—1)* £X. aj(d*|dx*). 


Indeed, from the easily proven relation 
DD(g * p*) = De * (Dg)* (1) 


it follows that (DDF, p * p*) = (F, De * (Dg)*). Therefore the inequal- 
ity (DDF, o « p*) > 0 holds for any positive-definite generalized func- 
tion F. 

The converse assertion is not true—from the positive definiteness 
of the generalized function DDF it does not in general follow that F 
is itself positive-definite. For example, the function —«x? is not positive 
definite. However, applying DD to it, where D = d/dx, we obtain the 
positive-definite function DD(—.x?) = 2. 

We will call a generalized function F a conditionally positive-definite 
generalized function of order s if the inequality (DDF, 9 « p*) > 0 
holds for all test functions g(x) and all linear homogeneous constant- 
coefficient differential operators D of order s. Such generalized functions 
arise, for example, in the theory of generalized random processes in 
Chapter III. 

Using (1), we can formulate the definition of conditional positive 
definiteness in another way. Namely, a generalized function F is con- 
ditionally positive-definite if the inequality (F, p « 9*) > 0 holds for all 
test functions of the form g(x) = Dy(x), where D is a linear homogeneous 
constant-coefficient differential operator of order s, and (x) is a test 
function. 

The study of conditionally positive-definite generalized functions is 
more conveniently carried out by replacing them by their Fourier 
transforms. 


1 This section can be omitted at a first reading. It should be studied after reading 
Chapter III. 
2 As usual, d*/dx* denotes the operator 


Qt 


——————-— IRI — T i 
Ax. xkn ? ie Wes ree 
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Let us associate with each differential operator 


dk 
ae 2 ^s di 
the polynomial 
1 
PQ) = ——— ay (—iXY. 
(A) (27) T mC ) 


Since the relation d*F Fjdx* = = [(—i}*/(27)"]F is satisfied by any general- 
ized function, DF — P(A)F. It is easily shown that to the operator D 
corresponds the polynomial 


PQ) = aa X, (ial 


|kl=s 


Therefore the Fourier transform of the generalized function DDF is the 
generalized function PPF. Since the Fourier transformation takes the 
function p x p*(x) into the function ¢(A)G(A), the conditional positive 
definiteness of order s of a generalized function F is equivalent to its 
satisfying the inequality 


(PPP, yi) > 0 


for all homogeneous polynomials P of degree s and all functions (A) of 
the dual space. 

In accordance with this we will call a generalized function F condi- 
tionally positive of order s, if the inequality (PPF, pë) > 0 holds for all 
homogeneous polynomials of degree s and all test functions p(x) (it would 
be more correct to call such generalized functions conditionally multi- 
plicatively positive, but for brevity we omit the word “multiplicatively’’). 

Since we will be interested in conditionally positive-definite generalized 
functions on the space K, we will consider conditionally positive general- 
ized functions on its dual space Z. 


4.2. Conditionally Positive Generalized Functions (Case of One Variable)? 


Here we shall ascertain the general form of conditionally positive 
generalized functions of order s, for functions of one variable. Since, 
for functions of one variable, x? is the only homogeneous polynomial of 


3 This case is the most important for the theory of random processes. The reader who is 
interested in the theory of random fields should also familiarize himself with Section 4.3, 
in which conditionally positive generalized functions of several variables are considered. 
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degree s, the conditional positivity of a generalized function F is equival- 
ent to the multiplicative positivity of the generalized function xF. 
But by the Bochner-Schwartz theorem given in Section 3, every 
multiplicatively positive generalized function on Z is given by a positive 
tempered measure. Thus, if F is a conditionally positive generalized 
function of order s, there exists a positive tempered measure v such that 


(F, 2*9(2)) = | (x) di) 


for all g(z)¢ Z. But any function of one variable j(z)e€ Z, having a 
zero of order 2s at z = 0, can be represented in the form J(z) = z?*g(z), 
where p(z) also belongs to Z. Therefore the result which we have proven 
shows that 


dv(x) 


xs 


(Fd) = {eyo (2) 
for any function J(z) € Z having a zero of order 2s at z = 0. 

It will be convenient for us to formulate this result in another way. 
To do this, we separate out the point x = 0 from the integral in (2). 
In view of the relation 


uut uo) 


Bm um = Orc 


we obtain 





w= [ 925 «D cn 


where £2, is the region complementary to the point x = 0, and the coeff- 
cient a is the v-measure of this point. Introducing a new measure dp(x) 
= dy(x)/x?* in Qop we can rewrite (3) in the simpler form 


FW) = J de) date) + aD. (4) 


We have thus found the general form of the functional F on functions 
p(z) having a zero of order 2s at z = 0. Let us now find the general 
form of F on an arbitrary function ẹ(z)e Z. Choose any function 
o(z) € Z such that a(z) — | has a zero of order* 2s + l at z = 0, and 


4Such a function a(z) is easily constructed by considering a function of the form 
p(z)B(z), where B(z) € Z and p(z) is a polynomial of degree 2s + 1, and suitably choosing 
the coefficients of p(z). 
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associate with every function J(z) € Z the function 


sa = 49) — ofa) EE 


This function has a zero of order 2s at z = 0, and therefore (4) is applic- 
able to it; 
ed g(0) 
(F, 0) = IM (x) du(x) + a — a. 
But 
(F, p) = (F, 0) + > EO (P, o(z)s*), 


and 099(0) = 4'?»(0); therefore 


e = f po x9 X, Ped dats) + $a HPD, 








where for brevity we have set a, = (F, o(z)z^) for 0 < k < 2s — | and 
ay, = a = v(0). 

Since the measure v is finite on all bounded sets, fy—.,,-, d(x) < + oo 
and therefore fo. m. x** du (x) < + oo. 

Moreover, we note that a,, > 0 since a,, is the v- measure of the point 
x = 0. 

Thus, we have proven the following theorem: 


Theorem 1. Every conditionally positive generalized function F of 
order s of one variable, on the space Z, has the form 





v [ope «xf oH] dats) + 5 a AOD. 0 


Here p is a positive tempered measure such that the integral fj. , x** 
dyu(x) converges, v(z) is a function in Z such that a(z) — | has a zero of 


“We were not able to set simply 
2s—1 
A(z) = d(z) — 


k=0 


(0) 
k! 





smee then the function 6(z) would not tend to zero along the real axis and would not 
belong to Z. 

We note that the function a(z) is not uniquely defined. The final expression for (F, y) 
depends upon the choice of a(z) and is therefore also nonunique. 


4.3 Conditionally Positive- Definite Functions 179 


order 2s + ] at z = 0, a, > 0, and aj, O<k < 2s — | are certain 
numbers. 

We mention that the converse assertion is also true—any generalized 
function F of the form (5), where u, a(z), and the a, satisfy the conditions 
stated, is a conditionally positive function of order s. Indeed, if q(z) 
is any function in Z, then the function z?*9(z)p(z) has a zero of order 
at least 2s at z — 0. Therefore all of its derivatives of order up to the 
(2s — l)st inclusive vanish at z = 0. The derivative of order 2s equals 
(2s)!| (0) |? for z = 0. 

Therefore 


(E, sey) = [| x pla)? dala) + as OP. (6) 


The integral in (6) converges at infinity, since u is tempered and the 
function x?5| p(x) |? is rapidly decreasing. It also converges at zero, 
since by assumption the integral fo<z<ı X du(x) converges. But 
since p is positive and a, > 0, it follows from (6) that (F, z?*9(z)g()) 
> 0. Thus we have proven that if the measure p, the function a(z), 
and the numbers a, satisfy the conditions of Theorem 1, then formula 
(5) defines a conditionally positive generalized function of order s. 


4.3. Conditionally Positive Generalized Functions (Case of Several Variables) 


In the case of several variables, a theorem analogous to Theorem | 


holds. 


Theorem 1'. Any conditionally positive generalized function F of 
order s on the space Z has the form 


(F, p) = I: b (x) — a(x) 2 20 s] duse 5 " em (7) 


\k|=0 








Here u is a positive tempered measure, defined in the complement 
Q, of the point x = 0, such that the integral f; 444 | x |?* du(x) 
converges, a(z) is a function in Z such that a(z) — | has a zero of order 
2s + lat z = 08; the a,, | k | = 2s, are numbers such that the Hermitean 
form Dyaijes a; ££; is positive-definite, and the ap for | k| < 2s — 1, 
are certain fixed numbers.’ 


€ [In other words, o(0) = 1 and «@(0) = O for 1 < |q | < 2s 
* We set here, as every where in this book, | x | = (x? + ... + x2)5; Al denotes ky! ... Ral; 
z* denotes zh... 25, and | k | denotes the sum A, +... + Ry. 
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We first prove a special case of this theorem; namely, we indicate the 
general form of (F, p) for functions ¢(z) € Z of the form 


v(3)- J, ple) pez) €Z. (8) 


|kj=28 


Lemma 1. Let F be a conditionally positive generalized function of 
order s. Then for any function g(z) € Z which is a linear combination 
of functions z*p,(z) where | k| = 2s and g,(z) € Z, F is given by 


(ec Ji edu) Ya re (9) 


k|-98 


Here u is a positive tempered measure such that the integral fo, <1 
| x [55 du(x) converges, and the a,, | k | = 2s, are numbers such that the 
Hermitean form 24,.,5., a; ,;£;£; is positive-definite. 

First we find the general form of F for functions of the form g(z) 
= a'j(z), where J(z) € Z and | k | = 2s. Since for | k | = 2s a monomial 
z* can be written in the form z^ = zz), where |7| = |j | — s, the 
function 2*4(z) can be represented in the form 


ziz) = (ga! + 22’) o(2) — (93 — 32e). 


But for any homogeneous polynomial P(z) of degree s one can find a 
positive tempered measure v, such that the relation 


(F, PBy) = [ wx) dvala) (10) 


holds for all J(z) € Z. In fact, by the definition of the conditional 
positivity of a generalized function F the generalized function PPF is 
multiplicatively positive. According to Theorem 3’ of Section 3, a 
multiplicatively positive generalized function on Z is given by a positive 
tempered measure vp. Therefore 


(F, PPJ) = (PPF, 4) = | W(x) d»). 


Applying this result to the polynomials P,(z) = (z? + 27)/2 and P, 
= (az! — 27)/2, we conclude that 


(F, z*j(2)) = (F, P Piy) — (F, PoP.) 


= | He) 40) — [409 des (x) = [469 deo) 
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where we have set 
dv,(x) = dv, (x) — dv, (x). 


At first glance the measure v, depends not only upon the value k, but 
also upon the method of decomposition z^ = z'z/ of the monomial z* 
into a product of monomials z! = zi! ... 2/7 and 2/ = zi! ... zj» of degree 
s. As a matter of fact, v, depends only upon k. Indeed, suppose that the 
measure o, corresponds to a different decomposition z^ = z^z*", | p | 
= |q | = s. Then for any J(z) e Z we have 


(F, s^) = f Wa) dri) = f x) donla). 
But Z is everywhere dense in S, and therefore 
[460 d) = | W(x) de) 


for all y(x) € S. This can hold only if v, = o} 

Thus, we have proven that for any k, | k | = 2s, there exists a unique 
measure vy (in general, not positive) such that for every function of the 
form z* (z), (x) € Z, the generalized function F is given by 


(F, a2) = f ox) de 9. (11) 


This formula still does not enable one to find the general form of (F, ¢) 
for all functions of the form È}, z*p,(z), since the measure v, in (11) 
depends upon the value k (i.e., on the collection of numbers &,, ..., Ry). 
We would like, therefore, to rewrite this formula in a form not depending 
upon the value k. To do this we divide the entire space of the independent 
variables into two parts—the manifold L,, where x* = 0,8 and the com- 
plementary region 2,. In each region Q, we introduce, in place of v,, a 
new measure up setting? du,(x) = dv,(x)/x*, 

Let us show that these measures have the following compatibility 
property: u; = p, in the region Q; O Q,. Let x/ and xt be two monomials 
of order 2s, Then for any J(z) € Z one has 


(F, aia) = f 99) dos) 


8 Recall that the equation x* = 0 is a short notation for the equation xh ... xi» = 0. 
Therefore the manifold L, consists of all hyperplanes x; = O for which k, is different 
from zero. 

? This is possible because the denominator x* does not vanish in £,. 
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and 
(F, 2 Y(2)) = | xiha) dei) 
and so, for any J(z) €Z, 


f 55660 dila) = ff) dr) 


Le., 
x* dv(x) = x dv,(x). (12) 


But then we have u; = up in Q; A Qy. It follows that in the union Q, 
of the Q, there exists a measure u which coincides, in each of the 
regions £2,, with the corresponding measure u, It is not hard to see 
that Q, is the complement of the point x = 0. We can now write (11) 
in the form 


(aie) = |. de) deo) + f, e) dno) 
- NELLO du,(x) + f Ww) dvx) (13) 
= [xen dao) + | do deo. 


Lk 


Since the function x"J(x) vanishes outside the set Q,, the first term in 
(13) is not changed if we replace the region of integration Q, by Qo; 


J, WO) dat) = f be) dac. 


Let us now consider the second term. From (12) we have v,(L;) = 0 
where L, denotes the set of points x for which x* = 0 but at least one 
of the monomials x’ does not vanish. Since the manifold L, can be divided 
into the point x = 0 and a finite number of sets, in each of which at least 
one of the x’ is different from zero, the measure v, (in L;) is concentrated 
at the point x = 0. Therefore 


J, Hx) dn) = auh(0), 


where a, is the v,-~measure of the point x = 0. 
Substituting this expression into (13), we obtain 


(Fs) = [| sb da) + a0). (14) 
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Setting z*j(z) = p(z) and taking into consideration the equality 
V(0) = 9 (0)/kl, we can write (14) in the form 


(Fe) = f. ole) dats) + a PoP (15) 


Now (15) can be represented in the following form, which does not 
depend upon k: 


(9) f ole) dd X a Pap (16) 


Indeed, each derivative of (z) = z*¢(z), of order j, |j| = 2s, 
vanishes at z = 0 if j # k. Therefore (15) is equivalent to (16). 

Thus, we have found the general form of the functional (F, g) for 
functions of the form (z) = z*b(z), | k | = 2s, p(z) € Z. But the right 
side of (16) does not depend upon k, and therefore (16) holds for linear 
combinations of functions z^/(z). This proves that the value of (F, 9), 
for all functions of the form 


2) = Y, sw. plz) €Z, 


lk |=28 


is given by (16). 

In order to complete the proof of the lemma, it remains for us to 
show that the measure u and the numbers a; have the properties stated 
in the lemma. In other words, we must show that u is positive and 
tempered, that the integrall? fj... ., | x |** du(x) converges, and that 
the a, (| k | = 2s) are such that the Hermitean form X, |; a;,£;£; 
is positive definite. 

To prove the positivity of u we use the relation x* du(x) = dv,(x) 
which holds for p. We choose k = 2j (i.e., x* = x? ... XP»), This is 
possible since & can be any vector with integer components and length 
| k| = 2s. In view of the conditional positivity of the generalized func- 
tion F, the generalized function 2?F is multiplicatively positive. By 
Theorem 3' of Section 3, the measure va; which defines it is positive and 
tempered. But then u, which is related to v, by x% du(x) = dvjj(x), 
is also positive and tempered. Furthermore, it follows from foci) <1 
dvy,(x) < + oo that 


f x dy(x) < + oo. (17) 
oc|xi«1 


30 | y [29 — (xf +. + xD) 
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Since the integral fo. |. -1 | x [** d(x) is a linear combination of integrals 
of the form (17), it also converges. This proves our assertions regarding 
the measure p. 

In order to prove the assertion regarding the numbers a;, recall that 
these numbers were defined by a, = v,(0), the v,-measure of the point 
X = 0. Therefore we must prove that for any complex numbers é, ..., En 


Dd, naQ > 0. (18) 


ines 
To prove (18), we form the homogeneous polynomial P(z) = 2X ,.. 


éz! of degree s. As was remarked at the beginning of the proof, there 
corresponds to this polynomial a positive measure dv, such that 


(F, PPg) = | ox) dv,(x) (19) 
for all p(z) € Z. But, on the other hand, 


(E, PPp) = > (F, 2p) EE; 


jtl=ljl=s 
= m &£, fa) dy, , (x). (20) 


Since (19) and (20) are valid for any 9(z) € Z, then 


v (A) = > vi (AEE; 


lil=lsl=s 


for any set A. Choose the point x = 0 as the set A. Since v;, (0) = a;,,, 
we obtain 


v(0) = by CAERA 


lil=ij]=s 


Since v,(0) > 0, inequality (18) follows. This proves the positive 
definiteness of Lj gj) js a; 6i. 

Lemma | gives the general form of the functional (F, g) for functions 
o which can be written as in (8). Now we show that (16) holds for all 
functions g(z) having a zero of order 2s at z = 0. To prove this, we take 
into account that the functions of the form (8) are everywhere dense 
in the set of functions in Z having a zero of order 2s at z = O (the proof 
of this statement is carried out in the Appendix to this section, p. 194). 
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Therefore it suffices, for the proof of our assertion, to show that the 
functional 


0 
Fre) — fo) due) + X, a BE, (21) 
a IPle2s 
considered on functions of the form 
oz) = >) zip) pz) €Z, (22) 
|K|=28 


is continuous in the topology of Z. 

Let p(z) be a function in Z having the form indicated. Then the 
function p(x)/| x |$ is bounded for 0 < | x | < 1 and the convergence 
of fo<izi <1 x |? du(x) implies the convergence of fo, <1 9(x) du(x). 
The convergence of f|4., P(x) du(x) follows from the fact that g(x) 
is rapidly decreasing and that u is tempered. From this it follows that 
(F,, v) is defined for all functions y(z) € Z of the form (22). 

Let us prove the continuity of the functional F, in the topology of Z. 
Suppose that a sequence of functions 9,,(z) € Z, having the form 


Pal) = P, reu: —ow()eZ 23) 


Ik|—us 
converges to zero (in the topology of Z). From the properties of the 
measure u it follows that 


Lx P* dul) 
(1 + [x Py 





converges for some p > 0. 

Since the m(x) converge to zero in the topology of Z and have the 
form (23), for any « > 0 there is an N such that | o,(z) | < (e| x [25 
[(1 + | x [2)?] and | efP(0) | < e | k | = 2s, for m > N. But then 


P |x [Ps du(x) as del k 


|k|-2s 


for m > N. In view of the arbitrariness of e, it follows from this that 
F, is continuous. Since F, coincides with F on functions of the form 
(22), and these functions are everywhere dense in the subspace of func- 
tions g(z) € Z having a zero of order 2s at z = 0, the equality 


^0) 
kl 





(F, g) = fet) dup) + E, a 
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is valid for all functions g(z) of this subspace. Thus Lemma | is proved. 

It follows from these considerations that if the measure u is tempered 
and fois | x | du(x) converges, then f g(x) du(x) converges for all 
functions g(z) € Z having a zero of order 2s at z = 0, and defines a 
continuous linear functional on the subspace of such functions. 

We proceed now to the proof of Theorem 1’, i.e., to the establishing 
of the form of the generalized function F for all o(z) € Z. Just as for 
functions of one variable, we introduce a new function @(z), setting 


He) = s) - «9 $, PSP e 


where o(z) is any function in Z such that o(z) — | has a zero of order 
2s + l at z = 0. The function 0(z) has a zero of order 2s at z = 0. 

We have already shown that for such functions the value of the general- 
ized function F is given by 


(F,0) = f. A(x) du(x) + 2, a, ee 


Ik|- 38 


Since the derivatives of order 2s of p(z) and (z) coincide, this formula 
can be written in the form 





(F, 0) == f. 8(x) dp(x) + 2 ar Y 


ie 


But 


2s—i 


(^) = 056. e, TP E, ole). 


kl=0 





Denoting (F, a(z) 2") by a}, we obtain 





(Fg) = I. [oco -- a(x) E g" x. x] dic) + > n 20) 


ik i-o 


Thus, the general form of F has been found for any ¢(z) € Z; Theorem 
l’ is proved. 
The theorem converse to Theorem 1' is also valid. 


Theorem 2. Let p be a positive tempered measure such that 
Sociai <1 € |? du(x) converges; ap, | | = 2s,—numbers such that the 
Hermitean form 24.,.,4;,;£,£; is positive definite; a4, 0 <|R| 
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< 2s — l—arbitrary numbers, and a(z), a function in Z such that 
a(z) — | has a zero of order 2s + 1 at z = 0. Then the generalized 
function F, defined by 


Fe f [penc ¥ 2 PO e] + M afa. qo 


|ki-0 








is conditionally positive of order s. 


Proof. First we prove that (24) defines a functional on Z. Let 
o(z) € Z be arbitrary. Then the function 


(2) = p(z) — a(z) > wo 


has a zero of order 2s at z = 0. 

We showed on p. 186 that from this follows the convergence of fo, (x) 
du(x) and the continuity of its dependence upon @(x). Therefore (24) 
defines a continuous linear functional on Z. 

Now let us show that F is conditionally positive of order s, i.e., that 
(F, PP $) > 0 for any homogeneous polynomial P(z) of degree s and 
any e(z)e€ Z. Indeed, the function j(z) = P(z)P(z)p(z)¢@(z) has a 
zero of order 2s at z = O, i.e., all of its derivatives up to order 2s — | 
inclusive vanish at z = 0. 

f By Leibnitz's formula, the derivatives 4^ (0), | k| = 2s are given 
y 


JU) = | > G 4- jy Peele) PO 12 
i]=]j]=s 


Therefore the generalized function F is given, for ẹ(z) = P(z)P(z) 
g(z)e(z), b 


 P'*9)e(0) P9X0)g(0) 


(F, PPop) = | | Peele)? da) - 2, ars ji 


lél=ljl=s 


11 We denote by (i + 7)!/;i!j! the expression 


(à t AM sss + Ja)! 
a! tla! dal C 
7? The remaining terms in Leibnitz's formula vanish, since P'?(0) = Oif | i| < s— l. 
If | >s +1, then jj | <s—1 and PO) = 0. 
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Since both terms on the right side are positive (in view of the positivity 
of the measure u and the positive definiteness of the form 2.45. 
à; ,j£, 6j), we obtain (F, PPog) > 0. This proves the conditional positivity 
of F. 

We remark that u and the numbers a,, | k | = 2s, are uniquely defined 
by the conditionally positive generalized function F. At the same time, 
the function a(z) and the numbers aj, | k | < 2s — 1, are not uniquely 
defined. To prove the uniqueness of u and the a,, | k | = 2s, we note 
the following. 

By the Bochner-Schwartz theorem (Theorem 3 of Section 3), for 
every polynomial P(z) the functional F uniquely defines a measure v, 
such that (F, PP) = f (x) dv, (x). The measures v, uniquely define 
measures v}, | k | = 2s, such that (F, z*p(z)) = f p(x) v,(x). Lastly, the 
v, uniquely define a measure u and numbers a,, | k | = 2s, since du(x) = 
dv,(x)/ x* and a, = v,(0). Thus the uniqueness of p and thea,,!k | = 
2s, is proved. 


4.4. Conditionally Positive-Definite Generalized Functions on K 


We have seen in Section 3 that the Fourier transformation takes 
conditionally positive-definite generalized functions into conditionally 
multiplicatively positive generalized functions on the dual space of test 
functions. Therefore the results of the preceding section permit us to give 
a description of conditionally positive-definite generalized functions on 
K. We recall that a generalized function F on K is called conditionally 
positive-definite of order s if (DDF, o « 9*) > 0 for all g(x) € K and all 
linear homogeneous constant-coefficient differential operators D of 
order s. 

From Theorem 1’ of the preceding section follows: 


Theorem 3. Let F be a conditionally positive-definite generalized 
function of order s on the space K. Then F has the form 


(9) [, [PO — «9 PE P ja 2 a EE o» 


lk]2:0 


Here ¢(A) is the Fourier transform of g(x), u is a positive tempered 
measure such that fo<ja <1 | A |? du(A) converges, the ap, |k] = 2s, 
are numbers such that the Hermitean form È paj =s; ,;£,£; is positive- 
definite, the a, for 0 < | k | < 2s — 1 are numbers depending upon F, 
and a(A) is a function in Z such that a(A) — 1 has a zero of order 2s + | 
at À — 0. 
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Formula (25) can be written in another way, introducing the moments 
of the function g(x). For this we note the following. From 


GA) = [eto (x) dx 
it follows that 
PHA) = PH f tiaga) de. 
Setting À — 0, we obtain 


PEO) = 1 f wrga) dx = i*b,, 


where b, denotes the kth moment of g(x). 
Using this equality, we can write (25) in the form 








Nue ANO DEAD 2s i™b ; 
Fo = f PN- * art] oO) 3 a e» 


In particular, if the moments of (x) vanish for | k | < 2s, then (25?) 
becomes 


(Fro) = f, PAO dA S rae 








if l=28 
T) 0 " 
= | 50440) + Ye EGP. Qs) 


In conclusion we remark that if a conditionally positive-definite 
generalized function F has the form 


(F, p) = [FG)o() dx, (26) 
where F(x) is a continuous function, then the positive measure y corres- 


ponding to F is finite in any region of the form |A| >a 7 0, and 
Josja <1 | A [8 du(A) converges. The converse is also true. 


4.5. Bilinear Functionals Connected with 
Conditionally Positive-Definite Generalized Functions 


In this paragraph we discuss Hermitean bilinear functionals B(o, #) 
on K, having the following properties: For any linear homogeneous 
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constant-coefficient differential operator D = %,.., 4a, (d"/dx") the 
Hermitean bilinear functional Bp(9, /), defined by 


Bolg, 4) = B(De, DJ), 


is translation-invariant and positive-definite. 
For the description of such functionals we use the theorem of Section 
3, according to which Bj(y, V) can be represented in the form 


Bly, 4) = (Fp, o * 9*), 


where Fp is a positive-definite generalized function. Thus, for any two 
functions o(x), y(x) € K 


B(Do, Dy) = (Fp, p * $*). 


We introduce a new generalized function F, setting (F, DD@) = (Fp, 0) 
for any 6(x) € K. This defines F only on functions of the form DD6(x). 
The functional F can be extended to all of K in an arbitrary manner.!3 

The bilinear functional B(g, V) is related to F by the equation 


B(Do, DJ) = Bpl, Y) = (Fp p * ¥*) 
= (F, DD(g * $*)) = (DDF, e * $*). 


This equation holds for any g(x), (x) € K, and any homogeneous con- 
stant-coefficient linear differential operator D of order s. 

Since by hypothesis B(Do, De) > 0, then (DDF, o « »*) > 0, and 
therefore the generalized function DDF is positive-definite for any D of 
the form considered. But this means that F is a conditionally positive- 
definite generalized function of order s. 

We can now prove the following theorem, describing bilinear func- 
tionals of the type considered. 


Theorem 4. Suppose that the Hermitean functional B(o, y) is such 
that for any homogeneous linear constant-coefficient differential operator 
D of order s the functional Bj(o, Y) = B(De, D4)is translation-invariant 
and positive-definite. Then for any infinitely differentiable functions 


13 The functions of the form DD6(x), 6(x) € K, form a subspace Kp in K such that 
the factor space K/Kp is finite dimensional. Choosing a linearly independent basis 
91 + Kp, .., Pm + Kp in this factor space and taking any values for (F, qi), ..., (Fy Pm), 
we obtain an extension of F to all of K. t It is not evident that F is independent of D. 
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g(x) and y(x) having bounded supports, whose moments up to order 
s — | inclusive vanish, one has 


ER AAN JOYO) 
Bop = f POND 2, a (350) 


lii-lil-s so jg 
Here p is a positive tempered measure such that 
f |A f* du) 
O<jA}<1 
converges, and the a,, |k| = 2s, are numbers such that the form 


Yos 5,66; is positive-definite. 


Proof. First we show that the vanishing of the moments b, and 
cy, of p(x) and x(x) for | k | < s — l implies the vanishing of the moments 
of o x #*(x) up to order 2s — | inclusive. Indeed, suppose | k | < 2s — 1; 
then 


[te «461 dx = [Tto — x) ds dy. 
Setting x = y + t in this integral, we obtain!4 


| lp x09] dx = : f O + AOE) dy dt 


= gu Cu iu [» e) dy f tt) dt 
= = C; bit. Q7) 
i+j=k 
But this sum equals zero, since from |? + j | = | k | < 2s — lit follows 


that in every term either |z| <s— l or |j| <s— l, and therefore 
every term in (27) equals zero. 

We proceed now to the description of the bilinear functional B(g, 4). 
We have seen above that for functions of the form » = Dy, ¢ = Dy, 


Bee, p) = (F, p * 4*), (28) 


where F is a conditionally positive-definite generalized function of 
order s. Since the functions of the form Dg, are everywhere dense in 
the set of functions having zero moments up to order s — | inclusive 


14 We denote by C2, , the expression 
GHD! Gt)... (in + A)! 


itj! ial oas dal Jal afa! 


ij 
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(see Appendix to this section), (28) holds for all such functions. To com- 
pute (F, o x *) we can apply (25’’), since it was shown above that all the 
moments of o x #*(x), up to order 2s — | inclusive, equal zero. 
This proves that 
: (0) 
BJ) = f 009440) + €, a (29) 


|k|=2 





where 6(A) is the Fourier transform of 0(x) = p x s*(x), and p and the 
Gy, Ik] = = 2s, are as in (25”). 

In view of the fact that 6(A) = $0950), where ¢(A) and (A) are the 
Fourier transforms of (x) and (x), it follows that!® 


v9) = Ci, G00) = 5 Ci $9 (0) (0). 


itl-2131-s 
i+j=k 


Substituting these values for 6(A) and 60) into (29), we obtain 


OPI 
i ^j 





Bo p= | FOR) dQ) + €, ans , (29) 


lé]=lsi=s 


which proves the theorem. 
Since for |z| = |j| we have geo = = bjc;, (29’) can be re- 


written in the form 


Q9") 
Let us now clarify the form of the Hermitean bilinear functional B(o, Y) 
for any 9(x), (x)e K. For this we introduce functions 6,(x) e K, 
[j| x s — 1, such that 


f oka) dx = 85 |i] <s—1, Bji«s—t (30) 


where 6,; is the multidimensional Kronecker symbol: 8;; = 8; j, + 


aja! 

The existence of such functions is proven without difficulty. Let 
&x) be a function such that f6(x) dx = 1, Consider the functions 
8 (x). It is obvious that f x89 (x) dx = Oif|k| <|j|, orif| k| = |j 
but k Æ j, and also that 


| x9 (x) dx = Zl, 


55 Recall that $'?(0) = Oif | ¿i| < s— l. 
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It then follows from these relations that one can form linear combinations 
(x) of the 0% (x), | j| xis — 1, which will satisfy the relations (30). 
With each g(x) e K we associate the function 


(x) = e(x) — 9, bba), 


lgl<e-l 


where the b, |; | xis — l, are the moments of (x). It is obvious that 
the moments of p(x) up to order s — | inclusive equal zero, and its 
moments of order s coincide with those of g(x). Therefore if p(x) and 
p(x) are any two functions in K, we find from (29") that 


Blow di) = f AQ AHA) D mu (31) 


il-ljl-s 





Here u, a, (| k| = 2s), bj, and c; have the same meaning as earlier, 
and §,(A), %,(A) are the Fourier transforms of g(x) and y(x). 
From the hermiticity of B(g, )) it follows that 





Bp, p) = Blo bo) + 2 b,B(0,, to) 
ilxs-i 
sp > c;B(go 95) + by b;c;B(0;, 0;). 
lil<s-l [I3 sl 


But B(o,, 05) is, for fixed f, a linear functional on K; B( gp, 0)) = L(g), 
and B(0, yo) = L(y). 


Thus, we have proven the following theorem. 





Theorem 5. Let B(g, y) be a Hermitean bilinear functional, and 
suppose that for any homogeneous constant-coefficient linear differential 
operator D of order s the functional Bolg, Y) = B(Dq, D) is translation- 
invariant and positive-definite. Then for any functions g(x), y(x) € K, 


B(g, p) is given by 


Bop = f OQ 4) X mau 


i=Tl=s nj 


+ 5 BRL) - DY uL) e Y A 


Elxs-l JI s-i lil, lJ I&s—1 


Here p is a positive tempered measure such that fo<ja <1 | A |2 du(A) 
converges; the a,, |k | = 2s, are numbers such that the Hermitean 
form X, 5, a,,;£;£; is positive-definite; the L; are linear functionals 
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on K, Aj; = Ay, are certain numbers; b; and c; are the moments of 
p(x) and (x), and (1), f(A) are the Fourier transforms of 


Pox) = e(v) — $, bx) 


lt|}<s-1 
and 
Yolx) = v(x) — $, c). 
lii <s-1 
Appendix 


In the proof of Theorem | we made use of the following assertion. 


Theorem 6. Every function g(z) € Z having a zero of order m at 
z = 0 is the limit (in the sense of convergence in Z) of a sequence of 
functions g,(z) € Z having the form 


gx (2) = > z'py,(2), 
]r|2m 
where g4,(z) € Z. 
Let us prove this theorem. To begin with, we show that g(z) can be 
represented in the form 


e(x) — Y, sj. (a), 


irl=m 


where the j,(z) are entire analytic functions of exponential type, having 
power growth for real values of z. This assertion is obvious if there is 
only one independent variable, since in this case g(z) = 2™(z), where 
p(z) € Z. Suppose now that the assertion is already proven for the case 
where the number of variables is less than n, Expand g(z) as a Taylor 
series in powers of the variable z,. This expansion can be written in the 
form 


pz 
ofa) - S, 707) ws + anita, (32) 
where z* denotes the collection of variables z,, ..., Zn- the p'(z*) 
are the values of the partial derivatives 059/027 for z, = 0, and $(z) 


= X2; 799(2*))/s]. Each of the functions p®(2*), 0 < s < m—1, 
belongs to the space Z* of functions of n — | variables z,, ...,2,. , and 
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has a zero of order m — s for z* = 0. Therefore, by the induction 
hypothesis these functions can be written in the form 


p —  * yale”) 
\tl=m—s 
where the /(z*) are entire analytic functions of exponential type 
having power growth for real values of z*. Substituting these values 
into (32), we obtain 


ys ZA Np) mas 
woe i cce pan (33) 

The function $(z) is also an entire function. Since all the remaining 
terms in the right side of (33) are of exponential type and have power 
growth for real values of z, and q(z) also has these properties, then 
z?$(z) also has these properties. But then ¢(z) is also a function of 
exponential type having power growth for real values of z. 

Since we have s + | Z| = m in (33), then the latter can be rewritten 
in the form 

p(z) = X 2"b,(2), 

where ¢,(3) = J(z*) if 27 = z$(z*) 120, and p(z) = $(z) if 
2” = 2", As we have proven, all of the functions ¢,(z) are of exponential 
type and have power growth for real values of z. This proves our 
auxiliary statement. 

Now take any function a(z) € Z such that a(0) = 1. The sequence of 
functions a(z/k) p(z) converges to g(z) in the topology of Z. But 


x r L4 
«(een = 2, a (1) He) 
and the functions o,,(z) = a(z/k) p(z), as is easily seen, belong to Z. 
This proves the theorem. 

Using the Fourier transformation, we obtain the following corollary 
of Theorem 6. 


Corollary. Every function g(x) € K whose moments up to order 
m inclusive equal zero is the limit (in the sense of the topology in K) 
of a sequence of functions p(x) having the form 

Px) = Dy ep), 
Ir =m 


where o,,(x) e K. 
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5. Evenly Positive-Definite Generalized Functions 


We consider here one of the most typical examples of theorems 
analogous to the Bochner-Schwartz theorem in which, as disting- 
uished from the cases considered in Section 3, the positive measure is not 
defined uniquely. Such theorems appear rather frequently (for example, 
in the moment problem). 


5.1. Preliminary Remarks 


A generalized function F is called even with respect to each argument, 
if 





P(A x24 £ Xn) = F(xy «5 Xn) 











for any combination of signs. Henceforth the words ‘‘with respect to 
each argument” will, for brevity, be omitted. 

If F is an even generalized function, and the test function g(x) is odd 
with respect to at least one argument, then (F, g) = 0. 

Many questions lead to the consideration of even generalized functions 
such that (F, p x p*) > 0 only for even test functions g(x). We will call 
such generalized functions evenly positive-definite. Of course, the class 
of evenly positive-definite generalized functions is broader than the class 
of even positive-definite generalized functions since, if F is an even 
positive-definite generalized function, the inequality (F, o * 9*) > 0 
holds not only for even test functions, but for all test functions. 

The definition of an evenly positive-definite generalized function 
can be given another form. Assume that the space ® of test functions 
is such that together with any two functions g(x) and y(x), x = (x, ..., 
Xn) it contains also the function 


A(x) = 5 fot; es Au). E Vay s Xn E Yn) dy s Wns 








where the summation is taken over all combinations of signs. It is easy 
to show that if F is an evenly positive-definite generalized function, then 
the bilinear functional on 9 defined by B(g, y) = (F, 0) is positive- 
definite, i.e., B(y, v) > 0. Conversely, if the bilinear functional defined 
by B(o, V) = (F, 0) is positive definite, then F is evenly positive-definite. 
We will not stop to prove these simple assertions. 

M. G. Krein has obtained a description of all continuous evenly 
positive-defintte functions f(x) of one variable, i.e., even functions f(x) such 
that 


J AAPO — x) dx dy > 0 (1) 
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for all even functions g(x) e K. He proved that every such function has 
the form 


fx) = f cos Ax dp, (à) + f cosh Ax dp,(À), (2) 


where p, and pg are positive measures, u is finite, and ug is such that 
the integral IN cosh Ax dua(à) converges for all x > 0. 

A similar result, under restrictions on the growth of f(x), has been 
obtained by A. Ya. Povzner [reference (54)]. 

If the measure ug equals zero, then f(x) assumes the form 


f) = f cos Ax dia), (3) 


and is consequently an even positive-definite function. 

Krein’s theorem is obviously an analog of Bochner’s theorem, In 
the case of Krein's theorem the measures u, and ug are not uniquely 
defined by f(x). A corresponding example will be given in Section 6. 
However, if f(x) satisfies certain restrictions on its growth for | x | — oo, 
then its integral representation (2) is unique. It is sufficient, for éxataple; 
that Tu exp(— cx?) f(x) dx converge for all c > 0. 

We will obtain this result further on as a corollary of more general 
results connected with evenly positive-definite generalized functions. 
In order to establish the connection of this circle of topics with the theory 
of generalized functions, we remark the following. If the integral 
fe exp(— cx?) f(x) dx converges for all c > 0, then 


(fe) = | FEl) dx (4) 


defines a generalized function not only on the space K of infinitely 
differentiable functions having bounded supports, but also on larger 
spaces of test functions. For example, (4) defines a generalized function 
on the space! S} consisting of entire analytic functions g(z) satisfying 
inequalities of the form 


| p(x + iy)| < C exp(—ax? + by?), O<a<b. 


It turns out that the possibility of extending the functional (f, 9) to 
S] is sufficient for the uniqueness of p, and ug. In other words, in order 


1 Concerning the definition of the space Si, cf. Volume II, Chapter IV, Section 2.3. 
A brief definition is given on p. 198. 
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that the measures u, and p, in (2) be uniquely defined by the evenly 
positive-definite continuous function f(x), it is sufficient that (4) define a 
continuous linear functional on the space S. 

We will see further on that in this form the corresponding assertion 
carries over to evenly positive-definite generalized functions of several 
variables. Moreover, for evenly positive-definite generalized functions 
on Si we will prove a theorem on the existence of an integral representa- 
tion not only for functions of one variable, but also for functions of 
several variables. 

Thus we will see that for a suitable choice of the space of test functions 
one can achieve the result that every evenly positive-definite generalized 
function on the space is defined by means of a unique positive measure. 

We remark that for certain spaces (for example, K) one can prove an 
existence theorem for the corresponding measures, in which the measures 
are not uniquely defined. However, in these cases the existence theorem 
is proven only for functions of one variable. At the same time, in the 
class of uniqueness the results obtained are true also for functions of 
several variables. 

Apparently this is not accidental, and outside of the class of uniqueness 
the existence theorem for functions of several variables is, as a rule, 
not true. That is, one is unable to deduce the positivity of a generalized 
function from its multiplicative positivity. It would be interesting to 
construct corresponding examples (at present such examples are known 
for the multidimensional moment problem; cf. Section 7.2). 


52. Evenly Positive-Definite Generalized Functions on $i? 


In this paragraph we study evenly positive-definite generalized func- 
tions on the space Si. In other words, we will consider even generalized 
functions on S; such that (F, p x »*) > 0 for all even functions (z) € Si. 


E 

? [n the case of several variables, S; denotes the space of entire analytic functions 

plz) = (z1, ..., Zn) satisfying inequalities of the form 
i p(x + iy) | < K exp(—ax? 4. by?), 0 «a « b. (5) 
Here ax? denotes the expression 27, a,x2; by?, the expression M. 1 5,923; and the inequality 
0 « a « b means thatO < a, < b, for all k. The topology in Sj is defined in the following 

2 
manner: a sequence {¢,,(z)} of functions in Sj is said to converge to zero, if the functions 
2 
m(2) converge to zero uniformly in every finite region of z-space and satisfy the inequality 
| gs(x + iv) | < K exp(—ax? + by?), 0-cacxb 


with constants K, a, b which do not depend upon m. 
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Let us denote by W the set of points z = (24, ..., z,) in n-dimensional 
complex space, each of whose coordinates is either real or pure imagi- 
nary. ‘The following theorem, generalizing the assertions formulated 
earlier for functions of one variable, holds. 


Theorem 1. Let F be an. evenly positive-definite generalized 
function on the space Si. Then F is the Fourier transform of a uniquely 
defined even positive measure u, concentrated on the set IN of points 
A = (Ay, s Àn), each of whose coordinates A, is either real or pure 
imaginary, and such that the integral? I exp (— cà?) du(A) converges 
for every c > 0. S 

In other words, for any even function‘ (2) € S; 


(F, g) = | PO) du), 


where u is a measure with the properties indicated above, and ¢ is the 
Fourier transform of o(z). 

If F is a generalized function of one variable, then the condition that 
the integral m exp (--cA?) du(A) converge means that 


| f exp(—cà?) dm (A) + f : exp(cd2) du (A) < + oo 


for any c > 0 (here p, is the restriction of the even measure y to the real 
axis, and p, is its restriction to the imaginary axis). The generalized 
function F is given, for n = 1, by 


(e) = f $0) duQ) + [GOA dus). 
This equation can be written in the form 
F=2| | cos Av dp, (A) + [cosh dv di ()] . 
9 0 


Thus, for n = | we obtain a generalization of the results indicated 
earlier for evenly positive-definite continuous functions of one variable. 
We will, as usual, prove the theorem which is dual to Theorem 1 


? We denote by cà? the expression ©? | cà} The inequality c > 0 signifies that 
€ 70,1] xh «nm. 

! It is sufficient to indicate the form of F for even test functions only: every test function 
p(z) is the sum of an even test function and functions which are odd in at least one 
variables. For functions which are odd in at least one variable, in view of the evenness 
of F, (F, 9) ~ 0. 
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relative to the Fourier transformation. Since this transformation carries 
S} into itself, Si — Si, the dual theorem reads as follows. 


Theorem 1'. Let F be an even generalized function on S; such that 
(F, ey) > 0 for all even functions g(z) € Si. Then? F is given by an even 
positive measure u concentrated on the set M of points, each of whose 
coordinated is either real or pure imaginary, and such that the integral 
Jay exp 62?) du() converges for all c > 0.5 In other words, 


(5,9) = | te) dut). 


For the proof of Theorem |’ we will find it convenient to pass from 
functions in S} to functions of exponential type, associating with every 
even function (2), ..., Zn) € St the function J(z,, ..., Za), defined by 


(zy... Bn) = PV Zis s V 25). 


In view of the evenness of o(z), the function (z) is well defined. The 

space of all the functions (2) obtained by this mapping will be denoted 

by Q. Obviously, every function in Q is an entire analytic function. 
From the inequalities 


| p(x + zy) < K exp(—ax? + by’), O<a <b, (5) 


which the functions in SẸ satisfy, it follows that the functions J(z) € Q 
satisfy the inequalities 


| y(x + zv)| < K exp(—ex + dil z |l), O<d<e, (6) 
where 


n J 
CX = by CkXk, di z || = > d,| z, |7 
k=l 


i-i 


5 For the sake of convenience in writing, we denote the dual generalized function 
by F and not by F; moreover, we denote the argument by z and not by A, as was done 
in 'Theorem 1. We trust that these changes will not cause the reader trouble. 

€ That is, e, > 0, ..., e, > 0. By cz? we understand 27, e,2;. 

7 Indeed, it follows from inequality (5) that 


SiG See ee ae E EET 
< K exp(—cx + dll z i), 


where c = $a + $b, d = $b — $a, and cx and dl|z|| have the meaning indicated 
above. It is obvious here that O < d < c (i.e., that O < d, < c 1 <k « n). 
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Conversely, if (z) is an entire analytic function satisfying inequality 
(6), then the function g(z) = (2?) satisfies an inequality of the form (5), 
i.e, belongs to St. Thus, the space Q can be defined as the space of 
entire analytic functions which satisfy inequalities of the form 


| d(x + ty)| < K exp(—cx + dl| z |l), (6) 


where 0 « d « c. In expanded form, inequality (6) is just 


Hé + aso te +B < K exp [7 $ an 9 dd ml] 
k=} k=] 


where O0 < dy < Cp LU Sk <u. 

The topology in S? induces a topology in Q. From the definition of the 
topology in Si it follows that a sequence (/,,(2)) in Q converges to zero 
if and only if the functions j,(z) converge to zero uniformly in every 
finite region of z-space and satisfy an inequality 


| Js (x + Zy)) < K exp(—ex + d| zl) 


where K, c, and d do not depend upon m. 
With every generalized function F on Sj we associate a generalized 
function on the space Q, defined by 


(9, 9(2)) = (F, (2). 


It is obvious that if the inequality (F, og) = 0 holds for all even functions 
p(z) € Si, then (®, Jj) > 0 for all p(z) € Q, and conversely. 

Since the set M of points with real or pure imaginary coordinates 
goes over, under the transformation z — z?, into the set R of points 
with real coordinates, Theorem |’ is equivalent to the following assertion. 


Theorem 1". Every mutiplicatively positive generalized function 
® on the space Q has the form 


(6,4) = | 4t» &(x), 
» 
where v is a uniquely defined positive measure on the set 9t of points 


with real coordinates, such that the integral f e7** dv(x) converges for 
all c > 0.? 


* As above, we denote by cx the expression cx, + ... + €,x4; € > 0 denotes c, > 0, ..., 
c, > 0. 
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There is obviously a similarity between Theorem 1” and Theorem 3’ 
of Section 3. We will reduce Theorem 1” to Theorem 3’ of Section 3. 

The plan of the proof consists in the following. First of all, we intro- 
duce, by means of the equation 


(Ba 6(2)) = (9, e^ 0(z)), 


a multiplicatively positive generalized function ®, on the space Z. By 
Theorem 3’ of Section 3, 6, is given by a positive tempered measure o, 
ie., 


(Bas 6) = | Ox) do(a). 


Setting dv(x) = e^ do,(x), we obtain for every c >Q a positive 
measure v, such that 


(6,4) = | Hx) dv) 


for all functions ¢(z)¢Q having the form (z) = e-**0(z), where 
Hz) € Z. 

Using the continuity of ® relative to the topology in Q, one is able to 
show that the measures v, do not depend upon the choice of c > 0. 
Following this, one proves that the equality 


(6,4) = [Hd (x) = v(x) 


holds not only for functions % of the form (z) = e~°*6(z), where 6(z) € Z, 
but also for all functions J(z) € Si. 

Let us now proceed to carry out this plane. First we prove the following 
lemma. 


Lemma 1. For any c > 0, all functions of the form J(z) = e-**0(z), 
where @(z) € Z, belong to Q, and the mapping 0(z) — e~6(z) of Z into Q 
is continuous for any fixed c. 


Proof. Since @(z) € Z, then by the definition of the space Z we have 
| (x + iy) < Ce", and therefore 


| e~8(z)| < Cencetallyll, (7) 


* By ally || we denote E; , acl y; '. 
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For any a and c there is an r = (ri, s 75), Tg > O, such that cj + ry > 
Va? + ri, Izkxmnm. We set ar = (Va? i 1555 Va? +r?) and c 
= d + fis s Cn + fn). Since 


rll] + ally | = (ril ea | H e t Fal Xn D + al yal H o al yl) 
< > VP + ÈV x, + |y, P = al zl 
= 


then 


, 


exp(—ex + a| yl) = exp(—c'x + rx + allyl) < exp) ex 4 az] 





and therefore 
| exp(—cz)6(z)| < C exp(—ex + ally l) < € exp( —e'x + a'|| z ll). (8) 


Since, in view of the choice of r, c' > a’, the function e “8(z) belongs 
to Q. 

Thus, the functions of the form e **6(z), 0(z) € Z, belong to the space 
O for any c. It is easy to ascertain the continuity of the mapping @(z) — 
e '*0(z) of Z into O, starting from the definition of convergence in these 
spaces. 

From Lemma | it follows that 


(Pe, z)) = (P, e-70(2)) (9) 


defines a continuous linear functional ®, on the space Z. By the hypothesis 
of T'heorem 1” the inequality (9, yf) > 0 holds for all p(z) € Q. Therefore 
(®., 06) > 0 for all 6(:) e Z. Indeed, we have 


(®,, 68) =- (D, e-i0(z)e- 150(3)) |. 0 


Since (®,, 00) > 0 for all a(z Je Z, then by Theorem 3 of Section 3, 
the generalized function ®, is given by a uniquely defined positive 
tempered measure o, on the set R of points with real coordinates. 
Therefore, if the generalized function ® satisfies the conditions of 
‘Theorem 1", then for any c > 0 there is a positive tempered measure 
c, such that 


(®., 0) - Í A(x) do (x) (10) 


for all &(x) € Z 
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Equation (10) can also be written in the form 
(5,4) = | x) deo) (10) 


if we set p(z) = e (2), dv (x) = e do(x). 

Thus, we have proven that (10’) holds for all J(z) € Q representable 
in the form e °*@(z), where 6(z)¢€ Z. The set of functions 4(z) €Q 
having the form e '^76(z), 0(z) € Z, for fixed c will be denoted by Q.. Thus 
the generalized function 9 is defined on the subspace Q, by a positive 
measure v, We proceed now to the central point of the proof, namely, 
we show that v, does not depend upon the choice of c > 0, i.e, that 
Va = ovy = v for any b, c > 0. This will show that is defined by the 
same positive measure on each of the subspaces O,, i.e., that 


(5.4) = | Wo) d) 


holds for all functions (x) which belong to at least one of the Q, 
Theorem |” is easily obtained from this by a limit passage. 

The following two lemmas lic at the basis of the subsequent reasoning. 
Although their proofs are not hard, they require a certain amount of 
computation. Therefore, in order not to interrupt the discussion, we 
will present their proofs at the conclusion of the proof of the theorem. 


Lemma 2. If 0 < b < 2e, ie, O < b, < 2c, for all & 1  & <4, 
then there exists a sequence of functions 0,(z) € Z such that 


(I) the sequence {e “6,,(z)} converges to e "* in the topology of Q, 


(2) the functions 6,(z) assume positive values for real values of 
z (ie. 0,(x) = 0), 


(3) for rcal values x we have 
| 8,,(x)| < Kye eed (11) 


with the constant K, not depending upon »n.!? 


Lemma 3. Every function ¢(s)¢Q belongs to the closure in Q 
of at least one of the scts Q.. 
Lemma 2 enables us to establish the independence of the measures 


10 We denote by ll(b — c)x li the sum XI a Gs — ex; | 
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v, upon the value of c > 0. To do this we first show that for 0 < b < 2c 
the integral 


| e-ve dy (x) (12) 


converges. Indeed, since the functions 0,(z) in Lemma 2 belong to Z, 
the functions e-*70,(z) lie in Q,, and so 


(D, e-c*0,(2)) = [ 776,9) dv. (9). (12^) 


Since e7*76, (z) — e^"? in the topology of Q, it follows from the conti- 
nuity of ® that the left side of (12’) is bounded. In other words, for all m 
we have 


| [eo dvo) | <A. 


Further, in as much as 0,(x)e-** > 0 and 0,(x)e-** — e-'* uniformly 
in every finite region, it follows that 


| e? dw(x) < A. 
Therefore the integral (12) converges. Let us now show that 
(6, e-*0(2)) = | e-"*0(x) dv (x) (13) 


for any 6(z) e Z, £0 <b < 2c. 
In fact, 


lim e-6,(2)0(2) = e02) 
in the topology of Q. Hence 


(Ð, e-6(2)) = lim (DÐ, e-**6,,(2)0(2)), 


i.e., by definition of the measures v, 
y à 


(D, e-**(2)) = lim | e-*8,,(x)0(x) dv. (3). (13) 


For the proof of (13) it suffices to prove that one can pass to the limit 
under the integral in (13^). To do this we note that in view of inequality 
(11) and the boundedness of 0(x), one has 


| e-**8(9)6,(9)| < Kerio: (14) 
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where the constant K does not depend upon m. In expanded form the 
expression —cx + || (b — c)x|| is just 


z > [crte + Ibr — cr) l] = — > Xp [C_ — | br — Cx | sign x]. 
kel kel 


But in view of the inequalities 0 < b, < 2c, 1] «x k <n, we have 
O < cp — i bp — cp | sign xp < 2c, Let us denote the expression 
€, — | b, — cp | sign x, by h,. We saw that 0 < A, < 2c,. Therefore 
it follows from inequality (14) that 


| O(a) < Ke, h = (hy n hn), 


where 0 < A < 2c. But, as was shown above, the integral f e-^* dvx) 
converges for 0 < h < 2c. Thus, each of the functions e-*"0(x)0, (x) 
is bounded by the function e^"", which is summable with respect to v, 
As is well known, this permits passing to the limit under the integral 
sign, which proves (13). 

Now we are able to prove the independence of the measures v, upon 
the choice of c > 0. In fact, by definition of v, we have, for every 0(z) € Z, 


(Ð, e-*:6(2)) = | e-"*6(x) dy,(x). 
Comparing this relation with (10^), we see that 
| e-**0(x) dv (x) = | ex) dv, (x) 
for every 0 € Z. But this can be so only if v, = »,. 
Thus we have proven that v. = vy if 0 < b < 2c. But then this equality 


holds for any positive values of b and c. Denote the common value of the 
measures v. by v. From the properties of v, it follows that the integral 


| e7** dy(x) (15) 


converges for all c > 0. 
As was remarked above (cf. p. 204), it follows from this that the equality 


(D, p) = | Hx) dv) 


holds for every function s(x) which belongs to at least one of the sets Q,. 
In order to prove its validity for every function (x) € Q, we use Lemma 
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3. According to this lemma, for any function j(z)&€ O there exists a 
sequence {y,,(z)! which converges to (z) in the topology of O, and all 
the V, (z) belong to the same space QO,. The generalized function @ is 
defined, for each of these functions, by 


(D, Yn) = | (9) dv) 


and we therefore find, in view of the continuity of ®, that 
(9.9) = lim | yn) dla). (16) 


In view of the earlier proven convergence of the integral (15) and the 
estimate 
| Jo (x)] < Kees 


which the y,,(x) satisfy (by definition of convergence in Q), we can pass 
to the limit under the integral sign in (16). It follows that 


(6,4) = [469 49. 


This proves Theorem 1”. But, as we have seen above, Theorems 1, 1’, 
and |” are mutually equivalent. Therefore the proof of Theorem | is 


complete. 
The converse of Theorem | also holds. 


Theorem 2. Suppose that the positive even measure u, defined on the 
set M of points, each of whose coordinates is either real or pure imagin- 
ary, is such that the integral 


|, eoe 
converges for all c — 0. Then 
(F, p) = |. e) dug) 
» 
defines an even generalized function F on the space S; such that 
(F, 9 * p*) > 0 for all even g(z) e Si. 
'The proof of this assertion is trivial. 


In the course of proving Theorem | we omitted the proofs of Lemmas 
2 and 3. Let us fill this gap. 
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First we prove Lemma 2, i.e., we show that for 0 < b < 2c the func- 
tion e^"* can be approximated in Q by a sequence of functions of the 
form e~°6,,(z), where the 0,(z) € Z are such that 0,(x) > O and | 0, (x)| 
x K,e*-o07 with the constant K, not depending upon m. For the 
construction of the 0, (x) we take any function a(z) € Z such that a(0) = 
and 

| a(x + 2y)| < Ce, 


where r satisfies the inequality! 0 <r < 3(c — || ^ — c ||) (since by 
hypothesis 0 — 5 — 2c, such an r exists). 


We set 
6,8) = af HÈ eu] (17) 


lk\= 


and show that the sequence {@,,(z)} satisfies all the conditions of the 
lemma. Note that each of the 6,,(z) belongs to Z, being the product of the 
function o(z/m)a(z/m) € Z and a polynomial. Further, the expression 
appearing within the square brackets is the partial sum of the Taylor 
series for ei(-?* and therefore converges to e*(c7?* uniformly in every 
bounded region as m — oo. At the same time, the functions a(z/m)a(z/m) 
converge to a(0) = | uniformly in every bounded region as m — oo. 
Therefore, e-**0,(z) — e-'* uniformly in every bounded region. 
Moreover, these functions satisfy the inequalities 


|e-*6,(z)| — Leers, — 0 —s cc 


with constants L, c, s not depending upon m. Indeed, 





o (c — b)'z* 
à 








< el i(c—b)z) | (18) 
\A1=0 
and therefore 

z 


| e7 8, (z)| < | eu (=) & (—)| elite» 


An ly Hi 


< C exp (—cx 215 + e — bell). (19) 


But since || y || < || z ||, it follows from (19) that 
| e-**6, (z) < Le casi tei), (20) 


1 This inequality means that 


O <r < 4c, — 15, — c, p. 
forall& l « k«m. 
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where we have put L = C?, s = | e — b|| + 2r. Here 0 — s <c in 
view of the choice of r. From the uniformity, in every bounded region, 
of the convergence of (e-^6, (2)) to e-"* and from (20) it follows also that 
the sequence [e-^*6,(z)) converges to e™? in the topology of Q. Further, 
the 0,(z) assume positive values on the set R of points having real 
coordinates and satisfy on R the inequality 


| e*6,()| & Lehm, — 0 s «c. 


Lastly, from (17) and the fact that the functions a(2z/m) have a common 
bound on the real line, we have 


| On(x)| < Kyelite-bia!! 


with K, independent of m. This proves Lemma 2. 

Now we prove Lemma 3, i.e., we show that every function j(z) €Q 
belongs to the closure in Q of some one of the Q.. To do this, we have to 
find for every y(z)€Q a c > 0 and a sequence of functions ¢,,(z) €Q, 
having the form pplz) = e pnl) o,(z)eZ, such that lim, ,. 
Vx) = (2) (the limit is understood to be in the topology of Q). 

Thus, let (z) be any function in Q. By the definition of Q, ¢(z) satisfies 
an inequality of the form 


| (x + ty)| < Ceca iion, 0 «a « b. (21) 


We take any c >a and expand the entire function e^*j(z) in a Taylor 
series, and denote by p,,(z) the mth partial sum of this series. We choose 
any a(z)e Z such that a(0) = 1 and | a(x + iy)| < Le", where 
0 <r < i(a — b), and set 


da) = ea (7) pplz). 


Since a(2/m) € Z and the p,,(z) are polynomials, the ¢,,(z) belong to the 
set Q,. Let us show that lim,,,..%,,(2) = %(z), where the limit is under- 
stood in the sense of the topology of Q. 

First of all, it is obvious that the p,,(z) converge to the entire function 
e(z) uniformly in every bounded region. Further, {a(z/m)}— 1 
uniformly in every bounded region. Therefore {¢,,(z)} — J(z) uniformly 
in every bounded region. 

Now we show that the J,,(z) satisfy the inequalities 


| Js (x + ty)| < Nessi: 0<s<e, (22) 
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with constants N, c, s not depending upon m. For this, we note that in 
view of (21) 


| ep(z)| < Ceorl < K exp(bil| z |), (23) 
where 5, = b + c — a. But then for any 5, > b, one has? 


| Pnl2)| « Kı exp(b,|| z I), 


where K, does not depend upon m. Choose b, = c — 3(a — b). 
For this choice of 5, one has the estimate 





Hor + i) e | a (J| Los 





« LK, exp (~o 4 aly - He — a — b) 2l) < Nee, 


where s = c — (a — b). Obviously 0 < s < c. 

Thus we have proven that (22) holds with constants N, c, s not depend- 
ing upon m, and, consequently, that {¢,,(z)} converges to (z) in the 
topology of Q. 

This proves Lemma 3, and with it Theorem 1” (and so also Theorem 
1’ and 1) is completely proved. 

With the help of Theorem 1' it is easy to obtain a description of 
evenly positive-definite continuous functions f(x) = f(x, ..., x,) such 
that the integral f exp (—cx?) f(x) dx converges for all c > 0. Such a 
function defines an evenly positive-definite generalized function 


(fe) = | Feet) dx 


on the space S}. By Theorem | this function has the form 


fx) = J ee dul), Q4) 


where u is a uniquely defined positive even measure on the set M, 
such that f. exp (— c2?) du(z) converges for all c > 0. However, the 
continuity of f(x) imposes additional conditions upon p. It can be shown 
that u must be such that not only does Ios exp (— c2?) du(z) converge for 


12 Indeed, since e(z) is an entire analytic function satisfying (23), its Taylor coeffi- 
cients satisfy the inequalities | d, | < M(b,e/k)*. But then k!| d, | < Mj, Vk bt If b, > by, 
then there is a K, such that | kld, | < K,b%, where K; does not depend upon k. Obviously, 

m k k 


' pm(z)i < Kid, 


lel =0 











m < K, exp(bil z ll). 
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all c > 0, but also bs exp (cy?) du(z), z = x + zy. Conversely, if u is 
such that 


| EPOP) du) (25) 


converges for all c > 0, then the function f(x) defined by (24)is continuous. 
Thus, the following theorem holds. 


Theorem 3. Let f(x) be a continuous evenly positive-definite func- 
tion such that f exp (—cx?) f(x) dx converges for all c > 0. Then f(x) 
is the Fourier transform of an even positive measure u on the set M of 
points, each of whose coordinates is either real or pure imaginary. The 
measure p is such that the integral (25) converges for all c > 0. Con- 
versely, if the positive even measure p is such that the integral (25) 
converges for all c > 0, then (24) defines a continuous evenly positive- 
definite function f(x) such that the integral f exp (—cx?) f(x) dx converges 
for all c > 0. We omit the proof of Theorem 3. 

Theorem | also enables us to clarify under what conditions the 
equality of the Fourier transforms of two positive even measures py 
and u implies the equality of the measures themselves. Namely, the 
following assertion holds. 


Theorem 4. Let p, and u, be positive even measures, on the set W 
of points, each of whose coordinates is either real or pure imaginary, 
which define generalized functions on the space Z. If the Fourier trans- 
forms u, and p, of these measures coincide and if the integrals Is 
exp (— c2?) du,(z) and J, exp (— c2?) dus(a) converge for all c > 0, then 
pa and p, coincide. 

Indeed, under the conditions of the theorem the measures p; and ug 
define generalized functions on Si. But then their Fourier transforms 
are also generalized functions on Si, i.e., wy = pa = F, where F is an 
evenly positive-definite generalized function on Si. 

Since for evenly positive-definite generalized functions on S; the corre- 
sponding positive measures are uniquely defined, we find that pa = py. 


5.3. Evenly Positive-Definite Generalized Functions on S, 


Results analogous to those proven in Section 5.2 hold for general- 
ized functions on the space? S,. 


13 The space S, consists of infinitely differentiable functions e(x), satisfying inequalities 
of the form 
| p(x) | < C, exp(—5x?), 
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The theorem regarding evenly positive-definite generalized functions 
on S, is formulated in the following way. 


Theorem 5. Let F be an even generalized function on S, such that 
(F, p * p*) > 0 for all even functions p € S,. Then F can be represented 
in the form 


(Fo) = | $0) dule), (26) 


where $(z) is the Fourier transform of g(x), and u is a uniquely defined 
positive even measure on the set W of points each of whose coordinates 
is either real or pure imaginary. The measure p has the following 
properties: For any c > 0 the integral 


[C+ Lx Pet explel y P) dele) Q7) 


converges for some p. Conversely, if u is an even positive measure on the 
set M having the properties indicated, then (26) defines an even generalized 
function F on S, such that (F, p « ¢*) > 0 for all even functions 
g(x) e S, 

We will not carry out a detailed proof of this theorem, but simply 
indicate the idea of the proof. As usual, one can pass from Theorem 
5 to a theorem which is dual to it relative to the Fourier transformation, 
regarding multiplicatively positive generalized functions on S: (the 
reader can formulate this theorem without difficulty), Since S} is a 
subspace of S', such a multiplicatively positive generalized function 
induces a generalized function with similar properties on the space 
Si. By Theorem I’ this generalized function is given (for functions 


where the constants C, and 6 depend upon g(x) (cf. Volume II, Chapter IV, Section 2.2), 
and bx? denotes the sum Y; , b,xz. A topology in S, is introduced as follows. A sequence 
(e, (x)) in this space is said to converge to zero, if for any q the sequence (gf? (x)) converges 
to zero uniformlv in every bounded region, and 


9x) | < C, exp(—bx?) 


for some constants C, and b not depending upon m. 
We remark that the convolution of two functions from S, belongs to Si, Moreover, 
together with any function ¢(x), S, also contains the function ¢*(x) g(—2). 
The space S: is dual, with respect to the Fourier transformation, to the space S* of 
entire analytic functions 9(z) satisfying inequalities of the form 


x*e(x + iy)' < Cr exp(by?) 
(cf, Volume II, Chapter IV, Section 6.2). 
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from Si) by an even positive measure u on the set M, such that the 
integral 


I, exp( —e2*) du(z) 


converges for all c > 0. Following this we have to prove only that p 
defines a generalized function F on all of S* and has the properties 
indicated in the statement of the theorem. The proof of this can be 
carried out by approximating functions g(z) € S? by functions of the 
form g,(z) = exp (—2?/m) p(z) from S; and using Fatou's lemma. 
We omit the details of the proof. 


5.4. Positive-Definite Generalized Functions and 
Groups of Linear Transformations 


The concept of an evenly positive-definite generalized function 
which we have studied is a special case of a more general concept, 
connected with groups of linear transformations. 

Let G be some group of linear transformations of n-dimensional 
space. 

A function f(x) = f(x, ..., x,) is said to be symmetric (or invariant) 
relative to the group of transformations G, if f(gx) — f(x) for every element 
g€ G. For example, if the group G consists of all transformations in 
which some variables change sign, then the functions which are symmetric 
relative to G are the even functions. 

If a continuous function f(x) is symmetric relative to some group G, 
then for all functions g(x) € K one has 


Cf, e(g7!x)) = (det g)( f, e(x)). 28) 
Indeed, 


(fee's) = | feo!) dx = (det g) | Agrol) dx 


= (det g) | flep(x) dx = (det 8)( f, (9). 


In accordance with this we call a generalized function F symmetric 
relative to the group G, if 


(F, p(g-tx)) = (det g)(F, e(x)) 


for all test functions g(x) and all elements g € G. 
Lastly, we call a test function g(x) a symmetric function of the second 
kind relative to the group G, if 


q(g^!x) = (det g)e(x) (29) 
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for all g € G. Obviously, if g(x) and p(x) are symmetric functions of the 
second kind, then their convolution g(x) = pı * pa(x) is also a symmetric 
function of the second kind. Indeed, 


plex) = [oes — y) dy 
= (det g)? | pile'y)palg- (x — y) dy 
= (det g) | eios — y) dy = (det g)p(x) 


Let us now introduce the concept of a generalized function F, positive- 
definite relative to a group G. We will apply this name to any generalized 
function F which is symmetric relative to G and such that 


(F,p*o*) 20 (30) 


for any test function g(x) which is a symmetric function of the second 
kind relative to G. For example, if G is the group of all changes of sign 
of the arguments, then those generalized functions which are positive- 
definite relative to G are just the evenly positive-definite ones. 

It is easy to describe a method which enables one to construct an entire 
class of generalized functions which are symmetric relative to a given 
group G. For this we consider, along with the group G, the group G*, 
consisting of the transformations g* which are adjoint to the transforma- 
tions g € G, i.e., such that 


(A, gx) = (g*A, x) 


for all vectors x = (x, ..., X) and A = (A, ..., A,). Let us denote by M 
the subset of n-dimensional complex space consisting of all points 
A = (Ay, e Àp) such that g*A = A for all elements g* € G*. Then every 
positive measure u, defined on W and symmetric" relative to the group 
G*, defines a generalized function 


(Fe) = | $0) dua) (31) 


4A measure p is said to be symmetric relative to the group G*, if 


| $(*3) dua) = | $0) dud) 
mM WM 


for any function ¢(A). We remark that the set Jt itself is invariant relative to all trans- 
formations of the group G*. 
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which is positive-definite relative to C (as usual, (à) denotes the Fourier 
transform of q(x)). 

In order to prove this assertion, we show first that the Fourier trans- 
form of the test function q(g 1x) is the function (det g) $(g*A). We have 


| g(g-!x)ei ^9 dx == (det g) i plea dx 


= (det g) | o()e' de = (det g)g(g*A). (32) 


From this it follows that if u is symmetric relative to G*, then F is sym- 
metric relative to G. Indeed, 


(F, p(gx)) = (det g) |. $79) dH) 


= (det g) |. $0) du) ~ (det e, o) 
for any test function g(x). 


It remains for us to show that if p(x) is a symmetric test function of the 
second kind relative to C, then 


(F, p * 9*) = 0. (33) 


To do this, we observe that in view of (32) 
$(g*1) = (det e) *. | ege? d. 


Since g(x) is a symmetric function of the second kind, we have 
q(g 1x) = (det g)p(x), and therefore 


HEN = fote dx = GA). 


From ¢(g*A) — $(A) and the definition of the set M it follows that 


GA) = (À) for all points A e 9t (here G(A) denotes the function ¢(A)). 
Indeed, 





PA) = $0) — $(*3) = $0). 
But the Fourier transform of o * p*(x) is G(A)@(A). Therefore we have 
(Epro) = f 00800 dA) = [| FOP dO). 


Since p is positive, the integral is positive, which proves (33). 
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We have described a method which enables us to construct an entire 
class of generalized functions which are positive-definite relative to a 
group G of transformations. It would be interesting to know for which 
groups G and spaces 9 one can obtain by this method all generalized 
functions which are positive-definite relative to G, and also to clarify the: 
question of conditions for the uniqueness of the measure y. In this 
section we have solved these problems for the group G of all changes 
of sign of the arguments and the space S? of test functions, 


6. Evenly Positive-Definite Generalized Functions on the 
Space of Functions of One Variable with Bounded Supports 


6.1. Positive and Multiplicatively Positive Generalized Functions 


In this section we consider evenly positive-definite generalized 
functions on the space K, restricting ourselves to the case of functions 
of one variable. In other words, we consider even generalized functions 
F on K such that (F, p x 9*) > 0 for any even infinitely differentiable 
function o of one variable having bounded support. We will show that 
such a generalized function is the Fourier transform of a positive 
measure concentrated on the real and imaginary axes, which measure 
is not, however, uniquely defined. 

Let us consider the Fourier transform F of an evenly positive-definite 
generalized function F on K. In view of the duality, relative to the Fourier 
transformation, between convolution and multiplication of functions, 
F has the following property: (F, 99) > 0 for any even function g(z) € Z. 

Thus, our problem reduces to that of describing all even generalized 
functions! F on Z such that (F, pë) > 0 for all even functions in Z. 
In the case of functions of one variable which we are considering, we 
will succeed in reducing this problem to the simpler problem of describ- 
ing those generalized functions F such that (F, p) > 0 for all functions 
g(z) which assume positive values on the real and imaginary axes. For 
this we need the following auxiliary theorem. 


Theorem 1. Let j(z) be an entire analytic function of one variable 
of order 3 and finite type (i.e., it satisfies an inequality of the form 
!d(z) | < C exp (a | z |)) which assumes positive values on the real 
axis. Then 4(z) has the form j(z) = g(z)g(z),? where g(z) is an 


entire analytic function of order 4 and finite type. 


! Henceforth we will denote a generalized function on Z by the letter F, and not by F. 


? As above, p(s) denotes the function ¢(2). 
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Proof. Since j(z) is of order 3, it can be expanded in an infinite 
product of the form? 


bz) = Az" II E a (1) 


where the a, are the roots of J(z) and m is the order of the root z = 0. 
Since (z) is real on the real axis, the coefficients in its power series 
expansion are real, and therefore the complex roots of j(z) occur in 
conjugate pairs. Since, moreover, (z) is positive on the real axis, its real 
roots have even order (in particular, m is even), and the coefficient 4 
is positive. We number the roots of J(z) so that for any k one has ay, 
= app and introduce a new function 


pa 


e(z) = Vas TT (1 - -Ž). (2) 


k= 5, 


Then it is obvious that f(z) = q(z)g(z). It remains for us to show only 
that g(z) has order $ and finite type. In other words, we have to show 


that p(z) satisfies an inequality 
| e(z)| < Cı exp(ai| z |). 


For this we make use of the following relation between the growth of an 
entire function and the density of its zeroes (cf. B. Ja. Levin, ‘‘Distribu- 
tion of Zeroes of Entire Functions," Chapter I, Theorem 14. Amer. 
Math. Soc., Providence, Rhode Island, 1964). 
If an entire analytic function p(z) has order p and type a, and p is not 
an integer, then 
mordo 
roe ]nr 
and 
Tim 2) a 


rox r? i 


where n(r) is the number of roots of q(z) in the disk | z | <r. Conversely, 
if these relations are satisfied, then p(z) has order p and type a. 

The number 2,(r) of roots of y(z) in the disk | z | < r is equal to one 
half the number z(r) of roots of p(z) in the same disk. Since the order 


3 Cf, E, C. Titchmarsh, “Theory of Functions," 2nd ed., p. 250, Oxford Univ, Press, 
New York and London, 1939, 
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of (z) is not an integer, then in view of the theorem quoted ¢(z) has 
order 3 and finite type. This proves the theorem. 

We can now prove the following assertion, which enables us to reduce 
the study of even generalized functions on Z, satisfying the inequality 
(F, e$) > 0 for any even function ¢(z) € Z, to the study of functions F 
for which (F, o) > 0 if q(z) is positive on the real and imaginary axes. 


Theorem 2. Any even function 6(z)¢Z, which assumes positive 
values on the set M consisting of the real and imaginary axes, can be 
represented in the form @(z) = x(z)x(z), where x(z) is some even func- 
tion in Z. 


Proof. We associate with the function 6(z) the function p(z) = (vz) 
(this function is well defined in view of the evenness of 0(z)). Obviously 
(z) is an entire analytic function which assumes positive values on the 


real axis and has order 1. By Theorem | we can write J(z) in the form 


p(z) = e(z)p(z) where g(z) is an entire analytic function of order $ 


and finite type. Set x(z) = 9(z?). Since 
Wz) = H?) = pP) = xx). 


then for the proof of our assertion it suffices to show that x(z) € Z (the 
evenness of x(z) follows from its definition). 

In other words, we have to prove that for any k, y(z) satisfies an 
inequality of the form 


| 24y(z)| < Ceri, 


For this we note that by construction g(z) has order 3 and finite type, 


and therefore the function y(z) = g(z?) has order | and finite type, 
ie, | x(z) | < Ce". The same is true of the function z?*y(z). But for 
real values of z this last function is bounded, since 


| x y(x)I* = | x#*O(x)], 
and z**0(z) is bounded on the real axis in view of 0(z) € Z. But if 
sup | x^x(x)| = M, 
then it follows from a known inequality of S. N. Bernstein‘ that 


| a^x(z)| < Me, 


Thus x(z) € Z, and Theorem 2 is proved. 


* Cf. N. I. Achieser, “Theory of Approximation," pp. 137-139. Ungar, New York, 
1956. 
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We have thus proven that any even function of one variable 6(z) € Z, 
assuming positive values on the real and imaginary axes, can be represent- 
ed in the form 6(z) = x(z)x(z), where y(z) is an even function in Z 
(for functions of several variables this theorem is apparently not true). 
Consequently, if the inequality (F, xx) > 0 is valid for all even functions 
in Z, then (F, 0) > O for all functions 6(z) € Z which assume positive 
values on the real and imaginary axes. 

Thus, the problem of describing the even generalized functions F of 
one variable, for which (F, yx) > O0 for all even functions x(z) € Z, is 
equivalent to the problem of describing the even generalized functions 
F such that (F, 0) > 0 for all even functions 0 € Z which assume positive 
values on the real and imaginary axes. 

This problem will be solved in Section 6.3 with the help of a theorem 
on the extension of positive linear functionals. 


6.2. A Theorem on the Extension of Positive Linear Functionals® 


We will consider a linear space L whose elements are functions 
g(x), defined on some set IN. A function g(x) is called positive, if p(x) > 0 
for all xem. An additive homogeneous functional F defined on L is 
called positive, if (F, ~) > O for all positive functions g(x) € L. We will 
say that a function g(x) defined on W is subordinate to the space L, if 
there exists a function (x) € L such that —J(x) < g(x) < d(x). The 
following theorem holds. 


Theorem 3. Let L be a linear space whose elements are functions 
defined on some set M, and let F be a positive additive homogeneous 
functional on L. Then the functional F can be extended, without losing 
its positivity, to any linear space M consisting of functions which are 
subordinate to L. 


Proof. Take any function g,(x) € M which does not belong to L, 
and denote by L, the linear space generated by ¢,(x) and L, In order to 
extend the functional F to L,, consider all the functions (x) and x(x) 
in L such that p(x) < q,(x) < x(x) (the existence of at least one such 


* [n point of fact, a theory of the extension of positive additive homogeneous func- 
tionals can be constructed for any linear space in which a partial ordering of elements 
is defined, having the usual properties: 

(a) If x y, x < z, then x < z 

(b) if x < v, x < x, then x — y, 

(c) we x. 
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pair of functions follows from the fact that ¢,(x) is subordinate to L). 
In view of the positivity of F, we have (F, V) < (F, x). But then sup 
(F, y) x inf(F, x), where sup(F, y) is taken over all functions (x) such 
that y(x) < (x), and inf(F, y) is taken over all functions y(x) such that 
p(x) < x(x) (it is understood that f(x), x(x) € L). We choose a number 
c lying between sup(F, y) and inf(F, x), and set (F, 9) = (F, 0) + Ac 
for all functions of the form g(x) = 0(x) + Ag,(x), where 6(x)eL. 
Obviously this defines an additive homogeneous functional on L,. We 
show that this functional is positive. Suppose that the function g(x) 
= Ax) + Ap,(x) is positive. If A — 0, then —A-16(x) < p(x) and 
consequently, in view of sup(F, J) < c, we have —A-1(F, 0) < c. But then 
(F, p) = (F, 0) + Ac > 0. Similarly, one shows that (F, y) > O0 if A <0. 
In the case A = 0 the inequality (F, p) > 0 follows from the assumed 
positivity of F on L. 

Thus, we have extended F to L, while preserving its positivity. Choosing 
after this another function o,(x) € M not belonging to L4, we extend F, 
preserving its positivity, to the space generated by p(x) and L}, and so 
on. Continuing this process and using transfinite induction, we can 
extend F to all of M while preserving its positivity. 

We remark that the extension of F which we have carried out is, in 
general, not unique. This is the essential difference between the construc- 
tion carried out here and those carried out in previous sections, where 
the functionals were extended by continuity and the extensions were 
therefore unique. We will see below that the positive measures, the 
proofs of whose existence will be based upon Theorem 3, are in certain 
cases defined in a nonunique manner. 


6.3. Even Positive Generalized Functions on Z 


In this paragraph we describe the even generalized functionsFon Z such 
that (F, 0) > O for all even functions 0(z) & Z which assume positive 
values on the real and imaginary axes. 


Theorem 4. Let F be an even generalized function of one variable 
on Z such that (F, 0) > 0 for all even functions 6(z) € Z which assume 
positive values on the real and imaginary axes. Then there exist positive 
even measures p, and p, such that 


(Qe) f ols) dese + | eG») dis) 3) 
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for all even functions g(z) € Z. These measures are such that the integral 
f+ my dula) (4) 
converges for some p > 0, and the integral 


f et Wi duy) (5) 


converges for all a > 0. 

Conversely, if two positive even measures p, and puo satisfy the latter 
conditions, then (3) defines a generalized function F on Z such that 
(F, 0) > 0 for all even functions 6(z) € Z which assume positive values 
on the real and imaginary axes. 


Proof. We start with the second (converse) part of the theorem. We 
have to prove only that, if the conditions on p, and pg are satisfied, then 
the functional F is continuous on Z. Since Z is the union of its subspaces 
Z(a), it suffices to show the continuity of F in the topology of Z(a) for 
all a > 0. From the definition of the topology in Z (cf. the appendix to 
Section | of Chapter I, p. 23) it follows that a neighborhood of zero in 
Z(a) is defined by an inequality of the form 


sup (1 + [x PVI g) < m. (6) 
Moreover, if o(z) € Z(a), then 

sup | p(x + iy)| < Ae“, (7) 
where 


A = sup | gx). 


From this and the conditions upon the measures p, and p, it follows 
that the integrals 


x 


[O du and (^ en dis) 


converge for all functions g(z) in the neighborhood U of zero defined by 
an inequality of the form (6), if we set r = p. In addition, the values 
of these integrals will remain bounded as ¢(z) ranges over the neighbor- 
hood U. We have therefore proven that F is bounded on U. Consequently, 
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it is continuous on the subspace Z(a). From this follows its continuity 
on all of Z. 

Now we proceed to the proof of the direct assertion of the theorem. 
We will denote the space of even functions in Z by Z, Functions in Z, 
will be considered only on the set 9t consisting of the real and imaginary 
axes. Correspondingly, these functions will be called positive if they 
assume positive values on the real and imaginary axes. From the condi- 
tions of the theorem it follows that F is positive (on Z,). Therefore, by 
Theorem 3 it can be extended, while preserving its positivity, to all 
functions (z) defined on M and subordinate to the space Z, (i.e., such 
that the inequality —6(z) < V(z) < 6(z) holds on M for some function 
Hz) € Z ,). 

Using these remarks, we extend the functional F, preserving its 
positivity, to all functions of the form g(z)f(z), where (z) is a positive 
function in Z,, and f(z) is a function from the space C, of continuous 
functions on IR which tend to zero as | z | — oo (Cy is taken with the 
usual topology); it is easily seen that all functions of this form are sub- 
ordinate to Z,. We may suppose, without loss of generality, that (F, 
e(z)f(z)) = 0 if f(z) is an odd function. 

We now associate with every positive function g(z) € Z, a functional 
F, on Co, defined by 


(Fo f) = (F, gf) 


(the right side of this equation is meaningful for any f(z) € Co). 

The functional F was extended without losing its positivity. Therefore 
(F,, f) = 0 for all positive functions f(z) € C)(i.e., functions which assume 
positive values on the set MW). Moreover, F, is continuous relative to the 
topology of Cy, because 


—sup | fE, 9) < (Fo f) < sup | f(a, 9). 


By a theorem of F. Riesz, there exists a measure v, on M such that 


(Gf) - | fle) dw) (8) 


M 


for all functions f(z) € Co. Since (F,, f) = 0 for odd functions f(z), the 
measure v, is even. 
Equation (8) can be rewritten in the form 


dv(z) 
pz) 





(Hof) = (f) = | oa) 
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Setting g(z)f(z) = 0(z) and dv,(z)/g(z) = dp, (2), we obtain 
(F, 8) = |. 3) du, (e). (9) 


By considering the expression (F, pıpaf), we observe that the measure 
p, does not depend upon the choice of g(z). Therefore we will denote 
it simply by u. Let p, and p be the restrictions of p to the real and 
imaginary axis, respectively. Then (9) becomes 


(6) = | (x) dyal) + f^ 06) di (10) 


We have obtained this equality for functions of the form 6(z) = ¢(z)f(z), 
where g(z) is a positive function in Z,, and f(z) € Cp. But any positive 
function (z) € Z, can be represented in this form, setting, for example, 


Na) = 830 + #4) s 


(it is obvious that 0(z)(1 + z*) belongs to Z, and is positive on 9t, and 
1/(1 + 2*) belongs to Cy). Therefore (10) is proven for all positive 
functions in Z,. 

Using the validity of (10) for positive functions in Z,, let us prove 
that p, and p, satisfy the conditions of the theorem. Indeed, the func- 
tional F is continuous relative to the topology of Z. Therefore for any 
a > Q there is a neighborhood U of zero in the space Z(2a) such that 
(F, g)) <1 for all g(z) € U. This neighborhood U is defined by an 
inequality of the form 


sup |(1 + x*)"p(x)! < ». 
Let us now choose a sequence of positive even functions? o,(z) e U 


$ Such a sequence can be constructed in the form 


— {2 


ata) = Boa (5) « (3). 





where a(z) is an even function in the space Z(4a) such that o(0) = 1, and £(z) is a function 
of the form 
x Fetal 
ae) = [ 16—2 a. 
-e (0 + x9)? 


form of y(x) is positive. We omit the details of the corresponding estimates, because 
similar techniques appeared in Lemma 3 of Section 3. 


where y(z) is an even function in Z(a) such that T5 y(x) dx Æ 0 and the Fourier trans- 
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such that lim,,, o,(z) = f(x) exists for any z € 9t and B,(z) satisfies 
the inequalities 

A 
qs 0n 


BK) = 


and 
foliy) = Berwi, (12) 


From the inequalities 


FG) | dE | pd) « 1 


and the estimates (11) and (12) it follows, in view of Fatou's lemma, 
that the integrals 





i _ dya(x) 


-o (1 + x)? 


and 


NP 


converge. Since a was arbitrary, this proves that p, and p, satisfy the 
conditions of the theorem. 

We have already seen that the fulfillment of these conditions implies 
the continuity of the functional 


oe 


f e den + [^ e) dis) 


relative to the topology of Z. But this functional coincides with the 
functional (F, p) on those functions in Z, which are representable in the 
form 6(z)f(z), where 8(z) € Z, is positive and f(z) eC >. Therefore, to 
prove that (10) holds for all functions in Z, it remains for us to show 
that the set of functions of the form 8(z)f(z) is everywhere dense in Z,. 

Let q(z) be some function in Z,. Then there is a real number c such 
that 


— A(2 + cos cz) < g(z) < A(2 + cos cz) 


on the real and imaginary axes. Now take any function o(z) € Z, such 
that «(0) = 1, and set 


x x 


palz) = e(2)o (7) a (7) . 


n n 
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Then the sequence (9,(z)) converges to g(z) in the topology of Z, and 
the o,(z) can be represented in the form 





Prlz) = A(2 + eos ez)(1 + 2*)o (=) x 5) O X cos oT n 
But 


6,(z) = AQ + cos cz)(1 + 25)a (=) à (=) 
is obviously a positive function in Z,, and f(z) = [0(2)/((2 + cos cz) 
(1 + 2*)] tends to zero as | z | — oo. This proves that the functions of the 
form 6(z)f(z) constitute an everywhere dense set in Z,, and therefore (10) 
holds for all functions in Z, Theorem 4 is thus proved. 

We remark that this theorem is also valid for functions of several 
variables. Namely, the following assertion holds. 


Theorem 4'. Let F be an even generalized function on the space Z 
of several variables such that (F, 6) > O for all even functions 0(z) € Z 
which assume positive values on the set M consisting of all points, each 
of whose coordinates is either real or pure imaginary. Then F has the 
form 


(Fo) = f ole) dula), 


where p is an even positive measure on the set W such that for any a > 0 
the integral 


f Qr La Pyenm dula) 
M 


converges for some p > 0. 

The proof of this theorem repeats almost verbatim that of Theorem 
4. We have not stopped to prove Theorem 4' because we do not know, 
for functions of several variables, whether or not the concepts of positivity 
and multiplicative positivity are equivalent. 

For functions of one variable, as has been shown in Section 6.1, this 
equivalence holds. Thus, (3) describes not only positive, but also multi- 
plicatively positive generalized functions on Z, (i.e., even generalized 
functions on Z such that (F, pë) > 0 for all even functions g(z) € Z). 
By means of the Fourier transformation we obtain the following theorem, 
which describes evenly positive-definite generalized functions? on the 


? That is, even generalized functions F on K such that (F, 9 * 9*) > 0 for all even 
functions g(x) € K. 
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space K of infinitely differentiable functions of one variable, having 
bounded supports. 


Theorem 5. Let F be an evenly positive-definite generalized func- 
tion on the space K of one variable. T'hen there exist even positive 
measures p, and p, such that for all p € K one has 


(E, p) = f B) da) + | BE) dis?) (13) 


where ¢(z) is the Fourier transform of g(x). The measures p, and po 
are such that fe“! duo(y) converges for all a > 0, and f (1 + x?)7? 
dp,(x) converges for some p > 0. 

If an evenly positive-definite generalized function F has the form 


(F, g) = | FOWE) dx, 


where f(x) is a continuous function, then the measure p, in (13) is finite. 
Conversely, if u, is finite, and f e*'"! du,(y) converges for all a > 0, 
then F is given by a continuous function. Hence we obtain a description 
of continuous evenly positive-definite functions of one variable. 


Theorem 6. Let the continuous function f(x) be evenly positive- 
definite. Then f(x) has the form 


f) = | e du Q) + | e dis), 


where u, and po are even positive measures such that p, is finite, and 
f e%* du(A) converges for all a > 0. 


6.4. An Example of the Nonuniqueness of the Positive Measure 
Corresponding to a Positive Functional on Z, 


We have already pointed out in Section 6.2 that the extension of a 
positive functional may be nonunique. Therefore the positive measures 
p, and po defined, according to Theorem 4, by a positive functional on 
Z, are, generally speaking, not uniquely defined by this functional. 
We present here an example of this nonuniqueness. 
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Choose any a, | «a «2. Set b = lea, and let exp(—z*e-i") 
= p(z) + ib, (z), where ys, and y, are real functions. 

Let (x) denote the function which coincides with (x) where 
p(x) =O and is zero otherwise, Similarly, let Jj(x) coincide with 
—p (x) where p(x) <0 and be zero otherwise. We define (x) and 
g(x) in the same way. We take the functions Jj, Ji, oy, and wy as the 
densities of measures pj, pj, pa and pg. It is easily seen that these 
measures are defined by 


sie) = f : max[0, exp(—t# cos b) cos(t^ sin by] dt, 
p(x) = — f min[0, exp( — t" cos b) cos(t" sin 5)] dt, 
nj) = f : max[0, exp(—t# cos b) sin(t" sin 8)] dt, 
o9 = f i min[0, exp(—* cos b) sin(t" sin b)] dt. 


It is obvious that p(x), u1(x), s(x), pg(x) are increasing functions of x, 
and 


pi) A eye), el) A puo). 


We now prove that 


f. edet f ot) dug = [^ 6) des S e) eg) 
(14) 


for any even function g(z) € Z. This will show that the distinct pairs 
pi, pg and pj, pg define the same positive functional on Z,. 
To prove (14), we note that 


f, exo ateoa) de = i f expl reet) dy (15) 


for any function g(z) e Z, where b = ima. 

Indeed, the function exp[— z'*e-/*] (z) is analytic in the region bound- 
ed by intervals on the real and imaginary axes and the circles | z | = p 
and | z | = R (Fig. 1). Therefore its integral along the contour of this 
region equals zero. But 


| exp[- 27e-/*]| = exp(--| z 12) cos a(x — $r), 
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where « = arg z. In view of | < a < 2 and 0 <a < 1s, the integrals 
along the arcs of the circles | z | = p and |z| = R tend to zero as 
p — O0 and R — œ (recall that g(z)€Z and therefore satisfies an inequality 
of the form | o(z) | < Ce v! < Ce^i?). From this it follows that the 
integrals of the function exp[—z^e-*"]o(z) along the real axis and the 
imaginary axis are equal. This proves (15). 


Fic. ] 


Now let p(z) be an even function which assumes real values on the 
real axis. Then it also assumes real values on the imaginary axis. Equating 
the real terms in (15), we obtain 


| exp[—x* cos b] cos(x" sin b)g(x) dx 
"0 


= f exp[—y" cos b] sin(y" sin b)o(iy) dy. — (16) 
0 


But this is just another way of writing (14), which one can easily see by 
breaking up the integral on the left side into integrals over the regions 
where cos(x“ sin b) > 0 and cos(x“ sin b) < 0, and the integral on the 
right side into integrals over the regions where sin(x“ sin b) > O0 and 
sin(x“ sin b) < 0. 

This proves (14) for any even function q(z) which assumes real values 
on the real axis. 

Now take any even function g(z) € Z and represent it in the form 


p(z) = ez) + iex), 


where 9,(z) = lo(z) + 39(3) and ex) = [p(z) — q(3)]/27. The func- 
tions p(z) and p(z) are even functions in Z which assume real values 
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on the real axis. Formula (14) holds for these functions, and therefore 
it holds also for g(z). 
We have therefore constructed the sought for example. 


7. Multiplicatively Positive Linear Functionals on 
Topological Algebras with Involutions 


7.1. Topological Algebras with Involutions 


As we have already said, the basic concepts introduced and studied 
in Sections 2-6 (positivity, multiplicative positivity, positive definiteness) 
pertain in essence to the theory of topological algebras with involutions. 
Let us give the basic definitions concerning these algebras. 

A linear space L is called an algebra with an involution, if an operation 
of multiplication of elements and an operation of passing to the adjoint 
element x* (involution) is defined in it, satisfying the following axioms: 


(1) (xy)a = x(y2); 

(2) x(y + 2) = xy + xz; (y + z)x = yx + zx; 
(3) A(xy) = Ax)y = xQy); 

(4) («*)* = x; 

(5) (Av + py)* = Xx* + āy*, 

(6) (xy)* = y*x*. 


An algebra L is called commutative if the multiplication of elements 
is commutative, i.e., xy = yx. If L contains an element e (the unit of the 
algebra) such that xe = ex = x for all x EL, then L is called an algebra 
with a unit. 

As a rule, one considers algebras which are linear topological spaces. 
In this case the algebraic operations (including the involution) are 
required to be continuous in the topology of the space. 

If L is a normed space, then the algebra is also called normed, and one 
requires that the norm introduced into the algebra L satisfy the following 
conditions: 


(1) xy] s tlli y lb 


(2) i*i = læ 
(3) the algebra L is complete relative to the norm || x ||, i.e., lim, 4 
|| x, — Xp || = 0 implies the existence of an element xeL for which 


230 POSITIVE AND PosITIvE-DEFINITE FUNCTIONS Ch. II 


The spaces K and S become topological algebras with involutions 
if for multiplication we take, for example, the ordinary multiplication 
of functions, and for involution we take the operation of passing from 
p(x) to g(x). The space Z is also a topological algebra with involution. 
Multiplication in Z is defined as the ordinary multiplication of functions, 
and for involution is taken the operation g(z) — ¢(z) = (2) (it is easily 
seen that ¢(2) € Z). 

For algebras with an involution, the concept of a multiplicatively 
positive linear function is defined in the following way. 

A linear functional F on a topological algebra with involution L is 
called multiplicatively positive if (F, xx*) > 0 for all x e L. 

It is easy to see that multiplicatively positive generalized functions 
on the spaces K and S are simply multiplicatively positive linear func- 
tionals for the corresponding algebras. 

The concept of positive definiteness can also be considered as a special 
case of multiplicative positivity for linear functionals, for a suitable 
definition of the multiplication of elements in the algebra. 

Namely, if a new product is defined in S, taking the convolution of 
two functions as their product, and the involution is defined as the 








transformation g(x) — y*(x) = g(—x), then multiplicatively positive 
linear functionals on this algebra are positive-definite generalized 
functions. 

The concept of even positive definiteness also lies within this scheme. 
Namely, we define the product of the functions g(x) and f(x) as the 
function 


x) = >, f o0» e Ino E Yay o xn E ys) Bry so dy (1) 


and involution is defined as the transformation g(x) > p*(x) = g(—x). 
Then multiplicatively positive functionals are evenly positive-definite 
generalized functions. 

One can obtain a complete description of multiplicatively positive 
functionals on a normed algebra with involution. In order to do this, 
we introduce the concept of a symmetric homomorphism of an algebra 
with an involution into the field of complex numbers. 

A symmetric homomorphism of an algebra L with involution into the 
field of complex numbers is a linear functional M on L such that 


(M, xy) = (M, x)(M, y) and (M, x*) — (M, x). 


For algebras consisting of functions of a real variable, in which the 
multiplication of elements is defined as the multiplication of functions, 
and the involution as g(x) — p(x), an example of a symmetric homo- 
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morphism is the correspondence g(x) — p(x) where x, is some real 
number. However, certain algebras have other symmetric homomor- 
phisms. For example, if we introduce a multiplication into the space 
of even functions in Z or in Si by means of (1), and the involution is 





taken as p(z) — g(—2), then every correspondence 
GAB, -> Zn) — g(20, ..., 29), 


where zf, ..., 29, are real or pure imaginary numbers, is a symmetric 
homomorphism. 

We will denote the set of all symmetric homomorphisms of an algebra 
L by M. Obviously, to each element x € L there corresponds a function 
x(M) = (M, x), defined on the set M. If the algebra L is commutative 
and normed, then one can introduce a topology in the set MW such that 
every function x(M) will be continuous, and 9 will be compact. 

To every positive finite measure o( M) defined on W there corresponds 
a linear functional on the algebra L, defined by 


(Fy, x) = | x(M) do(M). 
For any x e€ L we have 


(F,, xx*) = f xx*(M) do(M) = | | x(M)I do(M) > 0. 


Therefore the functional F, is multiplicatively positive. It can be shown 
that these functionals exhaust the set of multiplicatively positive linear 
functionals on commutative normed algebras with involutions. Precisely 
speaking, the following theorem holds. 


Theorem 1. Every multiplicatively positive linear functional F 
on a commutative normed algebra L with involution can be represented, 
in a unique way, in the form 


(F, x) = | OD do(M), 


where o(M) is a positive measure on the set M of symmetric homomor- 
phisms of the algebra L into the field of complex numbers. 

‘For the proof of this theorem the reader can consult, for example, 
M. A. Naimark, “Normed Rings." Nordhoff, Groningen, 1959. 
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Using Theorem 1l, one can obtain a description of evenly positive- 
definite continuous functions which do not grow faster than e*'*!, a > 0. 
The methods which were used in Section 5 enable one to obtain a 
corresponding description for functions which grow more slowly than 
all of the functions exp (e | x | ?), e > O, and, in particular, for all func- 
tions which do not grow faster than exp (a | x |). Presumably the results 
of Section 5 could also be obtained if one succeeded in constructing a 
sufficiently developed theory of topological rings with involutions. 

However, for arbitrary commutative algebras with involutions which 
are not normed, a theorem analogous to Theorem | is not valid, generally 
speaking. There exist topological algebras with involutions for which 
some multiplicatively positive linear functionals are not positive. An 
example of such an algebra is the algebra P of polynomials in two 
variables. 'l'his algebra consists of all polynomials of the form 


9% y) = Dy ayy! 
kyl 


Multiplication is defined as the usual multiplication of polynomials, 
and involution, as passing from the polynomial g(x, y) to the polynomial 


Px, y) = J, auxhy. 
il 


A sequence 
e, y) = $, apatyt 
k,ł 
of polynomials in P is said to converge to the polynomial g(x, y) = 
Xa axty', if the degree of all of the g,(x, y) is the same as that of 
g(x, y), and 


lim a? = a 
noo kl kl 


for all k and J. 

To define a homomorphism of the algebra P into the field of complex 
numbers, it is sufficient to specify the values xy and yọ which the mono- 
mials x and y assume under the homomorphism (xy and yg may be 
complex numbers). Then the homomorphism is given by 


f(x, y) 9 X, auxbyl. 
k,l-0 


Obviously, such a homomorphism will be symmetric if x, and y, are 
real numbers. Therefore the positive elements in the algebra P are those 
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for which g(x, y) > 0 for all real values of x and y. Hilbert has construct- 
ed an example of a positive polynomial of two variables which is not a 
linear combination of polynomials of the form (x, y)j(x, y). 

This example is constructed in the following way. We consider any 
eight points M,, ..., Mg in the plane such that no three of them are collin- 
ear and no six of them lie on a curve of the second order. As is proved 
in algebraic geometry, an infinite set of third-order curves can be passed 
through these points, and all of these curves intersect in some ninth 
point Mj (cf. R. J. Walker, “Algebraic Curves," Theorem 6.2, p. 70. 
Princeton Univ. Press, Princeton, New Jersey, 1950). Let us show that 
any polynomial f(x, y) of the sixth degree which is a sum of squares 
of polynomials @,(x, y), and vanishes at the points Mj, ..., M, must 
also vanish at My. Indeed, suppose that 





fly) = Eel») ad o fM) = o = fM) = 0. 


Then each of the o,(x, y) vanishes at the points Mj, ..., Mg. But since 
these points do not lie on any one second-order curve, all of the ¢,(x, y) 
are polynomials of the third degree. Now the curves g,(x, y) = 0 
pass through the points Mj, ..., Mg. But then, as was remarked above, 
they also pass through the point Mg, i.e., 9,(M,) = 0. Consequently 
KM) = 0. 

It follows that any polynomial f(x, y) of the sixth degree which equals 
zero at the points Mj, ..., Mg, and is different from zero at My, cannot be 
represented as a sum of squares of polynomials. Let us now show that 
there exists a sixth-degree polynomial f(x, y) which is nonnegative for 
all x, y, vanishes at the points M,, ..., Mg, and is different from zero at 
Mg. This will prove the existence of a positive polynomial which cannot 
be represented as a sum of squares of polynomials. 

The polynomial f(x, y) is constructed in the following way. Let 
g(x, y) = 0 and d(x, y) = O be two fixed curves of the third order which 
pass through the points M, .., Mg. We pass a second-order curve 
a(x, y) = O through M,, ..., Ms and a fourth-order curve f(x, y) = 0 
through M,, ..., Mg, for which M,, M, Mg are double points. Let us 
show that these curves do not pass through My. Indeed, suppose that 
a(M,) = 0. Choose any point N on the curve a(x, y) = 0, different 
from the M, and set A = —9(N)/J(N). The third-order curve 6(x, y) 
= g(x, y) + Ad(x, y) = 0 passes through the points M,, ..., M, and N, 
and thus has seven points in common with the second-order curve 
a(x, y) = 0. But if curves of order m and n have more than mn common 
points, then they have acommon component (cf. R. J. Walker, “Algebraic 
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Curves," Theorem 3.1, p. 59. Princeton Univ. Press, Princeton, New 
Jersey, 1950). This component can only be the curve a(x, y) = 0. Thus, 
the curve (x, y) = 0 splits up into a curve of the second order and a 
straight line. Since the curve a(x, y) = 0 does not pass through the 
points Me, M, Mg (otherwise six of the points Mp, 1 < k < 8, would 
lie on a second-order curve), the points Mẹ, M;, M, must lie on the 
second component of the curve @(x, y) = 0, i.e., on some straight line. 
But this contradicts the choice of the points Mi, ..., Mg. 

Thus, we have proven that the curve a(x, y) = 0 does not pass through 
Mg. One proves in the same way that the curve f(x, y) = 0 does not pass 
through M,. Without loss of generality we may suppose that a(M,) 
B(M) > 0. 

Now consider the curve (with p > 0) 


x(x, y) = ex, y) + P(x, y) + po(x, y)B(x, y) = 0. 


The polynomial x(x, y) is a polynomial of the sixth degree which 
vanishes at the points M,, 1 < k < 8, and is positive at Mj. Therefore 
it cannot be represented as a sum of squares of polynomials. It remains 
to show that for some choice of p > 0 this polynomial will be positive. 
For this we note that for p = 0 y(x, y) becomes g?(x, y) + *(x, y), for 
which the points Mẹ 1 <k <9 are minimum points, and g*(x, y) 
+ (x, y) vanishes at these points. The points M, 1 < k < 8, are also 
stationary points of the polynomial a(x, y)f(x, y), since its partial derivat- 
ives vanish at these points (at the points Mj, ..., M; both a(x, y) and 
B(x, y) vanish, and M,, M;, M, are double points for the curve f(x, y) 
=(). Therefore there is a fy > 0 such that for 0 < p < f, the polynom- 
ial p(x, y) + p(x, y) + po(x, y)B(x, y) has zero minima at the points 
My, ] <k < 8, and is positive at Mọ. 

We can find disks Q, with centers at M,,1 < k < 9, such that in the 
region made up of these disks the polynomial x(x, y) will be nonnegative 
for 0 < p < Po, and vanishes only at M,, 1 < k < 8. Outside of these 
disks the function |(g? + ?)/a8| has a nonzero minimum A. Therefore 
for p < A one has g*(x, y) + W(x, y) > p! a(x, y)B(x, y) | outside these 
disks. But then the polynomial x(x, y) is positive for 0 < p < min 
(bo. A). 

This proves the existence of a positive polynomial in two variables 
which cannot be represented as a sum of squares of polynomials. 

It can be proven that Hilbert's polynomial not only is not a 
sum of squares of polynomials, but also cannot be approximated in 
the space of polynomials of the sixth degree by sums of squares of 
polynomials. 
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Denote now by T, the cone, in the linear space P, of polynomials 
of the sixth degree, consisting of all polynomials of the form 


>, ek, y), 
k=1 


where the g,(x,y) are polynomials with real coefficients. Hilbert’s 
polynomial f(x, y) does not belong to the closure of this cone. Therefore 
one can construct a linear functional on the space P, which is positive 
on the cone T, and assumes a negative value at f(x, y). This functional 
can be extended to the entire algebra of polynomials in such a way that 
it assumes positive values on all polynomials which are representable 
as sums of squares of polynomials. As a result one obtains a linear 
functional on the algebra of all polynomials in two variables which is 
multiplicatively positive but not positive. 

The example which has been considered shows that for topological 
rings with involutions the concepts of positivity and multiplicative 
positivity of linear functionals do not, generally speaking, coincide. 
It would be very important to distinguish the class of topological rings 
in which these concepts coincide. As we have seen, the rings K, S, Z, 
Si, and others belong to this class. 

Hilbert’s example is closely connected with the moment problem for 
functions of two variables. This problem consists in the following. 


Given numbers py, 0 <j, k < ©, it is required to find a positive measure 
o such that 


Hik = ff x^y* do(x, y). 


If the moment problem has a solution, then for any polynomial 


ply) = $, ay 


j,k=0 


which is positive for all real values of x and y, one has 


n 


2, ante = $y an f wy" dats, y) = f f ole, y) dots 9) > 0. 


j,k -0 


In other words, the linear functional F on the space P of polynomials 
in two variables, defined by 


n 


(F , > anx’yt) = GikPegk (2) 


j,k=0 j 0 


3 


* 
It 


, 
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must be positive. It can be shown, using the theorem on the extension 
of positive linear functionals (cf. Theorem 3 of Section 6), that this 
condition is also sufficient. 

In the case of functions of one variable the weaker requirement of 
multiplicative positivity for F turns out to be sufficient for the moment 
problem to be solvable. As Hilbert's example shows, for functions of two 
variables there exist multiplicatively positive linear functionals which 
are not positive. Therefore the condition that 


(F, p(x, y) > 0 


for all polynomials p(x, y), where F is the linear functional defined by 
(2), is not sufficient for the solvability of the moment problem. It should 
be remarked, however, that if one imposes upon the growth of the 
moments p;, certain known restrictions which guarantee the possibility 
of extending the functional (2) from the space of polynomials to one or 
another space of entire functions, then the condition of multiplicative 
positivity becomes not only necessary but also sufficient for the solvability 
of the moment problem. In this case the solution of the moment problem 
will be unique. 


CHAPTER IIl 


Generalized Random Processes 


1. Basic Concepts Connected with Generalized Random Processes 
1.1. Random Variables 


We assume that the reader is familiar with the basic concepts of 
probability theory. However, since the concept of a random variable 
is fundamental for this chapter and since the definition of this concept 
which will be used in this book differs outwardly from that generally 
used, we begin with the definition of a random variable. 

We say that a random variable £ is defined, if for each real x a number 
P(x) is given, called the probability of the event € < x, with the following 
properties: 


(1) P(x) < Pla), if x, < xs, 
(2) lim,, ,P(x) = 0, lim, ,,P(x) = 1, 
(3) lim,,, ,P(x) = P(a). 


Defining the function P(x) uniquely defines the probability P(.X) that 
the value of the random variable £ belong to the Borel set X. 

If we consider several random variables £,, ..., £,, then giving the 
probability distribution of each of the £, is no longer sufficient. It is 
necessary to know also the probability P(x,, ..., x,) that one have simul- 
taneously é < x, =- En < Xn. The probability P(X) that the point 
E = (Éb -~ n) belongs to a Borel set X in n-dimensional space R, is 
uniquely defined by these probabilities. We will call the collection 
é = (£y, ..., n) an n-dimensional random variable. 

Of course, giving the probability distribution P(x,, ..., Xn) uniquely 
defines the probability distributions of the random variables £,. These 
are given by 


P(x,) = P(oo, ..., x4, ..., o0). 


One can similarly find the probability distribution for any subset 
237 
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Erp iss; Er, of the £,. To do this, one replaces those x, in P(x,, ..., Xn) 
for which k is not one of k}, ..., k, by oo. 

Let us now consider an infinite set {¢,} of random variables. In this 
case we define, for any finite collection é, ..., Én, the probability P(x,. ..., 
Xn) that é < x,, = Én < Xa! These probabilities must be compatible 
in the sense that for any random variables é, ..., £,,, the probability 
P(x, ..., Xn) that 


cx, L<k<n (1) 
must coincide with the probability P(x, ..., Xn, 00) that 
£y < Xp, l<k<n, En < 00. 


In other words, imposing a condition of the form £,,, < oo does not 
change the probability of the event (1). 

Thus, a set (£,) of random variables is considered to be defined if for any 
finite collection of random variables £,, ..., £, we specify the joint proba- 
bility distribution P(x,, ..., x,), and these distributions are compatible. 

Now let us introduce the concept of the equality of two random variables 
é and s. We will say that £ = », if for any real numbers a < b the 
probability that simultaneously a < € < b and a <q < b is the same 
as the probability that a < € < b, and is also the same as the probability 
that a <q < b. Thus, if P(X, Y) denotes the probability that € e X, 
1 € Y, and P,(X) denotes the probability that £ € X, then £ = » means 
that P(X, X) = P(X). Further, if X ' Y — 0 and é=, then 
P(X, Y) = 0. Indeed, by the compatibility condition 


P(X) = P(X, Ry), 
where R, is the real line. But 
P(X, R,) = P(X, X) + P(X, R, — X), 
and by definition of the equality of two random variables, P,(.X) — 
P(X, X). From this it follows that P(X, R, — X) = 0. Since Y C R, — X, 
a fortiori P(X, Y) = 0. 


In order to show that our definition of the equality of random variables 
is a natural one, we prove the following theorem. 


1 Of course the probabilities P(x}, ..., Xn) depend upon which random variables £, ..., £, 
from (£4) we are considering. 
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Theorem 1. Let £ = s. Then for any random variables £i, ..., En 
the probability P(x,, ..., x,, x) that 


& < Xp ty En < Xa, £ < x (2) 

coincides with the probability P(x, ..., Xn, x) that 
éi < Xp psy En < Xp, n <x, (3) 
Proof. We prove that both P(x, ..., Xn, x) and P (xi, ..., x,, x) coincide 
with the probability P(x, ..., x,, x, x) that £, < Xp .., Én < x,, € < x, 
n < x. Indeed, we have shown that € = x implies the vanishing of the 


probability of having simultaneously é <x and y 2 x. Certainly, 
then, the probability P(x,, ..., x,, x, x) that 


£y «y e bn < Xm É «x, n Èx 
vanishes. But it follows from the compatibility condition that 
P(x, ..., X4, X) = P(x, ..., Xn X, 00), 
where P(x, ..., x,, x, o0) denotes the probability that 


£ «xy es En XS £ x, qj < oo. 


Since 
P(»x,, ..., x4, x, 00) = P(x, ..., x4, x, X) + P(x,, na Xy, X, X) 
and 
P(x, ee, Xy X, X) = 0, 
then 


P(xi, ..., Xn X) = P(xy, «+, Xn x, x). 


In exactly the same way one proves that the probability P,(x, , ..., Xn, x) 
of (3) being fulfilled coincides with P(x, ..., x,, x, x), which proves that 


P(x,, ..., x4, x) = Pi(x,, ..., Xp, x). 


One can similarly prove that if £, = 7, ..., En = Nn, then the probabi- 
lity P(X) that (£,, ..., En) € X coincides with the probability P,(X) that 


(m; +) Mn) € X. 
Henceforth we will not distinguish between equal random variables. 
Let y = f(x, ..., Xp) be some measurable function of the arguments 


Xis Xp and let £,, ..., £, be random variables. We will define a random 
variable n = f(£,, ..., £,), i.e., we will specify, for any random variables 
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Ci ++) Cm the probability of the point (¢,, ..., £,,, 7) belonging to a given 
set Z in (n + l)-dimensional space R,,,. Of course, it is sufficient to 
specify this probability only for sets of the form Z = Z x Y, where Z 
is some set in m-dimensional space, Y isa set on the real line, and Z x Y 
denotes the set of those points (Zi, ...,2,,, y) such that (zj, ..., Zm) E Z 
and ye Y. 

We consider (n + m)-dimensional space A,,, and denote by W 
the set of all points (z,, ..., Zm; xj, ..., x,) in R,,,, such that(z,, ..., Zm) € Z 
and f(x, ..., x,) e Y. 

Now set 


nea 


P,(2) = P4Z x Y) = PW), 
where P(W) denotes the probability that 
(21, es Sin} X1, = Xn) E W. 


We take P,(Z) for the probability distribution of the random variable 

(ti «+> Cm n). We have thus defined the joint probability distribution 

of the random variable 7 = f(£,,..., n) with any random variables 

Co +) Cm Les the random variable n = Aé, ..., n) is well defined. 
If 


Yı Hem fito, Ut Xn), 


are functions of the variables x,, ..., x,, then with the help of the de- 
finition which we have given it is easy to find the probability distribution 
of the random variable (7, ..., Nm), where we have put 


Nk = fd és Us En). 
This probability distribution is given by 
P,(Y) = P(X), 


where X denotes the set of those points (x, ..., x4) for which (yi, ..., Ym) 
€ Y, and P(X) denotes the probability that (é, ..., £,) € X. 

We indicate the formula for the mean value of a random variable 
n = f(&, ..., £4). If P,(y) denotes the probability that n < y, then by 


definition the mean value of 7 is given by? 
Ey = Íy 4P.0). (4) 


2 We denote the mean value of the random variable n by En. 
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But by our definition of a function of random arguments, the probability 
P,(y) coincides with the probability that f(x, ..., x,) < y. Therefore 


E» = [fe vey Xn) dP(o,, ..., Xn), 


where P(X) is the probability distribution of the random variable 
(£i ..., £j). For example, the mean value of the product of the random 
variables £, and £, is given by 


E(5£) = | x, dPss o), 


where P(x,, x2) is the probability that £, < xj, £9 < xə The mean value 
of the random variable e?^* is given by 


E(e^5) = | e?* dP(x). 


The expression E?^*(e) is called the characteristic function of the random 
variable £. 

We now proceed to the definition of the limit of a sequence of random 
variables. Suppose that we are given a sequence {épp ..., Erny of n- 
dimensional random variables. We will say that this sequence converges 
to the n-dimensional random variable (£,,..., £,), if for any random 
variables 7), ..., Nm and any bounded continuous function f(x, ..., Xn; 
Yis so Ym) One has 


lim [fes vey Xin} Yis es Ym) dPa(x; y) = [fen c Xn Vas = Ym) dP(x, y), 


where P, (x, y) denotes the measure in RF, ,,, corresponding to the random 
variable (£4,..., £4.59. Nm) and P(x, y) denotes the measure in 
Ranim corresponding to the random variable (é, ..., £45 3, + Mm)? 

We further introduce the concept of a random function, also called 
a random process. Suppose that with every real number ¢ there is as- 
sociated a random variable £(f) (i.e., in other words, suppose that for 
any n real numbers 14, ..., £, there is given a joint distribution function 
for the random variables £(4), ..., £(£,), and these distribution functions 
are compatible). In this case we will say that we are given a random 
function £(t). One can introduce the notions of continuity, integrals, 


3 The probability that (£;, ..., En) € X is called the measure of the set X corresponding 
to the random variable (£, ..., En) 
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and derivatives of a random function similarly to the way in which 
this is done for ordinary functions. For example, a random function 
&(t) is called continuous if limy , t,; = tj, 1 <j « n, implies 


lim. (£t). Un (ten) = (E(t), tn £(t,)). 


If £(t) is a continuous random function, and g(t) is a continuous scalar 
function with bounded support, then the integral 


[o£ dt 


exists, where this integral is understood as the limit of sums: 


J ADEE de= lim |S) PEC) Ate 
ki 

We will not dwell on the details of the theory of random functions, 
since the basic results of this theory will be obtained below as special 
cases of a more general theory, 

In conclusion we point out that along with real random variables, 
one can consider random variables which assume complex values. In 
this case one gives the probability that the point (€,, ..., £,) belong to a 
given set in n-dimensional complex space. 


1.2. Generalized Random Processes 


We proceed now to the definition of the basic concept of this chapter— 
the concept of a generalized random process. Consider the space K of 
infinitely differentiable functions g(t) having bounded supports. We will 
say that a random functional ® is defined on K, if with every element 
g(t) € K there is associated a random variable ®(@). In accordance with 
the discussion of Section 1.1, this means that for every n elements 
g(t), ..., Palt) in K one specifies the probability that 


ar X Og) cb,  l«kzxn, 


and these probability distributions are compatible in the sense indicated 
above. 

The random functional $(g) is called near, if for any elements 
p,  € K and any numbers « and f one has 


Plap + Bj) = od(g) + BPH) 
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(concerning the definition of equality of random variables, see Section 
1.1). Finally, the random functional ®(@) is called continuous, if the 
convergence in K of the functions g,,(t) to (t), 1 <j <n, implies 


lim (P(gaa)s  Dlpen)) = (Ple), +» (9). 


As we do not consider any random variables other than those of the 
form (p), the continuity of ® means the following. 

If limy cc plt) = p(t) 1 <j <n (in the space K), then for any 
continuous bounded function f(x, ..., Xn) one has 


lim f Fen 5 Xn) AP ye) = f Fais + Xn) dP(x), 


where P(x) denotes the measure corresponding to the random variable 
(Blei), ..., P(@,)), and P,(x) denotes the measure corresponding to the 
random variable (®(@,,), ..., (g,,,)). 

Just as continuous linear functionals on the space K are called 
generalized functions, we will call a continuous linear random functional 
on K a generalized random function. In the case where K consists of 
functions of one variable, the corresponding random function will be 
called a generalized random process. In the case where K is a space of 
functions of several variables, is called a generalized random field. 

Let us pause to consider the physical motivation for the concept ofa 
generalized random function. The usual concept of a random function, 
which we gave in Section l.l, is based upon the assumption that it is 
possible to measure the value of the random function at every moment 
of time ? without calculating the value of the function at other moments 
of time. However, every actual measurement is accomplished by means 
of an apparatus which has a certain inertia. Therefore the reading 
which the apparatus gives is not the value of the random variable ¢(t) 
at the instant ¢, but rather a certain averaged value P(g) = f e(t)£(t) dt, 
where q(t) is a function characterizing the apparatus. These quantities 
are compatible and depend linearly upon gy. Moreover, small changes 
of the function (t) cause small changes in the random variable ®(¢) 
(apparatuses which differ only slightly give close readings). T'hus, as a 
consequence of measuring the value of a random function by means 
of apparatuses, we obtain a continuous linear random functional, i.e., a 
generalized random process. 

As a result of the smoothing action of apparatuses, one can thus obtain 
a probability distribution not only for processes which exist at each 
instant of time ¢, but also for “generalized” processes, for which there 
do not exist probability distributions at isolated instants of time. Typical 
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examples of such processes (the velocity of a Brownian particle which 
does not have inertia) will be considered in Section 1.3. This is analogous 
to the fact that the values of a generalized function F at separate points 
may not exist, while, however, integrals of the form (F, 9) = f F(t)p(t) dt 
do exist. 


1.3. Examples of Generalized Random Processes 


Let us give examples of generalized random processes. These examples 
will be studied at greater length in Section 2.5. We associate with the 
linearly independent functions (x), ..., o,(x) in K the random variable 
(lgi), ..., 9(»,)) having the probability distribution 


v/det Ài, 


P(X) = us 





f expl—44,x, x)] dx, (5) 
x 
where A, is the inverse of the matrix || 5j, ||, whose elements are 


by = | ett) dt. 


It can be shown that these random variables are compatible, and are 
continuous and linear in g. The generalized random process, defined by 
the probability distribution (5), is called the unit process. This process 
can be interpreted as the result of measuring, by means of some apparatus, 
the velocity of a particle which is undergoing one-dimensional Brownian 
motion and has no inertia. The unit random process is not an ordinary 
random process, because the velocity of a Brownian particle at a given 
moment of time does not have a probability distribution. Therefore 
there does not exist a continuous random function €&(t) such that 
(y) = f oll) dt. 

We remark that the path traced out by a Brownian particle is also a 
random function of time. In this instance, however, for any n moments 
of time 0 < £, « ... < t, one can specify the probability distribution 
of the n-dimensional random variable (£(4), ..., £(£,)), where £(ft) is the 
coordinate of the particle at time ¢. Namely, if £(0) = 0, then for ap- 
propriate choice of the unit of time the probability that (€(t,), ..., £(£,)) 
€ X is expressed by 


l 
P X Sati e 
e Qn" V/t(t& — t1) »- (tr — t) 
l x (x2 Kw x (Xp d Eu. 
x A ad bea eae eee qc | du, ... dns. 


(6) 
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It can be shown that the generalized random process corresponding to 
the random function £(t), with probability distribution (6), associates 
with the functions ¢,(t), ..., v, (t) the random variable (®(¢,), ..., $(o,,)) 
with probability distribution 


det A, 
P(X) = ae f PL HAs, 2) ds. 


Here A, is the inverse of the matrix B = || 55, || consisting of the elements 
bj = Blo; ey), where 


Blg, y) = f t6) — KONE) — (o0) dt, 
gu ftat P(t) = fua. 


This random process is called the Wiener process. 

One can construct examples of generalized random fields in the same 
way. For example, the analog of the unit generalized random process is 
the unit random field Ð. If g(x) = pX s x), 1<k <n, are 
functions in K, then the unit random field associates with them the 
random variable (®(@,), ..., $(,)) with probability distribution given 
by the same formula (5) as in the case of the unit random process. 'T'he 
sole difference consists in the fact that the numbers b,, are defined by 


bj, = [oo m Rn )Pu(Xy s Xn) dy ss. dos. 


1.4. Operations on Generalized Random Processes 


The operations which can be performed on generalized random 
processes are defined in a manner analogous to that by which they are 
defined for generalized functions. For example, by a linear combination 
aP, + B®, of the generalized random processes ®, and ®, is understood 
the generalized random process ® which associates with every function 
o(t) € K the random variable' aG(o) + Bp). Thus, the set of all 
generalized random processes forms a linear space. 

The ordinary operations on generalized random processes are defined 
by means of the corresponding operations on the test functions o(t). 
Thus, the product f(t)® of an infinitely differentiable function f(t) and 


t Of course, a correlation between d, and ®, must be specified. 
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a generalized random process © is defined as the process for which there 
corresponds to the function g(t) € K the random variable ®( fẹ). In the 
same way, the derivative ®' of a generalized random process 6 is defined 
as the process for which there corresponds to the function g(t) the random 
variable —D(q’). 

We note that while the derivative of an ordinary random process may 
no longer be a process of the same type, the derivative of a generalized 
random process always exists and is a generalized random process. In 
particular, although the derivative of the Wiener process is not an ordin- 
ary random process, it is a generalized random process. 

We consider, lastly, the notion of a translation of a generalized random 
process. If ® is a generalized random process, by its translation by a 
number # we mean the random process ®, which associates with each 
function g(t) the random variable $,(p) = [p(t — A)]. It is not difficult 
to show that 

®, — © 


$' = lim ——— 
hoo h , 


but we will not detain ourselves over this. 


2. Moments of Generalized Random Processes. 
Gaussian Processes. Characteristic Functionals 


2.1. The Mean of a Generalized Random Process 


If ĝ is a generalized random process, then to every function q(t) e K 
there corresponds a random variable (o). Let us assume that every one 
of the random variables G(q) has a mean m(g), which is continuous in s. 
Then m(g) is a continuous functional on K. We will call this functional 
the mean of the generalized random process ®. Thus, the mean of the 
generalized random process is defined by 


m(g) = E[P(g)] = | x dP(x) 


(P(x) denotes the probability that (y) < x). 

The functional m(g) is obviously linear, as the random variable 
(aşı + bys) is by definition equal to the random variable a®(q,) 
+ bó(o,), and therefore 


map, + bpa) = E[O (ae, + bp2)] = E[a9(q1) + 56(9,)] 
= aE[®(¢,)] + DE[$(o;)] = am(p,) + bm(o;). 


Thus, m(g) is a linear functional on K, i.e., a generalized function. 
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The generalized random process (o) — m(p) has mean zero, Every 
generalized random process is the sum of a linear functional m(g) and a 
process having mean zero (when m(q) exists). 

If the mean of the random variable ®(~)®(ih) exists for all p and y and 
is continuous in each of the arguments o and y, we call it the correlation 
functional of ®. Thus, the correlation functional B(g, y) of the process 
® is given by 

Bip, 4) = EP) PY). 


This equation can be rewritten in the form 


Bg, Y) = [ss d PG 2). 


where P(x,, x) denotes the joint distribution function of the random 
variables ®(p) and (y), 

From the linearity of the random functional (o), it follows that 
B(ọ, 4) is a bilinear functional. 

The functional B(g, i) gives the connection between readings of the 
apparatuses characterized by the functions g(t) and W(t), 

Since the random variable [®(~)]? is positive, its mean B(o, p) 
= E[(y)P(p)] is also positive, i.e., B(p, 9) = 0. Therefore the correla- 
tion functional B(g, i) is positive-definite.! Moreover, the functional 
Clg, Y), defined by 


Ce, V) = Be, V) — m(g)m(/), 


is positive-definite, where m(g) is the mean of the process ®. 
Indeed, 


Clg, p) = Blo, p) — mome) = E[$(e)9(o)) 
—2E[P(p)]}n(p) + m*g) = ELl Ple) — m(p)?] > 0. 


We define the nth-order moment of the generalized random process ® 
as the polylinear functional m[®(g,) - ... - O(p,)], i,e., the mean of the 
random variable d(o) - ... > (o, ). It is given by 


mPp) n Q(o,)] = f^ tee Xn dP(n, aas Xn) 


! For complex generalized random processes the correlation functional is defined by 


Ble, 4) = E[9(9)9(4)] 


and is a positive-definite Hermitean functional. 
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where P is the measure corresponding to the n-dimensional random 
variable 


(S (o), i) O(o,)) P 


By Theorem 5' of Chapter I, Section 1.3, every polylinear functional 
F on K can be written in the form 


Fy, ED 95) m (Fo pı(tı) E Pnltn))s 


where F, is a linear functional (generalized function) on the space K, 
of infinitely differentiable functions of n variables, having bounded 
supports. Thus, the nth moment of a generalized random process ® is 
given by a generalized function F, of n variables. In particular, the 
correlation functional B(ọ, i) is given by a generalized function B(t,, te) 
of two variables. 


2.2. Gaussian Processes 


One of the important classes of generalized random processes is the 
class of Gaussian random processes. We first consider real Gaussian 
processes. A generalized random process is called a proper Gaussian 
process, if for any linearly independent functions pı, ..., o, in K the 
random variable (®(q,), ..., (@,)) is Gaussianly distributed. This means 
that the probability that (®(¢,), ..., 6(o,))e Xis expressed by the formula 

(o VAA , 1 
P(X) = Gym | expl— its. x)] dx, (1) 
where A = ||Aj]|] is a nondegenerate positive-definite matrix, and 


(Ax, x) denotes the quadratic form 


(Ax, x) = > 


n 
i=l j=1 


M: 


Aux ix. 


LU 


A simple computation shows that P(R,) = 1. Indeed, since the matrix 
A is positive definite, it can be written in the form A = C'C, where C 
is a square matrix and C' is its transpose. Therefore (Ax, x) = (Cx, Cx). 
Let us make the substitution Cx — y in the integral 


ydet A 
(2m)” 





P(R,) = f exp[— 4(Ax, x)] dx. 


2 The mean of the process ® is the first-order moment, and the correlation functional 
B(o, V) coincides with the second-order moment. 
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Since det C = 4/det A, we find that 





P(R,) = o | exp[— 3G» »)] dy 





l 2 E 
= Gaye | exp[— 30i +. + 92)] dy... dy, 


As [7, exp(— 4.3) dy, = 2m, we arrive at P(R,) = 1. 

Now we prove that the probability distribution P(.X) is uniquely 
defined by the correlation functional B(o, ys) of the process ®. Namely, 
if Ð is a proper Gaussian process, then for any linearly independent functions 
9p «5 pn in K one has A = || B(g,, ¢;) | ^. To prove this assertion, we 
will calculate the value of E[®(p;)®(~,)] in two ways. 

By definition of the correlation functional we have 


E[9(9;)9(o;)] Ex Bei 9;)- (2) 
But the random variable $(9;)6(o;) can also be considered as a function 
of the z-dimensional random variable whose distribution function is 


given by (1). Therefore 


E[$(9,)9(o;)] = X [se exp[— $(Ax, x)] dx. (3) 


To compute the integral (3) we use the formula 


v det C 
(27):^ 





f (Ax, x) exp[— 1(Cx, x)] dx = Tr(4C7)) (4) 


which is valid for any strictly positive-definite matrix C and any 
matrix A (for the proof of (4), see below). Since x;x; = (A;,x, x), where 
A; i$ the matrix, all of whose elements vanish with the exception of a,,, 
which equals |, the integral (3) is equal to T'r(A;;A—). 

But A,,A~ is the matrix, all of whose rows vanish with the exception 
of the zth row, which coincides with the jth row of A-!. Therefore 
Tr(A;,47) = pij, where the p, are the elements of A~. 

Thus, we have proven that 


E[9(9;)9(p;)] = Tr(4547) = pa. 


3 Tr B denotes the trace of the matrix B, i.e., the sum of its diagonal elements. 
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Comparing this with (2), we conclude that 


I B@s pall = leall = 47. 


This proves our assertion. 

It remains for us to prove formula (4). To this end we note that if C is 
a positive-definite matrix of order n, and A is any real matrix of the same 
order, then for sufficiently small real e we have 


B f expl—4(C + «4s, x)] dx = [det(C + eap 


(the proof of this identity coincides with the proof of P(R,) = I 
which was carried out above). Since 


det{(C + €4)]-* = (det C)-#[det(E + «AC™)]-, 
this identity can also be written in the form 


(det C): 


(nye exp[—4((C + €4)x, x)] dx = [det(E + e4C-1)]-4. (5) 


Expand both sides of (5) in a power series in e, and equate coefficients, 
Since 


det(E + «AC) = 1 + e Tr(AC-?) + ..,, 
we obtain 


(det C) —i(Cz,z) — —1 
yo f Ax, xe dx = Tr(AC>). 
This proves formula (4). 
We remark that by similar means one can also compute integrals 
such as 


| (Ax, xee dx 


and so on. 
Thus, we have proven the following theorem. 


Theorem 1. Let ® bea proper Gaussian generalized random process. 
Then for any linearly independent functions g,, ..., o, in K the probabi- 
lity distribution of the random variable (Go), ..., 6(o,)) has the form 


vdet A f EE 


PD = amie la 
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where A = || ày || is the inverse of the matrix || B(g;, ;) |, and (Ax, x) 
denotes the quadratic form 


(Ax, x) — > > AX. 


i=l j=1 


If the functions œ}, ..., o, are linearly dependent, then the probability 
distribution of the random variable (®(9,), ..., O(p,)) is concentrated 
on a subspace R;, of R,, whose dimension is equal to the dimension of the 
linear space spanned by œ}, ..., Pn: It consists of those points (x3, ..., Xn) 
whose coordinates satisfy the same linear relations as do the functions 
9i «5 Pn» The probability distribution in question is given, on R,,, by a 
formula similar to (1). 

We have obtained the probability distribution for proper Gaussian 
processes. Sometimes improper Gaussian processes are considered, for 
which the correlation functional B(o, o) can vanish for functions other 
than g(t) = 0. For such processes the random variable (d(g,), ..., P(@n)) 
can be distributed according to an improper Gaussian law, i.e., a Gaussian 
distribution which is concentrated on some subspace of n-dimensional 
space. We will not dwell further on this question. 

We further remark that if the mean m(q) of the Gaussian process ® 
is different from zero, then formula (1) is replaced by a somewhat more 
complicated formula 


vdet A 





SSS eel 1 , 
P(X) = cus f PIRA — 2), s — 2) ds, (1) 
where x? is the vector with coordinates m(o,), ..., (pp). 


Along with real Gaussian processes, one can introduce complex 
Gaussian processes. For such processes the probability that 


(Py), rreg O(o,)) € X 


(X is a set in n-dimensional BON space) is expressed by the formula 


P(X) = Tex T e „PI 342, 2)] da, a”) 
where A = || ày || is the inverse of the matrix || B(o;, g;) ||, 
(Az, 2) = > > A28, 
t=1 j= 


is the Hermitean form corresponding to the matrix A, and dz denotes 
the measure dx, dy, ... dx, dy,, Zp = xy + Vp. 
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2.3. The Existence of Gaussian Processes with Given Means and 
Correlation Functionals 


We have seen in the previous paragraph that the probability distribu- 
tion of the random variable (®(¢,), ..., $(o,)), where ® is a generalized 
Gaussian process, is uniquely defined by the correlation functional 
B(ọ, ij) and the mean m(g) of ®. As was proven in Section 2.1, B(g, #) 
and (o) must be such that the bilinear functional 


C(o, 4) = Bg, y) — mom) 


is positive-definite. 

Now we show: If a continuous bilinear functional B(o, ) on K anda 
continuous linear functional m(y) on K are such that the functional 
B(o, 4) — m(g)m(y) is positive-definite, then there exists a generalized 
Gaussian process ® of which B(g, y) is the correlation functional and 
m(g) is the mean. 

Obviously it is sufficient to prove the theorem in the case where 
m(p) = 0 and B(g, x) is positive-definite. 

We first consider the case where B(g, x) is strictly positive-definite, 
i.e., where B(o, 9) > 0 for all functions g(t) € K which are not identically 
zero. In this case the matrix || B(g,, 9j) || is nondegenerate for any 
linearly independent functions gı, ..., o, in K. Indeed, if pi, ..., Pn are 
linearly independent and the numbers a, ..., à, are not simultaneously 
zero, then the function 


Kt) = > at) 
i1 


is not identically zero, and therefore 


n n 


2, 2; Pos paa, = = B(j, 4) > 0. 


t=] js. 


From this follows the nondegeneracy of the matrix || B(o;, ¢;) ||. 
Since B = || B(oj, ¢;) | is nondegenerate, it has an inverse 4. We now 
associate with the functions g,,..., o, the random variable (®(q)), ..., 
®(y,)) with probability distribution 
E vdet A —iGAz,a) 
P(X) = a f E dx, (6) 
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where 


n "n 


(Ax, x) = 9, 9 Anis. (7) 


i=l j=1 


The random variable (d(o,), ..., @(p,)) is thus defined for linearly 
independent functions pi, ..., Pr: 

Suppose now that o, ..., pn are linearly dependent. Choose a linearly 
independent basis yy, ..., Ym in the linear space spanned by oj, ..., Pn- 
Since the functions J4, ..., fm are linearly independent, the random 
variable (d(J4), ..., O(y,,)) is defined by a probability distribution 
P,(X) having the form (6). Since the functions q, ...,@, are linear 
combinations of 44, ..., Ym 


ext) = > belt), 
j=l 


we define the probability distribution of the random variable (®(9,), ..., 
P(p,)) by 
P(X) = PX); 

here X denotes the set of points x = (xi, ..., Xm) in m-dimensional space 
R,, such that (yy, ..., Ya) € X, where y, = Xj byjx;. 

Thus, we have defined the probability distribution P(X) of the 
n-dimensional random variable (G(9,),..., 6(p,)) for any functions 
Pp -v Pn in K. It can be shown that these probability distributions 


define a continuous linear random functional on K, i.e., that the following 
conditions are fulfilled: 


(1) For any functions gy, ..., Pns p and numbers x,, ..., x, the proba- 
bility of the event 


Dpr) Key  l&kzn 
coincides with the probability of the event 
Dp) S Xr, l<k<n,  d(g)-o 


(the condition of compatibility); 


Q) Plap + By) = ed(») + BOSCH), 





where equality of random variables is understood in the sense established 
in Section 1; 
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(3) the dependence of the random variable (®(9,), ..., $(p,)) upon 
the functions pı, ..., o, is continuous. 
The proof of assertions (1) and (2) is based upon the following lemma. 
Lemma 1. Suppose that p(t) 1 < k x n, is a'system of linearly 
independent functions in K, and y(t), | <k < m, are linearly inde- 


pendent functions which belong to the linear space spanned by the 
functions g,, ..., Pn» 


dde È oet. (8) 


“Let P(X) denote the probability distribution of the random variable 
(lpi), ..., 9(p,)), and P,(Y), that of the random variable (P(x), ..., 
$(,,)). Then 


P(Y) = P(Y), 
where Y is any set in the space R,,, and Y is the set of those points 


x = (x, =» Xn) in R, such that the point y = (Yi, ..., Ym) with coordin- 
ates y, = Dj_1 a,x, belongs to Y. 


Proof. The relation P(Y) = P,(Y) can be written in the form 


det A, det A 
Aga [eat Hes ay) de = SNe expt - MA en O) 


where A, denotes the matrix || B(y;, y) |7}, and A, denotes the matrix 


| B(oo p;) I7! 
To prove relation (9), note that in view of (8) we have 


Behar fi) = > 2, ayitiB(po Pi) 
i=1 j=l 
and therefore 


| Blr o) = All Ben pla’, (10) 


where A denotes the matrix || ap; ||, and A’ is the transpose of A. 

Consider first the case where m = n. In this case the matrix A is 
nondegenerate, because each of the collections {yp} and {p,} is linearly 
independent. Consequently, it follows from (10) that 


A, = (A)14,43, 
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i.e., that 
A, = A’A,A. (11) 
Therefore 
(Ax, x) = (A'A,Ax, x) = (A, Ax, Ax). (12) 
Moreover, it follows from (11) that 


det A, = (det A)? det A,. (13) 


Substituting the expressions (12) and (13) for (A,x, x) and det A, 
into the left side of (9), we obtain 


det A, 
Ee f " exp[—4(A,x, x)] dx 


| det A | vdet A, 
(27):” 








| y &xP[— H(A, As, Ax)] dx. 


We make the change of variables Ax = y in the right side of this equa- 
lity. Taking into account that dx = | det A |-! dy and that Y is the 
inverse image of the set Y under the transformation Ax = y, we arrive 


at (9). 
Let us now consider the general case. Any linear transformation A 
which carries the functions 9), ..., o, into the functions yy, ..., Yim can be 


represented in the form 


Ai A A A ^ ^ As 
ier uL Gn} Ed {Or stt Gn} Eg {Pu Un Pm} ER {Yi see) Vni); 


where A, and A, are nondegenerate linear transformations, and ó,, ..., Ên 
are functions such that B(¢;, $;) = 9;; (0;; is the Kronecker symbol). 
For the transformations A, and A, the compatibility relation has been 
proven. Therefore it is sufficient to prove the equality P(Y) = P(Y) 
for mappings of the form (9), ..., Pn) > (gp . Pm)» Where gy ... Pn 
are functions such that B(o;, »;) = §,;. For such functions, || B(o;, ;) |, 
Ag, and || Bla Y) ||, 4, are the identity matrix. Consequently, the result 
to be proved assumes the form 


1 lí 2 
Gm f LODI aO Toc Yu)ldyy + Bn 





1 1 à 
= gag Jal Ao? +. 4 x®)] dey... dx, (14) 
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Since the set Y consists of those points x = (xy, ..., Xn) for which (x,, ..., 
Xm) € Y, (14) follows at once from the relation 


1 142) dy = 
Vin ee exp(— 3x ) dx = 1. 
Thus, Lemma | is also proven in the case where m 4 n. Applying Lemma 
| to a mapping of the form 


(Pp -> 9» g) —> (Pi -> Pn) 


we conclude that the probability distributions of the random variables 
(lpi), ..., 9(p,), P(p)) and (9(»,),..., P(pn)) are compatible if the 
functions pı, ..., Py» 9 are linearly independent. If they are not linearly 
independent, the compatibility follows easily from the definition of the 
probability distribution for linearly dependent functions. 

Further, applying Lemma 1 to the mapping 


(Pr 93) — o1 + Bos 


we observe that the random functional ®(¢ọ) is linear. 

Finally, the continuity of the dependence of the random variable 
(Plopi) ..., 9(p,)) upon Pr ..., Pn follows from the fact that the bilinear 
functional B(o, 4) is continuous in 9 and y. 

From the results of Section 2.2 it follows that the correlation functional 
of the process which we have constructed is equal to B(g, y). 

This completes the discussion of the case in which B(o, J/) is strongly 
positive. If B(o, ys) is degenerate on some subspace in K, then the proof 
is carried out in a similar manner. Here it may turn out that the probabil- 
ity distribution of the random variable (®(¢), ..., P(pn)) is concentrated 
on some subspace of R, even in the case where the functions gi, ..., Pn 
are linearly independent. 

We have therefore proven the following theorem. 


Theorem 2. In order that a continuous linear functional m(g) on 
K and a continuous bilinear functional B(o, i) on K be respectively the 
mean and the correlation functional of a generalized random process 9, 
it is necessary and sufficient that the bilinear functional 


Clp, 4) = Big, V) — m(g)m(Q) 


be positive-definite, in which case the process ® can be chosen to be 
Gaussian. 
From this theorem follows: 
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Corollary. Let be any generalized random process with mean 
m(y) and correlation functional B(g, yj). Then there exists a Gaussian 
generalized random process having the same mean and correlation 
functional as ®. 

Indeed, if (go) is the mean, and B(g, V) is the correlation functional 
of ®, then the bilinear functional B(o, y) — m(g)m() is positive-definite. 
Then in view of Theorem 2 there exists a Gaussian generalized random 
process of which m(g) is the mean and B(g, y), the correlation functional. 


2.4. Derivatives of Generalized Gaussian Processes 


We now prove that the derivative of a generalized Gaussian random 
process is itself a Gaussian random process. Indeed, suppose that the 
probability distribution of the random variable (®(9,), ..., 6(,)) is 
given by 


zz (det Aj —}(Ag,x) 
PX) = “Gam | K dx, 
where A is the inverse of the matrix B = || B(o;, o;) ||. By definition of the 
derivative of a random process, the random variable (9'(o,), ..., '(o,)) 


has the same probability distribution as the random variable (— ®(}), 
^, — Q(o;)). In other words, the probability P)(X) of the event (©'(y,), 
wy '(p,)) € X is given by 


(det A’)? 


“Gn 


P(X) = exp[— 1(A'x, x)] dx, (15) 
SA 

where A’ is the inverse of the matrix B' = || B(y;, p;) ||, and — X is the 
reflection of X through the origin of coordinates. 

As (A'x, x) = (—A’x, —x), we can replace —X by X in (15). We 
find that (®'(¢,), ..., 9'(»,)) is a Gaussian random variable whose matrix 
of second moments is || B(o;, gj) |. 

We have thus proven that the derivative of a Gaussian random process 
with correlation functional B(o,) is a Gaussian random process with 
correlation functional B(g’, if’). 


2.5. Examples of Gaussian Generalized Random Processes 


A Gaussian random process for which the correlation functional 
B(o, #) is given by 
By, V) = | Bt, solts) dt ds, (16) 
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where B(t, s) is a positive-definite continuous kernel,* is called a con- 
tinuous (or classical) Gaussian random process. For such processes 
a probability distribution exists for any moments of time fy, ..., tn. This 
distribution is given by 


ydet A 


= —k(Az,z. 
P.) = “Gyr f PII ds, (17) 
where A is the inverse of the matrix B = || B(t;, tj) |. Conversely, if ® 


is a continuous random process and if for any moments of time f, ..., tn 
the probability distribution is given by (17), where A = || B(t,, tj) |7}, 
then the correlation functional of ® is given by (16). We omit the proofs 
of these statements. 

As an example of a continuous Gaussian process we consider the 
Wiener process, namely, that process ®(t) for which the probability of the 
event (Ot), ..., 9(t,)) e X, 0 < t, — ... < tm is given by* 


P,(X) = [(27)"t i(t = tı) sas (tn = tn) 


x f exp j= : [2 Eus eM cR] dx, ... dx,. 


It can be shown that the Wiener process describes the coordinate of a 
particle lacking inertia, undergoing one-dimensional Brownian motion, 
and starting from the point x = 0 att = 0. 

Let us compute the correlation matrix for the Wiener process. 
Suppose t < s. Then we have 


Oa xi (x2 — xj 
(Ax, x) ; + rae, 





and therefore the matrix A has the form 











-— t ES $ j 
A (s — ty tod Wee fl t 
xl 1 s—t = 1 
s—t s—t 


4 That is, a kernel such that 


| Be, s)p(t)p(s) dt ds > 0 


for any 9(t) e K. 
5 To times £ < 0 there corresponds the probability distribution which is concentrated 
at the point x = 0. 
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But this means that 


t t 


B-43-| 
t s 








Since the matrix B has the form 


B(t,t) B(t,s) 


Be | B(s,t) B(s,s) 





| , 


we find that for t < s 


B(tt) = t; B(ts)— t; B(st) — t; B(s,s) — s. 


These relations can be written as one formula, namely 
B(t, s) = min(t, s), 


where £, s > 0. Ift « 0 or s <0, then B(t, s) = 0. 
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Let us find the form of the correlation functional of the Wiener 


process. By formula (16) we have 


Bip 4) = J^ [^ 946) mintt, s) dt d 


= fro f uo 4 a d j: Js) ip tolt) dt ds. 


Set 
w= f od $= fva. 


Integrating the right side of (18) by parts, we have 


Bip, 4) = f^ 16) — gee) de + [^ Ko) — Bolol) de. 


(18) 


Integrating the first term by parts once again and taking into account 


that 
f, ses) ds = [. (669) — $691 ds 


we find after simple manipulations that 


Bip, 4) = f^ t6) — AONE — Koo) ae. 


(19) 


Thus, we have found the correlation functional of the Wiener process. 
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Let us now consider the derivative of the Wiener process, i.e., the 
probability distribution of the velocity of a Brownian particle. It can 
be shown that this derivative is not a continuous random process. 
However, the derivative of the Wiener process exists as a generalized 
random process. The correlation functional of the derivative of the 
Wiener process is given by J'(o,) = B(g', p), where B(g, y) is 
defined by (19). Since 


Or =f POs — e — 90), WO — 99 — 49). 
and, as (s) and (s) have bounded supports, (o0) = (o0) = 0, then 
BG) = f? AOM) ae 


This formula can be written in the form 


Bed) = [^ f 3 — oles) d. 


Thus, the correlation functional of the derivative of the Wiener process 
is the generalized function B(t, s) = 6(t — s). The derivative of the Wiener 
process is the simplest generalized process of Gaussian type. It plays a 
role analogous to that of the 8-function in the theory of generalized 
functions, and is called the unit generalized random process. 

The case of the complex Wiener process can be treated in similar 
fashion; here the correlation functional has the form 


Bod) = [^ eet) at 


2.6. The Characteristic Functional of a Generalized Random Process 


We now introduce the notion of the characteristic functional of a 
generalized random process, which generalizes the notion of the charac- 
teristic function of a probability distribution. Let ® be a generalized 
random process. The mean of the random variable e’® is called the 
characteristic functional of Ð. In other words, the characteristic functional 


L(g) is defined by 
L(y) = Ele] = f £? dP(x), (20) 


where P(x) denotes the probability that ®(p) < x. 
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As an example, let us compute the characteristic functional of a 
Gaussian random process. Let B(p, y) be the correlation functional 
of the Gaussian random process. According to Section 2.2, the distribu- 
tion function of (p) is given by 


2 


1 c 
P(x) = ———— — Mu.) dx. 
©) = Seas Ie U zig) ® 
Therefore 


L(y) = 


V 2n B(y, p) 





f exp (ix 3B » a) dx = exp[—dB(o, p)]. 


Thus, the characteristic functional of a Gaussian generalized random 
process having correlation functional B(g, Jj) is given by 


L(y) = exp[— $B(g, 9]. Q1) 


In particular, for the unit Gaussian process we have B(o, o) = f 9*(t) dt, 
and therefore 


Lle) = exp [- 5 [0 at]. Q2) 


The properties of characteristic functionals are similar to those of 
Characteristic functions. Namely, we have the following assertion: 

The characteristic functional L(g) of a generalized random process ® is 
positive-definite, i.e., for any functions o,(t), ..., o,(f) in K and any 
complex numbers o, ..., «, one has 


3 


Ms: 


&. 
LU 

ko 
Li 

- 


L(y; — PK) 2 0, 


In fact, we have 


> Llp; — exor, =D) $, Elo expliF(p, — pr)] 
g=1 k=1 


n 
j=1 k-l 


=E 





n 2 
>,» expliB(p,)] | > 0. 
j=l 


Further, the characteristic functional L(p) is continuous. Indeed, if 
lim; ,4 grlt) = p(t), then 


lim f f(x) dPi(x) = f f(x) dP(x) 
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for any continuous bounded function f(x), where P,(x) is the distribution 
function of the random variable ®(y,,), and P(x) is the distribution func- 
tion of P(g). Setting f(x) = e, we obtain 


lim L(g) = L(g). 
This proves the continuity of L(y). Lastly, one has 
L(0) = f dP(x) = 1. 


These properties are not only necessary, but also sufficient for a 
functional L(y) to be the characteristic functional of some generalized 
random process ®. In other words, the following theorem holds. 


Theorem 3. Let L(o) be a positive-definite continuous functional 
on the space K such that L(0) = 1. Then there exists a generalized 
random process whose characteristic functional is L(g). 

A detailed proof of this theorem will be carried out in Chapter IV, 
Section 4, in connection with Fourier transforms of measures in linear 
topological spaces. Here we will indicate only the idea of the proof. 

Let g(t), ..., 9, (4) be functions in K. We associate with them a function 
(V1, ..., Yn) of n variables, setting 


Yos s») =L [Xt]. 


Simple verification shows that this function is continuous and positive- 
definite. Consequently, by Bochner’s theorem J(y,, ..., Yn) is the Fourier 
transform of some positive measure P(x,,... x,) in n-dimensional 
space R,. We take P(x, ..., x,) as the distribution function of the random 
variable (®(¢,), ..., ®(p,)). It can be proven that these random variables 
are compatible and that ®(~) is linear and continuous in œ. Thus a 
generalized random process has been constructed, of which L(o) is 
the characteristic functional. 


3. Stationary Generalized Random Processes. Generalized 
Random Processes with Stationary nth-Order Increments 


3.1. Stationary Processes 


A generalized random process ® is called stationary, if for any func- 
tions ¢,(t), .., p, (f) in K and any number h the random variables 
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($[p,(t + A)], ..., 9[p, (t + A)]) and (®[—,(2)], ..., O[p,,(t)]) are identically 
distributed. In other words, the process Ó is stationary if the result of 
measurements on it by apparatuses characterized by the functions 
ei(£), ..., P(t) is not changed by the simultaneous translation of all the 
measurements by the same time interval A. 

If @ is stationary, then its mean is invariant under translation. Thus, 
for any function y(t) € K and any number A, 


m[g(t)] = m[o(t + &)]. 


But the only linear functionals on K which are invariant under transla- 
tion are those of the form 


mg) = a | e(t) dt, (1) 


where a is some number.! Therefore the mean of a stationary generalized 
random process has the form (1). Since, for stationary random processes, 
the mean m(¢) is uniquely defined by the number a, we will also call a 
the mean of the stationary process ®. 


3.2. The Correlation Functional of a Stationary Process 


Let us now find the general form of the correlation functional of a 
(complex) stationary generalized random process. From the stationarity 
of the process Ó it follows that 


Bilt), Y) = Blo + h), dt + &)] (2) 


for any two functions g(t), )(t) K. Thus, the correlation functional 
of a stationary generalized random process is a positive-definite bilinear 
Hermitean functional which is translation-invariant. The general form 


! [ndeed, by the results of Volume II (Chapter II, Section 4.3), the functional m has 
the form 


m) = 2, [^ fos de, 
k=0 7 


where the /,(f) are continuous functions, only a finite number of which are different 
from zero on any given finite interval. Dut it follows from the condition of stationarity 
that the f,(£) are constants. For k > 1 we have 


=0 


=% 





F p(t) dt = p(t) 


and therefore m(g) has the form m(g) = a J (t) dt. 
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of such functionals was found in Chapter II, Section 3.5. In view of the 
results proven there, such functionals have the form 


Be, 4) = (Bo p * *), (3) 


where B, is a generalized function of one variable which is the Fourier 
transform of some positive tempered measure. 
Thus, the following theorem holds. 


Theorem 1. The correlation functional B(y,4) of a stationary 
generalized random process ® has the form B(g,V) = (By p x j*), 
where PB, is the Fourier transform of some positive tempered 
measure c. B 

Since the Fourier transform of the function o * J*(x) is $(A)U(X), 
where $(A) and J(A) are the Fourier transforms of the functions g(x) 
and j(x)? then Theorem | can also be formulated in the following 
way. 


Theorem 1'. The correlation functional B(y,4) of a stationary 
generalized random process ® has the form 


By, V) = | $0990) do), (4) 


where o is some positive tempered measure. 

The measure ø is called the spectral measure of the process ©. We 
remark that the spectral measure ø, as well as the mean a of a stationary 
generalized random process ®, is uniquely defined by the process. 

As an example, let us consider the unit random process, i.e., the 
derivative of the Wiener process. As was shown in Section 2.5, the 
correlation functional of this process is given by 


I 


Bip.) = [^ e d 


Il 


f so[f oo a] d= 6.59. — 


Therefore B,(t) = 6(t). But the function à(7) is the Fourier transform 
of Lebesgue measure. Consequently, the spectral measure of the unit 
generalized random process (the derivative of the Wiener process) is 
Lebesgue measure, i.e., do(A) = dA. 


2 Recall that 9) = (À). 
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3.3. Processes with Stationary Increments 


We proceed now to the study of generalized random processes with 
stationary nth-order increments. 

A generalized random process ® is called a process with stationary 
nth-order increments, if its mth derivative is a stationary generalized 
random process. Thus, for a generalized random process with stationary 
nth-order increments, the (k-dimensional) random variables 


(P™ [p(t + A)], ..., OM [pt + h))) 
and 
(O™[p,()], ..., 9" [p,(t)]) 


are identically distributed.? In view of the definition of the derivative 
of a generalized random process, this means that the random variables 


(O[of" (t + &)], ..., $[p;" (t + &)]) 
and 
(Sip), ..., Pie) 


are identically distributed. 

Let us now find the general form of the mean m() of a generalized 
random process ® with stationary nth-order increments. Denote by 
m,(y) the mean of the process ®™(p) = (—1)"@(p™). From the 
relation 


mg) = E[9)] = (—1"EPLEp'"] = (— ym(gt") = mg) 


it follows that the generalized function m,(p) is the nth derivative of the 
generalized function m(q). 

Since the process © is stationary, according to Section 3.1 its mean 
m,(p) has the form 


mig) = a f e(t) at, 


where a is some constant. Thus, the mean m(o) of a generalized random 
process with stationary nth-order increments satisfies the differential 


equation 
m — a, 


3 [t can be shown that this definition is equivalent to the following: for any h the process 
AÊ is stationary. Here 4,9 denotes the process defined by 
ABl) = Pigli + A) — of], 
and 439, the process 4,[451®]. This definition also justifies the name “process with 
stationary nth-order increments." 
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where a is some constant. From this it follows that the generalized 
function z(o) has the form 


mo) = (athe) = Daf d= $ ao 0 


k=0 =% k=0 


Let us now consider the correlation functional B(ọ, ) of a generalized 
random process ® with stationary mth-order increments. 

This correlation functional is related to the correlation functional 
Balp, Y) of the process ®™ according to 


Bee, 4™) = Bg, y). (7) 
Indeed, 


Boo™, pin) = E[G(o™)OYU™)] 


= EO @)OMY)] = Bile, V), 
which proves (7). 

Since the process ®™ is by definition a stationary generalized random 
process, its correlation functional B,(o, #) is translation-invariant. We 
clarified the structure of Hermitean functionals B(g, y), for which 
Boo™, £™) is a positive-definite translation-invariant Hermitean 
functional, in Chapter II (Section 4.5). Applying the result obtained 
there, we conclude the validity of the following theorem. 


Theorem 2. The correlation functional B(p, 4) of a generalized 
random process with stationary mth-order increments has the form 


n—l j 
Big, 4) = f. [sey — a(n) Y G0) + 
" nl bU 
x [Ba — «09 2, 4€) r] aor) (8) 


—1n-1 — 
+ aetas + > aL) + rr B;Lig) + X 2 NM 


j=0 k= 


Here ¢(A) and (A) are the Fourier transforms of (x) and (x), v is a 
positive tempered measure for which 


JL IA deQ) < + œ, 
O<A<1 
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a(X) is an entire analytic function in the space Z such that a(A) — I 
has a zero of order n at A = 0, a, and B; are the moments of the functions 
y(t) and y(t), i.e 

o; = (t, p); B, = (t, 9), 


ds, is a positive number, the cj,, O <j, k <n — l, are certain numbers, 
the L, are linear functionals on the space K, and Q, is the complement 
of the point A = 0. 

The moments a, and f; in (8) can be replaced by the expressions 
1-160) and i-^)9(0). Indeed, differentiating the equation 


$0) = [ees dx 


jtimes with respect to À and setting A = 0, we see that oj = ig? 
(0). In the same way one proves that B; = 7 ^) (0). 

The correlation functional B(g, V) assumes a particularly simple 
form if all the moments of the functions g(x) and (x) up to order n — 1 
inclusive equal zero. Namely, the following theorem holds. 


Theorem 2'. If B(o, )) is the correlation functional of a generalized 
random process with stationary mth-order increments, and the moments 
of the functions g(x) and (x) up to order n — | inclusive equal zero, 
then 


BOW) = | $0990) doQ) + aus 


where ¢(A), (A), o and a5, have the same meaning as in Theorem 2. 

Suppose that is a generalized random process with stationary 
nth-order increments, and c,,.., c, , are arbitrary random variables 
such that E(c,é,,) exists for all j and k. Then the process ®,, defined by 


n-l 
(s) = FP) + S, em, ar = | ole) dt, 
k=0 


is also a process with stationary mth-order increments, because ®,') 
= Q" is a stationary process. The correlation functional B,(o, V) of 
@, is expressed in terms of the correlation functional B(o, 4) of ® 
according to 


n— 


Bio, ¥) = Be, Y) + PE Bll) + p esL) + X, anus 


j,k—0 


L 


ES 
tl 
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where o, = f o(t)t* dt, B, = [(t)t* dt, Lj(p) denotes the linear func- 
tional E[é,®(p)], and aj, = E(c,é,). 


Thus, the presence in (8) of the terms ojL;(), ELile), aj,oj, is relat- 
ed to the fact that by adding polynomials of order n — | having random 
coefficients to a process ® with stationary nth-order increments, we 
obtain a process with stationary mth-order increments. 

We remark that in setting up the theory developed in this section we 
made use only of the fact that neither the mean nor the correlation 
functional of the process or the process ©), respectively, changes under 
translation of the functions ọ(x) and y(x). Therefore all of the results 
which we have proven are applicable to processes which are stationary 
or have stationary nth-order increments, respectively, in the wide 
sense. A generalized random process 9 is called stationary in the wide 
sense, if its mean z(y) and correlation functional B(, y) are translation- 
invariant. Processes with wide-sense stationary mth-order increments 
are defined in analogous fashion. 

Since a Gaussian process is uniquely defined by a knowledge of its 
mean 7(p) and correlation functional B(o,), for such processes 
stationarity in the wide sense coincides with stationarity in the ordinary 
sense, and the stationarity in the wide sense of the mth-order increments 
coincides with the ordinary stationarity of the sth-order increments. 


3.4. The Fourier Transform of a Stationary Generalized Random Process 


Formula (4) of Section 3.2 gives an expression for the correlation 
functional of a stationary generalized random process in the form of the 
Fourier transform of some positive measure. This representation of the 
correlation functional suggests the construction of the Fourier transform 
of a stationary generalized process 9 itself. In order to render this idea 
more precise, we introduce the concept of a random measure. Suppose 
that with every* Borel set 4 on the real line there is associated a random 
variable Z(4). We will say that Z(4) is a random measure, if 


(1) Z(4) is a completely additive random function of sets, i.e., for 
any decomposition 4 = U% , 4, of a set 4 into the countable union 
of nonintersecting sets 4,, the equality Z(4) = X,., Z(4,) holds in 
the sense of convergence in the mean; 


t It is usually assumed, and presumably should be here also, that Z(4) is defined only 
for Borel sets 4 satisfying o(4) < 00, where o is introduced in (9) below, and that o is 
finite on bounded íntervals. 

* A sequence of random variables £, is said to converge in the mean to a random 
variable £, if E[! £, — £l] — 0 as n — o. 
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(2) there exists a positive measure ø such that 
E(Z(41)Z(43)) = «(41^ 42) (9) 


for any sets 4, and 4,; 


(3) the mean of the random variable Z(4) equals zero for any set 4. 


Note that in view of (9) we have E(Z(4,)Z(45)) = 0 for any two non- 
intersecting sets 4, and 4,. In other words, the random variables 
Z(4,) and Z(4,) corresponding to nonintersecting sets 4, and 4, are 
uncorrelated. 

It would be more natural to consider measures for which the random 
variables Z(4,) and Z(4,) corresponding to nonintersecting sets 4, and 
A, are not only uncorrelated but also independent. If the Z(4) form a 
Gaussian family of random variables (i.e., the joint distribution of any 
finite collection of them is Gaussian), then the uncorrelatedness of 
Z(4,) and Z(4,) implies their independence.’ Therefore it is more 
natural, in our opinion, to consider random measures only in the case 
where the Z(4) form a Gaussian family. However, the consideration of 
random measures, without imposing upon them the requirement 
that the Z(4) form a Gaussian family, is accepted in probability 
theory. 


5 Indeed, let £ and ņ be real random variables such that E(£) = E(y) = 0, and suppose 
that the distribution of the two-dimensional random variable ¢ = (£, 7) has the form 




















(det 4)) p p 
Fate y= 2m j Í exp[— nx? + 2Auxy + Àz2y°)] dx dy, (10) 
where P;(a,b) denotes the probability that < a, 7 « b, and A = | d oe 
is the inverse of the matrix of second moments, i.e., of the matrix 18 88 
g (EC) EG 
lE EG l 
If E(én) = 0, then A,, = O and (10) assumes the form 
P.(a, b) = An f exp(— lux?) dx Ms f exp(— 1v?) dy = P.(a)P,(b) 
ria, > es — * = LS 22 M. m £ 1 
t V2. A gA V2. M 223 t n 


where P,(a) is the distribution function of £, and P,(5) is the distribution function of n. 
Therefore E(én) = 0 implies that P-(a, b) = P;(a)P, (b), i.e., £ and $ are independent. 

If £ has a degenerate Gaussian distribution, then one of £, 7 is a multiple of the other, 
and so it follows from E(én) = 0 that one of £, 7 is identically zero, hence independent 
of the other. 
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We now introduce the concept of the Fourier transform of a random 
measure, which is defined as the random process ® given by®* 


$ = | e dZ(d). 


This equation means that with a function ¢(t) € K is associated the random 
variable 


Dp) = f g(tye! dZ(r) dt = f $0) 4ZQ). (11) 


It is not difficult to show that if the measure o(4) = E[| Z(4) |?] is 
tempered, then (11) defines a continuous linear random functional 
on K, i.e., a generalized random process. 

Let us show that this process is stationary in the wide sense. Indeed, 
since the mean of every one of the random variables Z(4) equals zero, 
then for any o(?) € K we have E[®(y)] = 0. Consequently, 

m{p(t)] = m[g(t + &)] = 0. 
Further, 


Blo, 4) = EL) 
= E |f #0) 420) f Haz) 


= |Í eoxigoEtazo) dz. 
In view of (9) we can rewrite this formula in the form 
Be. ¥) = | 609509 do). 


Under translation of the functions y(t) and y(t) by h, their Fourier 
transforms are multiplied by e-??, and therefore 


Blg(t + h), Y(t + 8)] = f erpe FA) deQ) 
= | $0950) dol) = Blot), 40). 


€ The integral of a function 9(A) with respect to the measure Z(A) is understood as 
the limit of the corresponding sums 


n-l 


>, os) 4Z09. 


k=0 


t For further details, see J. L. Doob, “Stochastic Processes," Chapter IX, Section 2. 
Wiley, New York, 1953. 
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This proves that the process ®, defined by (11), is stationary in the wide 
sense. 
Now we prove that the converse is true. 


Theorem 3. Let 9 be a generalized random process which is 
stationary in the wide sense, such that E[|$(g)/|?] is finite for all o, 
and let o be the corresponding spectral measure. Then there exists a 


random measure Z(4) such that 


f= | eit? dz), (12) 
and 
E[Z(41)Z(4;)] = (4, ^ 4;). (13) 


Proof. We introduce a scalar product in K by means of the positive- 
definite functional B(o, 4), the correlation functional of 9, i.e., we set 


(p, 4) = Be, 4). (14) 


We further consider the linear space R consisting of all the random 
variables (g) (this space is linear in view of the linearity of the random 
functional 9), and introduce a scalar product in 91, setting 


.. (P(e), PY) = BE, V) = EI9(9)9(y)]. (15) 


Since (P(e), (Y)) = Blp, Y) = (p, Y), then the mapping p — d(y) 
is an isometric mapping of K onto R. This mapping can be extended 
onto the Hilbert spaces H and h which are obtained by completing K 
and R with respect to the scalar products (14) and (15) (if the bilinear 
functional B(o, %) is degenerate, then it is first necessary to take the 
factor spaces of K and 9i relative to the subspaces in K and R on which 
B(o, y) and the inner product (15), respectively, are degenerate). 

We thus obtain an isometry between the spaces H and h. Since ® 
is stationary in the wide sense, for any two functions g(t), y(t) K one 
has 


(e) = Bly, 9) = | $0990) do), 


where o(4) is the spectral measure of ®. Therefore the correspondence 
p(t) — GA), p € K, can be extended to an isometryt between H and the 


t Indeed, the Fourier transformation is a homeomorphism of S onto S. Since K is 
dense in S, the set Y K = (9| 9 € K} is dense in S in the topology of S. Now since o is 
tempered, S CL? , and convergence in S implies convergence in L2 ; hence X K is 
dense in S in the topology of L2. But K and, consequently, S is dense in L2. Thus § K 
is dense in L2. 
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space L? of functions ¢(A) having square integrable moduli with respect 
to the measure o. 

In particular, L? contains the characteristic functions x,(A) of all 
bounded Borel sets 4. Denote by Z(4) the element of the space h 
corresponding to the function y,(A). If 4 = U;. , 4, is a decomposition 
of A into a countable union of nonintersecting sets, then obviously 
x40) = Xia xa, (à). Since the mapping of L? onto b is linear, it follows 
that Z(4) = X, , Z(4,) in the sense of mean square convergence. In 
other words, we have proven that Z(4) is a random measure. In view 
of the isometry of the mapping of L7 onto h and the equation y4, (4)x4*(4) 
= Xa,na (^), we have 





E(Z(4,)2(4,)) = (Z4) Z(4) 
= f xa ARa dQ) = [ xa 04/0) de() = «(di ^ 49 


This proves (13). 
We now prove (12), i.e., we show that for any y(t) € K one has 


Dip) = f PO) 420). 


Indeed, to the random variable ®(p)ER corresponds the function 
$(^) € L2. But ¢(A) can be approximated by sums of the form 


n 


> $04)xa, 0), 


c=] 


where À, is a point in the set 4,, and so the random variable P(e) is 
the limit of sums of the form 


2 $0024). 


But this means that 
P(e) = | $0) 420, 


which proves Theorem 3. 

We have therefore obtained a representation of the wide-sense 
stationary process ® as the Fourier transform of a random measure 
Z(4). In line with remarks made earlier, this representation can be 
considered valuable only for Gaussian random processes—for these 
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processes the random variables Z(4,) and Z(4,), corresponding to non- 
intersecting sets 4, and 4,, will be mutually independent. 

A similar representation can also be obtained for processes with 
stationary zth-order increments, but we will not stop to consider this 
question. 


4. Generalized Random Processes with Independent Values at 
Every Point 


4.1. Processes with Independent Values 


It is not possible, in the framework of the ordinary theory of random 
processes, to introduce processes with continuously varying time 
whose values at distinct times are independent random variables. 
Applying the theory of generalized random processes, however, enables 
one to consider such processes. In doing this we will establish a connec- 
tion between processes with independent values at every point and 
infinitely divisible random variables. 

We will say that a generalized random process ® has independent 
values at every point, if the random variables ®(y,) and d(o,)! are 
mutually independent whenever g,(t)p,(t) = 0. Physically, this means 
that the results of measuring the random quantity ® in nonintersecting 
time intervals are mutually independent. An example of a process with 
independent values at every point is the velocity of a particle undergoing 
Brownian motion. 

It is always convenient to carry out the study of processes with in- 
dependent values at every point with the help of their characteristic 
functionals. We now give a necessary and sufficient condition for a 
functional to be the characteristic functional of a process with independ- 
ent values at every point. 


Theorem 1. In order that a continuous functional L(g) # 0 be the 
characteristic functional of a generalized random process with inde- 
pendent values at every point, it is necessary and sufficient that it be 
positive-definite and that for any functions ¢,(t) and g(t) whose product 
vanishes, one have 


L(y. + p2) = L(pi)L(pz). (1) 


t Strictly speaking, this assertion is not true. However, there is little one can do with 
such processes, 
1 We will consider only real functions ¢(£) in this section. 
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Proof. Suppose that the functional L(¢) is the characteristic functional 
of a generalized random process ® with independent values at every 
point. As was shown in Section 2.6, L(y) is continuous and positive- 
definite. 

Take two functions g(t) and o,(t) from K. Obviously 


L(v, + 93) = Elexp@P(gi + 92))] = Elexp@P(y,)) exp(i9(v3))]. 


If o, and g, are such that —,(t)p.(t) = 0, then the random variables 
@(p,) and (p) are mutually independent by the definition of a process 
with independent values at every point. Then the random variables 
exp (t®(p,)) and exp (79(p,)) are independent. Since the mean of the 
product of independent random variables is equal to the product of 
their means, for ¢,(t)p2(t) = 0 one has 


L(y + 93) = EfexpeP(y,)]Elexp@P(y2))] = L(v:)L(v;). 


This proves the necessity of the condition of the theorem. We proceed 
to the proof of its sufficiency. Setting p(t) = 0 in (1) and choosing 
gı so that L(o,) #0, we obtain L(0) = 1. Further, since L(o) is con- 
tinuous and positive-definite, by Theorem 3 of Section 2 it is the charac- 
teristic functional of some generalized random process ®. We have to 
show only that the values of ® are independent at every point, i.e., 
that the random variables ®(y,) and (p2) are independent if »,(t)p.(t) 

For this we note that o,(2)p,(?) = 0 implies, by the conditions of the 
theorem, that 


L(se; + 593) = L(sei)L(sgs) (2) 


for all values of s. Since the characteristic function of the random 
variable (y) equals L(sg), 


F) = AlS), (2') 


where f,(s), fi(s), and f(s) denote the characteristic functions of the 
random variables (pı) 4(»,), and Bly, + p2) = (o) + d(os), 
respectively. 

But (2^) implies that the random variables ®(p,) and (p2) are mutually 
independent, which completes the proof. 

An example of a functional L(o) which satisfies (1) is any functional 
of the form 

Llp) = eM, 


Mie) = | fle, e'(, p), t] dt, (3) 
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where f(x,, ..., Xn, t) is a continuous function of n + 2 variables, such 
that f(0, ..., 0, £) = 0. Indeed, if o,(2)ps(t) = 0, then the integral which 
expresses M(p, + p2) is the sum of two integrals, taken respectively 
over the sets M, and M, on which ¢,(t) and g(t) are different from zero 
(the integral over the rest of the line equals zero in view of the condition 
f(0,...,0, t) = 0). But on M, the sum ¢,(t) + p(t) coincides with 
g(t), and on M, it coincides with y(t); therefore 


Mlp, + e) = J fle. ot), s o) t] at 
+ f lost). wilt)» PO, 11 dt 


Since, by definition of the sets M, and M., the right side does not change 
if the integrals over 9t, and M, are replaced by integrals over the entire 
real line, we obtain? 


M(q, + 99) = M (o1) + M(gg) 


and consequently 
L(y + p2) = L(pi)L(p?). 


This proves our assertion. The number in formula (3) is called the 
order of the functional L(g). 


4.2. A Condition for the Positive Definiteness of the Functional exp({f[«(t)] dt) 


Let us now clarify the conditions which are imposed upon the con- 
tinuous function f(x, ..., Xn, t) by the requirement that the functional 
L(y), defined by formula (3), be positive-definite. First we consider 
the case where L(o) is given by 


L(g) = exp ([ flo(e)] dt) . (4) 


A necessary and sufficient condition for the positive definiteness of 
such a functional is given by the following theorem. 


Theorem 2. In order that the functional L(y), defined by (4), 
be positive-definite, it is necessary and sufficient that the function 
ef be positive-definite for all positive values of the parameter s. 


2 A functional M(g) such that M(g; + p) = M(¢,) + M(g;), if pi)p(t) = 0, is 
called local. It would be interesting to find tbe general form of local functionals. 
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Proof. We first prove the necessity of the condition. If L(p) is given 
by (4), then it can be extended to all piecewise-continuous functions 
with bounded supports, following which it will still satisfy the condition 


m 


> Lo; — o)&£& > 0 (5) 


ikat 


of positive definiteness. Denote by ¢,(t) the function which is equal to a 
constant x; in the interval O < ż < s and zero elsewhere. For these 
functions 9,(t), 1 <j < m, (5) becomes 


p exp(sf(x; MN xj). m0 


Dres 
This proves the positive definiteness of the functions e*t, 
Now we prove the sufficiency of the condition of the theorem, i.e., 


that the positive definiteness of the functions e*/? for all s > 0 implies 
the positive definiteness of the functional 


L(y) = exp ( f fte) dt) . 


In other words, we must prove that if, for all s > 0, the function 
e% is positive-definite, then for any functions g(t), ..., y,(¢) in K the 
matrix A = || ay ||, with elements 


a, = exp(f flit) — o0) at), 


is positive-definite. Denote by [—b, b] an interval outside of which all 
of the e«t), l <i x m, vanish. Then the elements of A can be repre- 
sented in the form 


b 
jc (t) — p;(t)] dt) . 
a, = exp (|. flet) ~ eX0) at) 
Since f(x) is a continuous function, 


[fto — edt = hing S, s 


where 
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"Therefore it suffices to prove the positive definiteness of the matrix 
A, with elements 


Qj; = exp C 2 aa) = H exp È a) . 


q-— q-—k 


But a matrix whose elements are the products of the corresponding 
elements of positive-definite matrices is itself positive-definite (Schur's 
theorem; for proof, see below). Therefore the positive definiteness of 
the matrix A, (and thus also of A) follows from the positive definiteness 
of the matrices A,, with elements 


b b b (gb 
apo = exp (zs) = exp zz [e (0) - 9 CU 


The positive definiteness of the matrix A,, follows from the fact that 
the function exp(/k)f(t) is by hypothesis positive-definite. This proves 
the theorem. 

For completeness, we present a proof of the theorem of Schur referred 
to. 





Theorem. If the Hermitean matrices || a;; || and || bj; || are positive- 
definite, then the matrix || @;;b;; || is also positive-definite. 
To prove this theorem, we need the following lemma. 


Lemma 1. Every positive-definite matrix || a; || can be represented 
as a sum of matrices of the form || osà; ||, i.e., 


m 
a, = > ama, (6) 


p=1 


Proof. Any positive-definite Hermitean form X;; ,a;x;X; can be 
reduced to a sum of squares, i.e., can be written in the form 


m 


n 
> axi; = > X ps (7) 


i,j=1 p-1 


where the x’, are linear combinations of the variables x,; 


T7. 


x= Poux, 1<p<m. (8) 


p 
i-l 


Substituting into (7) the expression (8) for x, and equating the coeffic- 


ients of x, we obtain (6). 
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The converse is also true: any matrix whose elements are of the form 
(6) is positive-definite. Indeed, for any é, ..., £, we have 


n n 


XE j z 0, 


i-1 


ouo, £e; = 
i,j=1 








and therefore the matrix || e; || is positive-definite, But then a sum of 
matrices of this form is positive-definite. 

We now turn to the proof of the theorem. Suppose that || a a; || and 
| b; || are positive-definite. By the lemma, their elements can be re- 


presented in the form 


m 
a, = >, pap 
1j i j 


p-1 


and 


y 


i 

= BoBo 
2 BiB”. 
q-1 


From this it follows that the matrix || ajjb;; | is a sum of matrices having 
elements of the form 


egi (Pp) Qla) 
ot Bo BS 


and is therefore positive-definite. 
Theorems | and 2 imply the following assertion. 


Theorem 3. In order that the functional L(g), defined by 


LG) = ep (f ftot at) 


where f(x) is a continuous function such that f(0) — 0, be the character- 
istic functional of some generalized random process with independent 
values at every point, it is necessary and sufficient that the function 
€? be positive-definite for every positive value of s. 
From the properties of positive-definite functions it follows, in this 
case, that 
jero] « esr =: ] 


for any x. 
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4.3. Processes with Independent Values and 
Conditionally Positive-Definite Functions 


For a definitive description of those characteristic functionals, of 
generalized random processes with independent values at every point, 
which are defined by a formula of the form (4), it remains to describe 
those functions f(x) for which e%/ is positive-definite for all positive 
values of s. We note first that if e’/'*) is positive-definite and s > 0, then 
efc o eTe — ei and therefore f(—x) = f(x). From this it follows 
that the expression 


$, fes dtk 


j, 1 


assumes real values for any real numbers x, ..., x, and complex numbers 


DE En 


We now prove the following theorem. 


Theorem 4. In order that the function e? be positive-definite 
for all positive values of s, it is necessary and sufficient that the inequality 


n 


3 


f(x — x)&& 2 0 (9) 


-1 


T 


j=1 


hold for all real values x,,.., x, and any complex values £,, ..., £, 


such that Ly, £, = 0. 


Proof. First we prove that inequality (9), under the condition 
Dr és = 0, is necessary for the positive definiteness of e%'® for all 
s > O. If, in fact, e% is positive-definite for all s > 0, then for any 
£y -o n and any real x,, ..., x, we have 


5 5 exp[sfx; — xj)]£&£; > 0 
i=1 j=1 
Expanding e%'® according to Taylor's formula, we obtain 


eX xe — x; ££; 








Xe. EET 
(10) 


2 n n - 
+ Ám 2, plaf NEE 


where the @;; are some numbers lying between O and |. 
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Let us now assume that X, , & = 0, and inequality (9) does not 


hold, i.e., that Eija — xj) & <0. Then, choosing s sufficiently 
small, we find from (10) that 


2,2, eros — ud, <0. 


contrary to the assumption that e%%® is positive-definite. 

Let us now show the sufficiency of condition (9). First we prove 
that if (9) holds, then for any fixed numbers x,, ..., x, one can find s, 
such that for 0 < s < sy the matrix with elements 


à, = 1 + sf(x,— xj) 


is positive-definite. Suppose that 


yi (x; — x)&f, > 


1 j=l 


M: 


- 
Ii 


when È; & = 0. Denote by A the smallest value which the Hermitean 
form 


$ $ fe x a1) 


j=1 


ids 
ur 


assumes on the hyperplane 2; , £; = 1. This minimum exists, because 
the form (11) has, by virtue of (9), a minimum on the hyperplane 
Xa é, = 0, and therefore assumes a minimum on any hyperplane 
parallel to it. 

It is easy to see that in this case 








[def +S fou ened a (12) 
t=1 i, j=l 
for any values £,,..., £,. We have to show the positive definiteness of 


the matrix having elements | + sf(x; — x;) for sufficiently small s, 
i.e., we have to verify the positive definiteness of the form 


> £i i s > f(x; — xj)££. 


t,j=1 
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But in view of (12) we have 


»«l 
t=1 


Ts > f(x — xe; 


‘j=l 








s + By fes - s] 


i, j=l 








a 








Y4 
LS 


Therefore if A > 0, then the inequality 


» & 


holds for all s — 0. If A — 0, the inequality holds for s < —.4-1. 
By Schur's theorem it follows that for any s >O the matrix having 
elements [1 + (s/n)f(x; — x,)]” will be positive-definite for n sufficiently 
large. Then the limit of this matrix, i.e., the matrix having elements 


> & 


> (1-3) 








"esa 1)] D8 
tml 





oes 








5 fis — x)65 20 
ij-1l 


by = exp[sf(s; — x)] = lim [1 + Se)" 
will also be positive-definite. But this means that the function e*/o? 
is positive-definite for all s > 0, which proves Theorem 4. 

Let us proceed now to find all continuous functions f(x) such that 


Y, fer 968 20 (13) 


1,41 


under the condition È; é = 0. It is easy to show, passing from sums 
to integrals, that all such functions satisfy the inequality (f, p « »*) > 0, 
if f p(x) dx = 0. 

But f(x) dx = O for all functions y € K. Therefore the inequality 


(Av x Qn 20 


holds for all functions f(x) which satisfy inequality (13) for X7 , é& = 0. 
The converse ‘s also true. 

In Chapter II, Section 4.1, we called such functions conditionally 
positive-definite functions of the first order. 

We see, thus, that a function f(x) for which (13) is satisfied whenever 
Xa é = 0, is a conditionally positive-definite function of the first 
order. 
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The form of such functions was established in Chapter II, Section 
4.4. Using this result, we obtain the following theorem. 


Theorem 5. In order that the functional L(g), defined by 
L(p) = exp (| fl(e)] 4t) 


be the characteristic functional of a generalized random process with 
independent values at every point, it is necessary and sufficient that the 
continuous function f(x) have the form 


` 2 
flx) = f png EC SOY. + Pal] dof) + do + faye — sz .— (14) 
70 
Here c is a positive measure such that 
f do(^) + f X da(A) < co, 
|Ap»1 0«|A|«1 


a, is a positive number, a(À) is a function in the space Z such that a(A) — 1 
has a zero of the third order at A = 0, and a, a, are any numbers. 
It is necessary here that 


f avg ET 0091 DA) + a = 0, 


since the relation f(0) = 0 must hold. 
We remark that among the functions which can be represented by 
formula (14) are the functions 


f(x) = ee — 1). 
These functions appear when ø is concentrated at the point A = h, 


for suitable choice of the function «(A) and the constants ap a, and 
ay. In this case the characteristic functional L(g) is given by 


L(y) = exp |: f [exp Zhg(t) — 1] dt] (15) 


A generalized random process having such a characteristic functional 
is called a Poisson process. 
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4.4. A Connection between Processes with Independent Values 
at Every Point and Infinitely Divisible Distribution Laws 


Theorem 2 implies a connection between processes with independent 
values at every point and infinitely divisible random variables. A random 
variable £ is called infinitely divisible, if for any n it can be represented 
in the form 


E= é + t Ew 


where £,..,£, are independent and identically distributed random 
variables. Let y(x) be the characteristic function of an infinitely divisible 
random variable. Since the characteristic function of a sum of independ- 
ent random variables is the product of their individual characteristic 
functions, for any positive integer n the function y(x) can be represented 


as 
x(x) = bao)", (16) 


where xy,(x) is the characteristic function of a random variable £,. 

The above mentioned connection between processes with independent 
valuesat every point and infinitely divisible random variables isestablished 
by the following theorem. 


Theorem 6. In order that the functional defined by 
L(g) = exp (f fts) dt) 


where f(x) is a continuous function such that f(0) = 0, be the character- 
istic functional of some generalized random process with independent 
values at every point, it is necessary and sufficient that the function 
ef? be the characteristic function of some infinitely divisible random 
variable. 


Proof. Suppose that L(g) is the characteristic functional of a process 
with independent values at every point. Then in view of Theorem 2, 
the function exp [n-!f(x)] is positive-definite for any n and is therefore, 
by Bochner's theorem, the characteristic function of some random 
variable £€"(ie., the Fourier transform of some positive normalized 
measure). Since 


exp[ f(x)] = exp[n-!f(x)]^, 


e/@) is the characteristic function of the random variable 


E = é Vcn En 
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where the £, are independent and have the same distribution as the 
random variable £'^. It follows that £ is an infinitely divisible random 
variable. i 

Conversely, suppose that e/*? is the characteristic function of an 
infinitely divisible random variable. Then for any n the function 
exp[n-!f(x)] is the characteristic function of some random variable and 
is therefore positive-definite. But then, for any m and n the function 
exp[(m/n)f(x)], as a product of positive-definite functions, is positive- 
definite. Finally, &?/?, as a limit of positive-definite functions, is 
positive-definite for any s — 0. But then, in view of Theorem 2 the 
functional L(y) = exp (f f[g(t)] dt) is the characteristic functional of 
some random process with independent values at every point. 

It follows from this theorem that the characteristic function of an 
infinitely divisible random variable has the form e/€, where f(x) is 
given by an expression of the form (14). 

As an example of a process with independent values at every point 
we can take the derivative of the Wiener process (i.e., the unit process). 
We saw in Section 2.6 that the characteristic functional of this process 
has the form 


L(g) = exp [- 1 fea]. (17) 


But this functional is a particular case of (4), corresponding to f(x) 


> 1l 42 
= —gX. 


4.5. Processes Connected with Functionals of the nth order 


Up to now, we have considered processes with independent values 
at every point whose characteristic functionals have the form L(g) 
= eM), where M(g) = f f[o(t)] dt. We now consider processes whose 
characteristic functionals have the more general form L(g) = e”, 
where 


M(g) = | fle, 9, ..., QU] dt. 


With almost no change in the preceding argument, we can state a 
condition which is sufficient for the functional L(y) = e” to be positive 
definite, in other words, for L(y) to be the characteristic functional 
of a generalized random process with independent values at every 
point. This condition is given by the following theorem. 
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Theorem 7. In order that the functional L(g) = eV?, where 


M(p) = | fle. P's n QU] dt, (18) 


be positive-definite, it is sufficient that for any s > 0 the function exp 
[sf(xo, ..., x,)] be a positive-definite function of the variables xy, ..., Xp. 

The proof of this theorem proceeds in entirely the same way as the 
proof of the corresponding part of T'heorem 2, and we omit it. It is not 
known whether the above condition is also necessary for the positive 
definiteness of L(g). 

The description of those functions f(x} ..., x,) for which exp[sf(x,, ..., 
X,)] is positive-definite for s > 0 proceeds word for word as in the case 
of a single variable. Without carrying out its detailed proof, we state 
the following theorem. 


Theorem 8. In order that the function exp[s/(x)] = exp[sf(x ..., 
x,)] be positive-definite for all s > 0, it is necessary and sufficient that 
the inequality (f, p x 9*) > 0 hold for all functions g(x) = (xy, ..., Xn) 
€ K such that f p(x) dx = 0. 

According to Theorem 3 of Chapter II, Section 4.4, a function f(x) 
having this property has the form 





fe) [| pem — aQYO + iA, 2] doQ) + X ay SY . (19) 
lA 0 
Here ø is a positive measure such that the integrals 


f |A| do(à) and f do(à) 
0c |4 «1 jp. 


converge; a(A) is a function in the space Z such that a(A) — | has a 
zero of the third order at A = 0; the a,, | k| < 2, are certain numbers 
depending upon f(x); and the a,, | k| = 2, are numbers such that the 
quadratic form X,.,., a4,,,£,£, is positive-definite. Of course, here 
also one must have 


I [1 — a()] do(A) + a, = 0. 


4.6. Processes of Generalized Poisson Type 


Suppose that the measure o in formula (19) is concentrated at the 
point à = A. For appropriate choice of the function a(A) and the numbers 
aw |k| = 0,1, 2, f(x) will have the form 


f(x) = Clexpli(h, x)] — 1) = C(expIftoxo + + Mn%n)] — 1). 
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In this case the characteristic functional is defined by the formula 


L(g) = exp [c | exp[ih,g(t) + ... + ihyp™(t)]| dt. 


Processes having this type of characteristic functional may be considered 
as generalizations of the Poisson processes considered earlier. These 
processes have random jumps whose distribution is Poisson, random 
changes of velocity whose distribution is also Poisson, and so on up to 
random changes of the nth derivative, which will have a Poisson distribu- 
tion. 


4.7. Correlation Functionals and Moments of Processes with 
Independent Values at Every Point 


Let us now find the general form of the correlation functional of a 
process with independent values at every point. Without restriction 
of generality, we may suppose that the mean of this process equals 
zero. 

According to the kernel theorem (Chapter I, Section 1.3, Theorem 
5) the correlation functional of any real generalized random process 
has the form 


Blo; V) = (F, ee bo), 


where F is a generalized function of two variables. Let us show that if 
the process has independent values at every point, then F is con- 
centrated on the diagonal x = y(i.e., that (F, (x, y)) = O if the function 
0(x, y) equals zero in some neighborhood of this diagonal). 

Indeed, let g(x) and (x) be functions in the space K such that 
e(x)(x) = 0. Then, by the definition of a process with independent 
values at every point (cf. Section 4.1), the random variables ®(p) and 
(y) are independent. Since the mean of the product of independent 
random variables is equal to the product of their means, then 


Bp, $) = E[9(»)9(4)] = E[P(p)]E[PY)] = mony) = 0 


(recall that we are considering processes with mean zero). 

Thus we have proven that B(g, y) = 0 for any two functions o(x) 
and J(x) whose product vanishes in some neighborhood of the diagonal 
x = y. But any function (x, y) in K, which vanishes in some neigh- 
borhood of the diagonal can be approximated by linear combinations 
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of functions of the form g(x)J(y) which vanish in some neighborhood 
of the diagonal. We have therefore proven that 


(F, (x, y)) = 0 


if 6(x, y) vanishes in some neighborhood of the diagonal x = y. But 
this means that F is concentrated on the diagonal. 

The general form of a generalized function on the space K,(a) was 
obtained in Volume II (Chapter II, Section 4.3). It follows from this 
result that the generalized function F has the form 


(F, 8) — | 2 OQ jx, y) E dx dy, 


where the Q,,(x, y) are continuous functions, only a finite number of 
which are different from zero on any given bounded set. Since F is 
concentrated on the diagonal x — y, we obtain 


T 810x, y). 
(F, 8) = f b Rule) ar gee | de 





where we have put Rj(x) = Oj(x, x). 
Hence the following theorem results. 


Theorem 9. The correlation functional B(g, V) of a process with 
independent values at every point is given by 


Bed) = | E, Ra Ge God de, Q0) 


where only a finite number of the functions Rj,(x) are different from 
zero on any given bounded set. 

Since the functional B(o, x) is positive-definite, then for any function 
p(x) € K, necessarily 


JE, Rae ^e) dx > 0. (21) 


The following general theorem is proven in a completely analogous 
way. 


Theorem 9’. The szth-order moment of a generalized random 
process with independent values at every point is given by 


MAP =o Py) = f l 2 Ry S Coop) ... gsx) dx, (22) 


pe 
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where the R; ,(x) are continuous functions, only a finite number 


of which are ‘different from zero on any given bounded set. 


4.8. Gaussian Processes with Independent Values at Every Point 


The results obtained in the previous paragraph enable us to show the 
general form of Gaussian processes with independent values at every 
point. We know that a Gaussian process ® is completely defined by its 
correlation functional B(o, y) (we suppose here that the mean m(ọ) 
of ® equals zero). The probability distributions for a Gaussian process 
with correlation functional B(g, y) have the form 


[det Ab p 

(27):” JR 
where A is the inverse of the matrix || B(o,, p+) |. But we already know 
the general form of the correlation functional for processes with inde- 
pendent values at every point. It follows that any Gaussian process ® 


with independent values at every point is defined in the following manner. 
Consider a bilinear functional 


B(p, d) - | Y, Roe (oye) dey, (24) 


P(X) = gir dx, (23) 


such that only a finite number of the functions R;,(x) are different from 
zero on any given finite interval, and such that B(y, 9) > 0 for any 
function g(x) e K. With any functions 9,(t), ..., »,(t) € K we associate 
the (n-dimensional) random variable ®(q,, ..., »,) with probability 
distribution given by (23), where /1 is the inverse of the matrix || B(o,, 
gy) ||. Then this family of probability distributions defines a Gaussian 
process with independent values at every point. Conversely, every such 
process can be obtained in this way. 

Thus, to every Gaussian process with independent values at every 
point there corresponds a uniquely defined bilinear functional (24) 
with the properties indicated above, and every such functional defines 
a Gaussian process with independent values at every point, 


Example. Let ®, be the unit process (cf. Section 2.5), and T be any 
differential operator of finite order. Then the process 6 = T4, will bea 
Gaussian process with independent values at every point, In fact, in 
the real case the correlation functional B(o, p) of ® has the form 


Bly, V) = E[9(g)9(J)] = EUTO«(9)TO«(Q)] 
= E[S (Tg) O,(TV)] = BT, TV), 
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where B, is the correlation functional of ®). But the correlation functional 
of the unit process has the form 


Bop. Y) = f e(w(9 ds. 
Therefore 
B(g, 4) = | Tole) T Hx) dx. (25) 


Since a functional of the form (25) is of the form (24), the process 
T®, is a Gaussian process with independent values at every point. 

Of course, not every such Gaussian process has the form T®,, since 
not every positive-definite functional of the form (24) can be represented 
in the form (25). 


5. Generalized Random Fields 
5.1, Basic Definitions 


Up to now, we have considered generalized random processes, 
ie, generalized random functions of one variable. In this section we 
consider generalized random functions of several variable. In order to 
distinguish them from functions of one variable, we will call such func- 
tions generalized random fields. 

Thus, we will say that a generalized random field depending upon 
n variables is defined, if to each collection 


lex(x), -> P(X}, x = (%, ..., Xp) 


of functions of n variables which are infinitely differentiable and have 
bounded supports there corresponds an m-dimensional random variable 
(lpi) -~ P(y,,)), and the probability distributions of these random 
variables are mutually compatible and continuous (since these condi- 
tions are formulated in the same way as for functions of one variable, 
we refer the reader to Section | for their precise statement). 

A substantial portion of the theory of generalized random fields is 
analogous to the corresponding portion of the theory of generalized 
random processes. In these cases we will restrict ourselves to the state- 
ments only of the corresponding results (for example, in the theory of 
homogeneous fields, which is similar to the theory of stationary processes). 
The only essentially new results which appear in the theory of random 
fields are those regarding the behavior of fields under rotations and 
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reflections of the space R, on which the functions g(x) are defined. 
Here we will not restrict ourselves to the consideration of scalar fields, 
in which one random variable (o) is associated with each function 
g(x) € K, but will in fact consider also multidimensional fields, i.e., 
we will associate with each g(x) € K a random vector 


(S(p), ony ® (¢)) s 


Of course, with each collection of functions q,,.., 9,, € K there is 
associated, accordingly, a random matrix with elements ®,(p;). We 
will also consider the question of the transformation of these matrices 
under rotations and reflections of the space R,. 


5.2. Homogeneous Random Fields and 
Fields with Homogeneous sth-Order Increments 


In this paragraph we will formulate definitions and theorems which are 
analogous to the results obtained in Section 3. The analog of the notion 
of a stationary generalized random process is that of a homogeneous 
generalized random field. 

A generalized random field ® is called homogeneous, if for any 
functions g(x), .., p, (x) in K and any vector h = (A, ..., An) the 
m-dimensional random variables 


(O(pi(x)), ..., 9(p,.(x))) 
and 
(Pipil + h), ..., 9(p, (x + h))) 


have identical distributions. 

Just as for stationary processes, one can show that the correlation 
functional B(o, 4) of a homogeneous generalized random field has 
the form 


Bp, 9) = [ GAO) dol), (1) 


where (A) and J(A) are the Fourier transforms of g(x) and (x), and c 
is a positive tempered measure, which is called the spectral measure 
of the field. 

Further, we say that a generalized random field ® has homogeneous 
sth-order increments, if the following condition is satisfied: 
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For each j = (jy 5745 IJ | = s let gj os Pim, be any finite set of 
functions in K, and let 9! be the corresponding partial derivative! 
of $. Then the joint probability distribution of the N = X.,m; 
random variables ®4)(g,,) is invariantt under the simultaneous trans- 
lation of the oj; by the same vector h = (Ay, ..., Ap) in Ra- 

From this definition it is clear that if ® is a generalized random field 
with homogeneous sth-order increments, and D is a linear homogeneous 
sth-order differential operator with constant coefficients, then the field 
D@ is homogeneous. 

The correlation functional B(ọ, Y) of a generalized random field 
with homogeneous sth-order increments has almost the same form as 
that of a generalized process with stationary sth-order increments. 
This can be established in a way similar to that used in the case of random 
processes, by using the results of Chapter II, Section 4. We exhibit the 
formula for B(g, yj) in the case where all the moments of the functions 
g(x) and x(x) up to and including order s — | vanish; in other words, 
when 


a, = f x'g) dx = 0; Bk = EO dx — 0 


for |k| x s — 1. In this case one has 


Bet) = | GO) dQ) + Z anbe Q) 


lji-Ikl-s 


where $(4) and #(A) are the Fourier transforms of g(x) and (x), o is a 
positive tempered measure such that [,.;,.,|À |** de(À) converges, 
Qa = R, — {0}, a; and f, are the moments of g(x) and y(x) respectively, 
and the a,,, |; | = | &K| ^ s, are numbers such that the form 


aj, k (3) 


B|-ik|-s 


is positive-definite. 

The converse is also true. That is, amy bilinear functional B(ọ, )) 
of the form (1) is the correlation functional of some homogeneous generalized 
random field. Similarly, any bilinear functional, defined for functions (x) 
and (x) whose moments up to and including order s — | vanish and having 
the form (2), coincides on such functions with the correlation functional of 


! Differentiation is defined for generalized random fields in the same way as for gene- 
ralized random functions. 
t Note that this is a stronger requirement than that each ®™ separately be homogeneous. 
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some generalized random field with homogeneous sth-order increments. 
Moreover, both of the random fields mentioned may be chosen 
Gaussian, i.e., such that for any functions q,,..., Pm € K the random 
variable (P(¢,), .... P(p,,)) has a Gaussian distribution. 


5,3. Isotropic Homogeneous Generalized Random Fields 


As we already said in Section 5,1, the most interesting question in the 
study of generalized random fields is the consideration of their behavior 
under rotations and reflections of the space R, on which the functions 
g(x) are defined. We begin by considering fields which are invariant 
with respect to these transformations. Such fields are called isotropic. 
Thus, a generalized random field @ is called isotropic, if for any functions 
94, +--+» Pm € K and any rotation or reflection g of the space R, on which 
the qo; are defined, the m-dimensional random variables 


(P(H,(*)), ..., G(o,(x))) 
and 
(Depi (ex), ..., G(p,(g 1x) 


are identically distributed. Here g-!x denotes the point into which the 
point x is transformed by the transformation g~t. For brevity the func- 
tion g(g-!x) will be denoted by g,(x). 

We will usually consider fields which are simultaneously homogeneous 
and isotropic. The condition of homogeneity permits us to apply formula 
(1) to these fields, and the condition of isotropy imposes certain restric- 
tions on the spectral measure c appearing in (1). 

Namely, the following assertion holds. 


Lemma 1. If a generalized random field is homogeneous and 
isotropic, then its spectral measure ø is invariant with respect to rotation 
and reflection. 


Proof. From the isotropy of @ it follows that 
B(o, V) = B(o,, yu) 


for all elements g of the group G of rotations and reflections of the space 
R,. It is easy to show that the Fourier transform of the function 9,(x) 
= e(g ix) is (gA), where $(A) is the Fourier transform of (x). 
From this it follows that the correlation functional B(q,, Yy) is given by 


Bo, d) = [ e) da) 
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and therefore 
| $0930) do) = f BEANA) doi). 


Making the substitution g-!À = A, in the right side of this equation, 
we obtain 


| BABA) dow) = f $0950) dolgh). 


Since the spectral measure c is uniquely defined by the field ®, it follows 
from this that o(A) = o(gA) for any Borel set A in R, i.e., o is invariant 
with respect to rotation and reflection. 

Lemma | makes it possible to simplify the expression for the correla- 
tion function, in the case where the field ® is homogeneous and isotropic, 
by replacing the integral over n-dimensional space by a double integral. 
Denote by 6,(r) the average of the function 6(A) = $(AyJ(A) over the 
hypersphere S(r) of radius r,? and by o(r) the o-measure of the ball with 
center at the origin and radius r. 


Then 
B(p, V) = | 6) do(r), (4) 


which is easily obtained from (1) by changing to polar coordinates. 

But (A) is the Fourier transform of the function o x J*(x) = A(x). 
In order to simplify (4), we will express 6,(r) in terms of the average of 
&x) over S(R). To do this we use the following lemma. 


Lemma 2. Let f(A) be the Fourier transform of f(x). Then the 
average f(r) of f(A) over the hypersphere S(r) can be éxpressed in terms 
of the average f,(R) of f(x) over the hypersphere S(R) according to 
Qv)" 


y? 





fir) = CO (ean ],e8) aR, (5) 


where /,(R) is the Bessel function of order p = 4(n — 2); 





1)" ; 
wu LRy2n 
JR) = GRy È anl Ry». 
? [n other words, we set 
o = [| Ao e 
Str) 


where 7(A) is the rotationally invariant measure on the sphere S(r), normalized by the 
condition 7[S(r)] = 1. 
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This lemma is also very easy to prove by changing to polar coordinates 
in the Fourier integral. One has only to bear in mind that? 


eT D i V 
| gi REO8O sin?” 9 dO — RR JR). 
a ($Ry 


Applying this theorem to the integral in (4), and taking into account 
that 6(A) = (AJIA) is the Fourier transform of 6(x) = p x J*(x), 
we arrive at the following result. 


Theorem 1. The correlation functional of a homogeneous and 
isotropic field Ó is given by 
T sa Ro» 

B(p.9) = Quy |. | G(R) (^7) JROR AR dot), (6) 
where ø is a positive tempered measure on the half-line r > 0, 64(R) is 
the average of 6(x) = 9 x %*(x) on the hypersphere with center at the 
origin and radius R, p = $(n — 2), and /,(R) is the Bessel function 
of order p. 


5.4. Generalized Random Fields with 
Homogeneous and Isotropic sth-Order Increments 


Let us introduce fields with homogeneous and isotropic sth-order 
increments. One says that a field ® has homogeneous and isotropic sth- 
order increments, if the following condition is satisfied: 

For each j = (Ju -o jn)» |J | = $ let oj, -> Pim, be any finite set of 
functions in K, and let Ø% be the corresponding partial derivative of 
®. Then the joint probability distribution of the N = X., m; random 
variables ®)(g,;) is invariant under the simultaneous translation, or 
simultaneous rotation or reflection, of all the gj. 

We will exhibit the form of the correlation functional B(o, ij) of such 
a field for functions g(x) and x(x), whose moments up to and including 
order s — | vanish. In this caset 


B(g, y) = B(o,, Vs). (7) 


3 See, e.g., I. M. Ryzhik and I. S. Gradshtein, ‘Tables of Integrals, Sums, Series, and 
Products" (in Russian) 6, 412 (6), p. 345. Moscow, 1951. German translation: I. M. Ryshik 
and I. S. Gradstein, '"Summen-, Produkt- und Integraltafeln,” 6, 412(6), p. 312, Berlin, 1957. 

tIt follows easily from the definition of a process with homogeneous and isotropic 
sth-order increments that (7) holds when ¢ and ¢ are sums of the form Xj- 9i? and 
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where, we recall, p(x) = (gtx), (x) = p(x). Therefore the spectral 
measure c, appearing in the formula 


Bed) = f $0960) dQ) + E, ane (8) 


\jl=lkl=s 


for B(o, #),‘ is invariant relative to rotation and reflection in R,, and the 
bilinear form 
aj, (9) 


dleiki-s 
satisfies the relation 


= ate). 
auo B, = Guo Pe > (10) 
Vul les ll Ikl-s 


where ojf' and Bj£? denote the moments of the functions y(g~1x) and 
Wg). 

Using the invariance of the measure o relative to rotations and re- 
flections, we prove, just as for isotropic processes, that the first term in 
formula (8) can be written in a form analogous to formula (6), with the 
sole difference that the measure o(r) must not only be tempered, but 
also must be such that the integral f,..,. , 7?* do(r) converges (this last 
assertion follows from the fact that the integral focia <1 | A |** do(A) 
converges; cf. Section 5.2). 

Let us now clarify the restrictions on the Hermitean form (9) which 
are imposed by relation (10). For this we make use of the fact that a, 
and B, are the moments of g(x) and ¢(y). Therefore the form (9) can 
be written as 


aac, = | Px, vp why) dx dy, 
‘ji=lki=s 


where P(x, y) denotes the polynomial 24,.,4., aj,x'y*. It follows 





Xj- Y”, o; yj € K. But by the corollary in the appendix to Chapter II, Section 4, 
any function in K, whose moments up to and including order s — ] equal zero, is the 
limit in K of a sequenee of such sums. Since the definition of the correlation functional 
included its continuity in cach variable szparately, and therefore (by Theorem 3 of 
Chapter I, Section 1.2) its joint continuity in every space K(a), hence in all of K, the 
validity of (7) extends by continuity to all o, y € K whose moments up to and including 
oider s -— ] equal zero. 

1 Since ® has homogeneous sth-order increments, according to Section 5.2 its correlation 
funetional has the form (8). 
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from (10) that P(x, y) must be invariant relative to all rotations and 
reflections in n-dimensional space: 


P(x, y) = P(gx, gy). 


But any polynomial which is invariant under rotation and reflection 
in R, can be represented in the form of a polynomial in the expressions 


n H n 
(329, &N= Dew Oy = doi 
k=l Kewl he 


(a proof of this fact is given, for example, in H. Weyl, “The Classical 
Groups,” pp. 31-32. Princeton Univ. Press, Princeton, New Jersey, 
1946), namely, 


Pes, y) =D Paulos a)! VO y). 


Since every term of the polynomial P(x, y) is of degree 2s, then 
necessarily 7 +- 7 + k = s. Since, moreover, every term of P(x, y) has the 
same degree s in x and y, then necessarily 7 = k. This means that 
P(x, y) has the following form: 


pis] 


P(x, y) = Y, bi, x)y' Go 9) Cy, yy". 


We have thus proven that the Hermitean form (9) is given by 
the following formula: 


Lo Ud rne 
E aaf = bi [ Go yos MOV dv dy. (00 
Juhas he 
Let us now show that every coefficient 5, in (11) is nonnegative. 
Indeed, (9) is positive-definite. Therefore the inequality 
[is] m 
S, be [ Gs Gs y), veo) d dy > 0 (12) 


k=0 


must hold for any function ¢(x)e K. Multiplying out the expressions 
(v, y) ?* = (xy + us b enn), 


we verify without difficulty that every integral occurring in (12) is the 
product of two integrals of complex conjugate functions, and is therefore 
positive. By appropriately choosing the function g(x), these integrals 
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can be given any positive values. But from this it follows that inequality 
(12) can hold only if every coefficient b, is nonnegative. 
Thus, we have proven the following theorem. 


Theorem 2. If @ is a generalized random field with homogeneous 
and isotropic sth-order increments and if the moments of the functions 
g(x) and (x) up to and including order s — 1 vanish, then the correla- 
tion functional B(o, y) of has the form 


Bip, 4) = myst f |? 648) (A). [RAR dR dot?) at 
0*0 ) 


[is] T DE 
+ D be | Ge as yO, VP) dx dy. 


Here 0 (R) is the average of the function 6(x) = o x %*(x) over the 
sphere with center at the origin and radius R, o is a positive tempered 
measure on the half-line 0 < r < oo, for which the integral fj... | |?" 
do(r) converges, J,(R) is the Bessel function of order p = 3(n — 2), 
and the b, are nonnegative numbers. 

From this theorem it is easy to obtain the form of B(g, y) for any 
functions g(x) and (x) in K, replacing a function g(x) € K by a function 
of the form 


(x) — 5 ab (x). 


Here the a, denote the moments of g(x), and the 0,(x) are functions in 
K such that 


| xiĝ (x) dx = 9j, 


(8;, is the Kronecker symbol). We omit the exact statement of the result 
thereby obtained, which is rather cumbersome. 


5.5. Multidimensional Generalized Random Fields 


In certain applications of the theory of random fields, it is not sufficient 
to consider only scalar fields. For example, the velocity of particles in a 
turbulent flow can be considered as a random quantity. However, since 
velocity is a vector quantity, we obtain a vector rather than a scalar 
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random field. In this section we will give the basic definitions relating 
to multidimensional generalized random fields. 

Let Rym denote the linear space consisting of matrices with N rows 
and m columns. 

We will say that an N-dimensional generalized random field is defined, 
if with every m functions o; € K, 1 <j « m, there is associated a 
probability distribution in the space Rym, these probability distributions 
are compatible, and their dependence on the g; is continuous. In other 
words, an N-dimensional generalized random field associates with a 
vector function « = (94, ..., Pm) the random matrix || ®(¢) || with ele- 
ments ©,(—;); 


Pipi) (p)... Pr(Pm) 


Pulpi) Oo) . PnP) 


In particular, with every function » € K is associated a random column 
vector with components (o), ..., nlg). 

We now introduce the notions of the mean and the correlation matrix 
of a multidimensional generalized random field. Let » be some function 
in K, and (g) the random vector corresponding to p. We assume that 
all of the random variables ,(y) have means whose dependence upon 
9 is continuous. Then, setting 


I 99 = 














mig) 
X(p)—]| :; WP 
my(q) 


where m,(p) = E[®,(~)], we obtain a vector whose coordinates m,(¢) 
are generalized functions on the space K. We call this vector the vector 
mean value of the field ®. 

In place of the the correlation functional B(o, ys), we introduce for 
multidimensional generalized random fields the correlation matrix 
8(o, Y). Namely, suppose that for any functions g, ye K and any í, j, 
0 <i,7 <N, the mean value 


Bly, V) = E[$.(9)5(J)] 


exists and has continuous dependence upon g and y. We call the matrix 
consisting of the functionals B,j(,) the correlation matrix of the 
field 6, and denote it by B(g, J). 

The correlation matrix (o, Y) = || Balp, j| of a multidimensional 
generalized random field 9 has the following property of strong positive 
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definiteness: For any complex numbers oj, l xz SN, l xr «m, 
and any functions g,,..., o,, € K, one has 


N m —_ 
D, Bie» psoas > 0. (14) 


i,j=1 r,s—1 


To prove this inequality, it suffices to note that the left side can be 


written in the form 
N m 2 
E || $, $ «9499 | 
i=1 r-1 


and is therefore, as the mean of a nonnegative random variable, non- 
negative. 

From the strong positive definiteness of the matrix B(p, y) it follows 
that for any numbers o4, ..., ay the bilinear functional 








Bg, y) EE aa; Balp, V) 


N 


t,j=1 


is positive-definite. Indeed, if 9, ..., Ọm are any functions in K, and 
Éb ~ n are any complex numbers, then 


In v 


N 
2 Be, e)5£, — Dd, 2 Bor, Pa)orib roe 


rys= i,j=1 r,s= 


But the right side of this equation is nonnegative, which one observes 
by setting «;, = «,€, in (14). Therefore 


te 


>, Bulger ps) > 0, 
res i 


which proves the positive definiteness of B,(¢, J). 

We remark that the converse does not hold in general: the positive 
definiteness of the functional B,(o, V) for all o, ..., xy does not imply 
the strong positive definiteness of the matrix 9B(o, p). 

Weproceed nowto the consideration of homogeneous multidimensional 
fields. A multidimensional generalized random field @ is called homoge- 
neous, if the probability distribution of the random matrix || ®;(¢;) || does 
not change under the simultaneous translation of each of the functions 
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P(X), -> e, (x) by the same vector A = (hı, ..., An). For homogeneous 
fields the vector mean value has the form 


Wp) = a i g(x) dx, 


where a = (dj, ..., ay) is some N-dimensional vector. 

The correlation matrix for such fields can be described in the following 
way: The correlation matrix ®(p, ys) of a homogeneous N-dimenstonal 
generalized random field has the form 


Bp, y) = | 60940) dy. (15) 


Here (A) and #(A) are the Fourier transforms of g(x) and (x), and 


UX) = NFA, — LErT«N, Lx; «N, 


is a matrix consisting of complex tempered measures in the space R, 
such that the matrix (X) is positive-definite for all sets X (we will 
call the matrix &(X) the spectral matrix of the field ©). 

The proof of this assertion is carried out by considering the homogene- 
ous random field 


V. = EO, +. + Eu, (16) 


which is linear in the complex parameters é, ..., £y. 

Let us now turn to the consideration of multidimensional random 
fields having homogeneous sth-order increments, i.e., such that the joint 
probability distribution of any collection of random variables ©," 


(oss) pr E K, IJ] = s Rol, N, i = uuu, mj, is invariant under 
the simultaneous translation of the o, ;; by the same vector h = (Ay, ..., An) 
in R,. 


Here also, a description of the correlation matrix can be obtained 
by passing to the one-dimensional field 


P. = Dy +... ED. 


The correlation matrix ®B(p, y) has a particularly simple form if 
every moment of the functions g(x) and p(x) up to order s — | inclusive 
equals zero. In this case the elements B;;(o, ys) of 8(o, y) are of the form 


Bled) = | GOA) AEA) Dy asb (17) 


plaques 
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where Q, is the set obtained by deleting the point A = 0 from the entire 
space, F;; is a complex tempered measure such that the integral 


| | A P dF (A) 
oci «1 


converges, and the matrix §(X) = | F;(X)|| is positive-definite for 
every set X. The «, in (17) denote the moments 


p 
| X"o(x) dx 
of g(x), and the 8, the moments of (x). Finally, the numbers a5, 
|p| =|q!|=-s, are such that the inequality 
N 


ij mis 
Apain Z O 
djel pl=\qi=s 


holds for all complex numbers œ, 1 SE <N,|p| — s. 


5.6. Isotropic and Vectorial Multidimensional Random Fields 


A multidimensional field ® is called isotropic, if for any rotation or 
reflection g in R, the random matrix ®,(¢), defined by 


De) = I 9,[p/(g! x)], 


has the same probability distribution as the random matrix dY(«). 

One can prove the following result: The correlation matrix 8(q, y) 
of a homogeneous isotropic N-dimensional generalized random field ® 
has the form 


Beery) = Quy ff oR) (F) RR AR dol), 


where 6,(R) is the average of the function 0(x) = o * #*(x) over the 
sphere with center at the origin and radius R, and o is a matrix whose 
components are complex tempered measures o,, defined on the half- 
line 0 <r < oo, and such that for any set X the matrix o( X) is positive- 
definite. 

We now introduce the concept of a vectorial field. A generalized 
n-dimensional random field ® is called vectorial if, for any rotation or 
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reflection g in R,, the random matrices || ®,[p,(g~!x)] || and || g || - 
I| $;[o;(x)] | are identically distributed (|| g || denotes the matrix of the 
transformation g). 

The following result holds: 


Theorem 3. Let ® be a homogeneous generalized random vectorial 
field. Then its mean equals zero. The correlation matrix B(g, Y) of ® 
consists of elements By(p, Y), 1 « 4j <n, given by 


Bap Y) = [ORJA (ZY SO Rag, izj, 
and 


Balp, Y) = [ KR), (--) dor) R dR 


+ f 6;R) 140 (- | DU) Rar. 


Here p = i(n — 2), (R) denotes the average of the function f(x) 
= g x Jr*(x) over the sphere | x | = R, 0;,(R) denotes the average of the 
(x) 
Ox, Ox; 
Gs are positive tempered measures on the half-line 0 < 7 < œ such that 
ei((0]) = o({0}); finally, J, is the Bessel function ont order p. 

We omit the proof of this result, which is connected with the re- 
presentation theory of the group of rotations and reflections in Euclidean 


space. 


over the same sphere, and o = o, — o,, where c, and 





function 


CHAPTER IV 


MEASURES IN LINEAR TOPOLOGICAL SPACES 


1. Basic Definitions 
1.1. Cylinder Sets 


In this chapter we study measures in linear topological spaces. 
We will restrict ourselves to considering measures in spaces ®’ which 
are adjoint to some linear topological space 9. We will first study 
measures on the simplest sets in ®’—the cylinder sets. Following 
this, measures on sets of a more general form will be considered. Let us 
define the notion of a cylinder set in the space ©’. We choose any fixed 
elements 9, ..., o, in €. To each element F € 9' there corresponds the 
point ((F, o4), ..., (F, Pn)) in n-dimensional space R,. Thus the elements 
9p Pn in © define a mapping 


Fo (F, 91) es (FS Pn)) (1) 


of @’ into Re 
Let A be a given set in R,, and consider the set Z of all linear function- 
als F such that 


(F, p1) «+ (594) € A. 


We call this set Z the cylinder set defined by the elements 9, ..., Pn 
and the set A in R,. 

As examples of cylinder sets we may consider the half-spaces in 
®’ defined by an inequality of the form (F. y) < a, and also sets of a 
more general type—strips, defined by systems of inequalities 


ar < (F, pr) Shy LR <M. 


One can give another definition of a cylinder set. Let ¢4,...,p, be 
elements of ® We decompose the space ®’ into cosets, regarding all 
linear functionals which are carried into the same point in R, by the 
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mapping (1) as constituting one coset. In other words, two functionals 
F, and F, belong to the same coset if and only if 


(Fi, 9x) ra (Fo 9x); |!azkzxm. 


Obviously, the cylinder set Z is the union of those cosets corresponding 
to the points of the set A. Conversely, any union of cosets is a cylinder 
set in ©’, 

The decomposition of ©’ into cosets is uniquely defined by specifying 
the linear subspace V? in @’, consisting of those functionals which are 
carried into zero by the mapping (1). Indeed, the condition 


(Fi, gx) = (Fo pz)» l<k<n, 
is equivalent to the condition 
(Fi — Fy, px) = 0, l<k <n. 


Therefore two functionals belong to the same coset if and only if their 
difference belongs to the subspace V/9. 

Note that the equations (F, pj) = 0,1 < k < n, imply that (F, 4) = 0 
for any element of the form 


y = 0191 4a. + GyuQy- 


Therefore the subspace VU? in ®’ can be defined as the subspace of those 
linear functionals F for which (F, %) = O for any element y € Y, where 
W is the subspace in ® generated by the elements g4, ..., Pn- 

Thus we arrive at the following definition of a cylinder set in ®’. 
Let ¥ be a finite-dimensional subspace in ®, and let Y? denote the 
linear subspace in ©’ consisting of those elements F for which 


(F,j)—0 for je. 


This subspace V?C $' is called the annihilator of the subspace V. 
We decompose Ó' into cosets, putting into the same cosets all functionals 
which take the same values on ¥ (or, what is the same, all functionals 
whose differences lie in the subspace ¥°). We thus obtain the factor 
space '/V/9, whose elements are cosets. Associating with every functional 
F € ©’ the coset which contains it, we obtain a linear mapping of ®’ into 
@'/¥°. Now choose any subset A C ®'/'P°. The collection of all elements 
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F € @’ which are carried into elements of A by the mapping ®’ > ®' pP? 
is called the cylinder set Z with base A and generating subspace V9.1 

This definition is more convenient to use than that given above, 
because it does not require that a basis 9, ..., p, be given in the sub- 
space W, 


1.2. Simplest Properties of Cylinder Sets 


Before studying the properties of cylinder sets, we stop to consider 
some simple assertions concerning linear topological spaces. We will 
consider only locally convex linear topological spaces, i.e., spaces in 
which every neighborhood of zero contains an absolutely convex neigh- 
borhood of zero. The class of locally convex spaces is adequately broad; 
in particular, it contains all countably normed spaces. 

The following theorem on the extension of linear functionals holds 
for these spaces. 

Any linear functional F which is defined on a subspace ¥ of a locally 
convex linear topological space can be extended to a linear functional 
on all of È. 

Indeed, the continuity of F implies that there exists a neighborhood 
U of zero in ® such that | (F, 9) | <1 for pe UN. Choosing an 
absolutely convex neighborhood of zero V C U, we take V as the unit 
sphere in of a seminorm || p || (i.e., we set || p || = l/sup | à|, where 
Ap € V, for all pe). Clearly 1(F,g)| €i oil for all pe V. By the 
Hahn-Banach theoremf the functional F has an extension F, defined on 
all of ®, which is additive and homogeneous and satisfies |(F, ọ) | 
< || ọ || for all p € ©. It follows that |(F, ~)| < 1 for e e V, which means 
that F is continuous relative to the topology of ®. 

Next we show that if ® is a locally convex linear topological space 
and ¥ is a subspace of ®, then the space ®'/¥ is the adjoint space of V". 

Indeed, any element F € ®’ is a linear functional on 9, and conse- 
quently on V. Now two functionals F} and F, coincide on V if and only 
if they belong to the same coset relative to V9, i.e., if they correspond 
to the same element in the factor space ®’/¥°. Thus, to every element 


l The notion of a cylinder set can be introduced for any linear topological space 4. 
Namely, let ¥ be some closed linear subspace in 9, and A some set in the factor space 
P/F. Then it is natural to call the collection of elements o € ® such that the coset which 
contains o belongs to A a cylinder set. However, all that we need are cylinder sets in 
®’ corresponding to annihilators of finite-dimensional subspaces. 

t The usual proofs of the Hahn- Banach theorem are entirely valid for a space which 
has a seminorm, with respect to which the space need not be complete. 
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F e @'/¥ there corresponds a linear functional on ¥, and to distinct 
elements of ®'/P° there correspond distinct functionals on V. Now 
let us show that every linear functional on ¥ can be obtained in this 
way. Let F, be a linear functional on V. Then, as we saw above, F, can 
be extended to a linear functional on all of ®. The various possible 
extensions of Fy, since they all coincide on V, belong to the same coset 
relative to Y°. Thus, every linear functional on ¥ corresponds to some 
element of $'/U, which completes the proof. 

It follows from this result that if a subspace V C @ is n-dimensional, 
then the factor space d'[W? is also n-dimensional. 

Now let us consider cylinder sets. A given cylinder set may be defined 
by various generating subsets and bases. For example, if 


y = 0191 + T» + AnPny 


then the inequalities (F, 4%) < a and 


a(F, p1) + +. + a (Fo Pn) <a 


define the same half-space in ©’. 

Let us now clarify the conditions under which a cylinder set Z}, 
having generating subspace V? and base 4, coincides with the cylinder 
set Z, having generating subspace VU? and base Ag. First we note that the 
cylinder sets Z, and Z, can be given by the same generating subspace 
W$. This subspace is the annihilator of the subspace V^, in ® generated 
by the subspaces Y^, and V^, and coincides with the intersection YY 
N V9. Since Y? C V?, any coset with respect to 2 belongs to some 
coset with respect to Yj. Associating with every coset with respect 
to VU? that coset with respect to Y? which contains it, we obtain a linear 
mapping T, of the factor space ©’/W 9 onto the factor space Ó'/tP1. 
If we denote the inverse image of the set 4, under the mapping T, by 
T1 (4,4), then it is obvious that the cylinder set Z, can be defined by the 
generating subspace VU? and the base T11(4,). 

It follows in the same way that the cylinder set Z, can be defined by 
the generating subspace VU? and the base T2!(.4,) (T, denotes the linear 
mapping from ©'/¥3 onto ®’/¥%, by which every coset with respect 
to W3 is carried into that coset with respect to 2 which contains it). 

Since evidently two cylinder sets with the same generating subspace 
coincide if and only if their bases coincide, we obtain the following 
result : 

Suppose that the cylinder sets Z,, Za are defined respectively by the 
generating subsets Vj and W$ and the bases A, and 4, Set P3 = V^ 
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Nn V?. In order that Z, and Z, coincide, it is necessary and sufficient 
that 


TIA) = T;XA,), (2) 


where T, denotes the natural linear mapping of Ó'/V? onto ©'/¥, 
and T, denotes the natural linear mapping of 9'/V? onto @'/¥3.? 
We note also the following properties of cylinder sets. 


(1) The complement of any cylinder set is a cylinder set. Indeed, 
if the cylinder set Z is defined by the generating subspace V? and the 
base A, then ®’ — Z has the same generating subspace, and its base 
is the complement of A in the factor space ®' pP”. 


(2) The intersection of any two cylinder sets is a cylinder set. Indeed, 
we have seen that Z, and Z, can be defined by the same generating 
subspace V? in ©’. Suppose that their bases are accordingly A, and Ag. 
Then Z, A Z, is the cylinder set with generating subspace VU? and base 
A N Ag. 

The following property is proven in entirely the same way. 

(3) The sum of any two cylinder sets is a cylinder set. 

We see, thus, that the cylinder sets form an algebra of sets.? 


1.3. Cylinder Set Measures 


We will henceforth consider only cylinder sets Z whose bases are 
Borel sets in G'/V (recall that we are considering only generating 
subspaces Y° such that 6’/¥° is finite dimensional) If Zi, Zs, ... 
are cylinder sets with Borel bases, having the same generating subspace 
Yo then their union Bu Z, and intersection au Z, are also cylinder 
sets with Borel bases. 

By a cylinder set measure in the space ©’ we will mean a numerical 
valued function u(Z), defined on the family of all cylinder sets with 
Borel bases, which has the following properties: 


(1) Ox &(Z) <1 for all Z, 
(2) w(®’) = l, 


(3) if the set Z is the union of a sequence Z4, Za, ... of nonintersecting 


* Obviously, if the factor spaces ®’/¥$ and 6’/¥9 are finite dimensional, then $’/¥? 
will be also, 

3 A system of sets is called an algebra if it contains, along with any two sets, their union 
and their complements. 


308 MEASURES IN LINEAR TOPOLOGICAL SPACES Ch. IV 


cylinder sets having Borel bases and a common generating subspace 
wo then 


o 


u(Z) = >) u(Z,), 


n=1 
(4) for any cylinder set Z (with Borel base)t 
IZ) = inf (U), 


where U runs through all open cylinder sets containing Z. 

A cylinder set measure (Z) defines a measure on the Borel sets in 
every factor space ©'/¥°. Namely, if A is some Borel set in '/U/?, and 
Z is a cylinder set with base A and generating subspace Y°, then we set 


vA) = u(Z). (3) 


Obviously vy is a positive normalized measure in ®’/¥° which is regular 
in the sense of Caratheodory.* 

The measures induced by p in different factor spaces 9'/V are not 
independent. If a given cylinder set Z can be defined by the generating 
subspace V? and base A, as well as the generating subspace V? and base 
Ag, then it is necessary that 


ve (41) zd vw (Ao), 


because both sides coincide with (Z). 
Taking into account the condition indicated in Section 1.2 for two 
cylinder sets, defined by different generating subspaces and bases, to 


t The following remarks may be useful. The authors are considering the weak (often 
called “weak dual" or “weak *") topology on ®’. Since any annihilator V is a closed 
set in 9" in this topology, elementary facts concerning the definition of a topology in a 
factor space 9'/V^*, plus the fact that there is only one topology on a finite-dimensional 
vector space (in our case, $'/V?) which makes it a linear topological space and separates 
points, imply that a cylinder set is open in the weak topology of 9" if and only if its base 
is an open set in $'/V?, We observe also that condition 4 is superfluous. Indeed, as is 
pointed out in Section 2.1 below, p is finitely additive; hence Z C U implies (Z) < (U). 
But it is a standard result of measure theory that any finite (or even Borel) measure 
on the Borel sets in R, is regular. Applying this to the measures vv (see text further ahead), 
we see that condition 4 is satisfied when U runs over all cylinder sets which have the 
same generating subspace as Z and whose bases are open sets containing the base of Z. 

4A measure v is called regular in the sense of Caratheodory, if for any Borel set A 
one has 


WA) = inf »(U), 


where U runs through all open sets containing 4. 
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coincide, we can formulate the preceding equality in the following 
way. If Y, C Y, then for any Borel set A in the factor space ®’/¥? one 
has 

vy (A) = vs [THA], (4) 


where T-1(4) denotes the inverse image of A with respect to the natural 
mapping T of ®’/¥2 onto ©'/¥? (T carries every coset with respect to 
P? into that coset with respect to V? which contains it). 

Thus, we have found a necessary condition for a system of measures 
vy in the factor spaces O'/V? to be induced by a cylinder set measure. 
This condition is also sufficient. In other words, the following assertion 
holds. 

Suppose that {vy(A)} is a system of normalized positive measures, 
regular in the sense of Caratheodory, in the factor spaces ®'/¥°. If Eq. 
(4) holds for every Borel set A in O'[V whenever V, C P, then the 
measures vy are induced by a cylinder set measure (Z) in d*. 

Indeed, for any cylinder set Z with generating subspace V and base 
A we set 


u(Z) = vy A). 


From (4) it follows that u(Z) does not depend upon the manner in which 
Z is defined. Obviously (Z) is a cylinder set measure in ®’, and all 
the measures vy are induced by p. 

From now on we will call (4) the compatibility condition for the measures 
vy. It can be shown that it is sufficient to verify (4) only for half-spaces 
in ©’, This assertion easily results from the following lemma: 

If the values of two positive normalized measures v, and v, in a 
finite-dimensional space R coincide for all half-spaces in R, then v, 
and v, are identical. 


For the proof of this lemma cf. reference (29). 


1.4. The Continuity Condition for Cylinder Set Measures 


We will henceforth consider only measures which satisfy a certain 
continuity condition. This condition is formulated in the following 
way: 

A cylinder set measure pz is said to be continuous, if for any bounded 
continuous function f(x, ..., x4) of m variables, the function 


Np n Pn) = f AUE, pi) s D.) di) 
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is sequentially continuoust in the variables g4,..., Pm € 9. In other 
words, if lim; o py = 95 J = l, .. m, where the convergence is in ®, 
then 


lim (pa, ten Pim) Bes Kor, ees. Pm). 


We point out that the integral is well defined, because if ¥ denotes the 
linear subspace generated by $,,..,9,, then /f((F, p1) ..., (E, 9,)), 
as a function of Fe@®’, is clearly measurable with respect to the 
c-algebra of all cylinder sets with generating subspace Y°, on which u 
is by definition countably additive. 

We note the following result : If the cylinder set measure p is continu- 
ous, then for any A > 0 and any sequence {y,} such that lim; ,4 9; = 0, 
we have lim,,4 {| (F, p) | > A} = 0. 

In fact, let f(x) be a continuous bounded nonnegative function such 
that f(0) = 0 and f(x) = | for | x| > A. By the continuity of u we have 


lim f ACF, e) dF) = f f, 0) dulF) = 0 + du(F) = 0 
But 
[AC 99) dF) > ME, pòl > A}, 


from which the assertion follows. 
The converse is also true: If, for any A > 0 and any sequence {p} 
such that lim; ,4 pp = 0, one has 


lim p{I(F, o) > A} = 0, 


then p is continuous. For the proof, the reader is referred to a paper by 
Minlos [reference (49)]. 

This enables us to use the following sufficient condition for the 
continuity of p: 

Let p, be the measure on the real line defined by u4(— œ, a) = 
u{(F, p) < a}. If, for any sequence {y,} for which lim;,4 9; = 0, and 
any bounded continuous function f(x), one has 


lim [ f(x) du, (o) = f(0), 
then p is continuous. 


t In countably normed spaces, which have a metric topology, sequential and ordinary 
continuity are of course equivalent. The only place where sequential continuity intervenes 
is in Section 4.2, where the use of sequences appears to be unavoidable. 
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Indeed, by the result mentioned above it suffices to show that 


lim p((F, e) > A} = 0 
for any A > 0. But if f(x) is the function defined earlier, then 


lim w{\(F, ej) > A} = lim n, (C 4,4) < lim | fe) das) = 0. 


1.5. Induced Cylinder Set Measures 


Let T be a continuous linear mapping of the linear topological space 
®, into the linear topological space ,. Denote by T’ the mapping of 
®; into ®, which is adjoint to T, i.e., the mapping such that (T"F, p) 
= (F, Tọ) for any o € 6, and F € $4. Obviously, if T carries the finite- 
dimensional subspace VC ®, into the finite-dimensional subspace 
W, C, then T’ carries the subspace V? into the subspace Y$. Indeed, 
suppose that Fe V?. Then Tj € V, for any 4 € V,, and therefore 
(F, Ty) = 0. But this means that (T'F, y) = O for all y e V,, re, 
that T’F e V2. 

Thus we have proven that T'U? C V9. From this it follows that the 
mapping T’ induces a mapping T, of the factor space ®;/¥7? into the 
factor space ®,/P3, by which the coset F + V? is carried into the coset 
T'F + V2 (in view of the inclusion T"?C V2, the correspondence 
F + VW) — T'F + V2 does not depend upon the choice of representative 
F in the coset F + V1). 

Thus we have proven: If T is a continuous linear mapping of ®, into 
@,, then for every finite-dimensional subspace V, C ®, there exsist a 
linear mapping T; of the factor space ©;/¥? into the factor space ®3/¥2, 
where V? denotes the annihilator of the subspace V, = TY, in 6. 
The mapping Tj takes the coset F + V? into the coset T’F + Y}. 

Suppose now that a cylinder set measure p is given in ®}. We intro- 
duce a measure on the cylinder sets in 95 in the following way. Suppose 
that the cylinder set Z, in 9; is defined by the subspace VP, (in ®,) and 
the base 4,. Let V, = TW, and A, = (T) (4,) C 61/V. We set 


pa( Z2) = m) 


where Z; is the cylinder set in ©; with generating subspace V^, and base 
A.. It is easy to see that us is a cylinder set measure in 95, and that in 
view of the continuity of T, u satisfies the continuity condition. We will 
call p, the measure induced from u, by the mapping T. 
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For example, if ®,, is the completion of the countably Hilbert space 
Ó in the norm || o ||,,, then to every measure um in ®,, there corresponds 
a measure p in Ó' (and a measure p, in any space ©), where n > m). 
We will call a measure in ©’ m-continuous if it is induced by a continuous 
measure in ®,,, 


2. The Countable Additivity of Cylinder Set Measures in 
Spaces Adjoint to Nuclear Spaces 


2.1. The Additivity of Cylinder Set Measures 


Cylinder set measures have the following property of finite additivity: 
If Zi, ..., Z, is a finite system of disjoint cylinder sets in ©’, then 


n 


u (Ù 2) = $ Z. 


k=1 k=1 


In fact, since, as was shown in Section 1.1, we can find a common 
generating subspace for any finite system of cylinder sets, this assertion 
follows from the additivity of the measure vy in the factor space $'/V^9, 

However, the measure u does not by any means always have the 
property of countable additivity: it does not follow, generally speaking, 
that if a cylinder set Z is the union of a countable family Zi, Za, ... of 
nonintersecting cylinder sets, then 


oo 


MZ) = >) (Zi) 


k=1 


(of course, the equality does hold if all of the Z, are defined by the same 
generating subspace). 

For us, however, it is essential that u be countably additive. This 
is connected with the fact that the class of cylinder sets in ©’ is rather 
narrow.! Therefore it is natural to want to extend u to a wider class of 
sets. This class is the c-algebra generated by the (Borel) cylinder sets. 
As usual, by the c-algebra of sets generated by the cylinder sets we mean 
the smallest class of sets which contains the cylinder sets and is closed 
under the operations of countable union and complementation. We 
will call the members of this c-algebra the Borel sets in ©’. 


! For example, the polar of a set A C 9, generally speaking, is not a cylinder set in d" 
(the polar of a set A is the set of all functionals F such that | (F, p) | < 1 for all pe A). 
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The class of Borel sets is adequately broad; for example, if contains 
a countable everywhere dense set of elements, then the polar of every 
set A C@ is a Borel set in ®’. 

In the case where the measure p, defined on the cylinder sets, is 
completely additive, it can be extended to all the Borel sets. 

This extension can be carried out in the following way. We call the 
cylinder sets Borel sets of the zeroth class. Suppose that Borel sets of 
class 8 have already been defined, where B is any transfinite number 
less than o. We call “Borel sets of class «” all countable unions of non- 
intersecting sets of class less than « and all complements of such unions. 
Thus, Borel sets are defined for all transfinite numbers of the first and 
second classes. If 

B= u By 
is a decomposition of a Borel set of class « into nonintersecting Borel 
sets of lower classes, then we set 


oo 


(B) = $, i) 


k-1 
and 
ub — B) = 1 ~ p(B). 


Using the completely additivity of p for cylinder sets, we now show 
that starting from two decompositions 


and 


B= UB, (or B=% — Ü Bi) 


of the Borel set B into nonintersecting Borel sets of lower classes, we 
always obtain the same value for p(B). This is easy to prove for sets 
of the first class: If 


are two decompositions of a set B of the first class into nonintersecting 
cylinder sets, then 


eo 


X, HZ) = $ 2. 


k=1 
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Indeed, 
2 MZ) = » $, M20 Zi) = > (HE Z) = >, uz). 
k=1 k=1 j=1 j-1 k= j=1 
If now 
B = o RE U, 7: = U, Zw 
then 


i.e., 


TMs 


(M) ml > p(Zi). 


k=1 


This proves that u is unambiguously defined on Borel sets of class 1. 
It can be shown that u remains countably additive following this exten- 
sion. For sets of higher classes the proof is carried out by means of trans- 
finite induction. 

We remark that the extension of u to the Borel sets in ®’ has the 
following property (regularity in the sense of Caratheodory) : 

For any Borel set B C @’, 


p(B) = inf (Z), 


where Z runs through all countable unions of open cylinder sets Z, 
such that B C U, i Zye 

The proof of this assertion is easily carried out by means of transfinite 
induction. 

We will see further on that there exist spaces for which every positive 
normalized cylinder set measure which has the continuity property is 
countably additive, and can therefore be extended to all the Borel sets. 
At the same time, there exist spaces in which not every measure can be 
extended to the Borel sets, but only measures satisfying certain additional 
conditions. 
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The class of spaces for which any positive normalized cylinder set 
measure satisfying the continuity condition can be extended to the Borel 
sets is the class of spaces which are adjoint to nuclear spaces. This result 
will be proven in Section 2.4. For the proof of this basic result we need 
certain results of measure theory. First of all we indicate the following 
simple criterion for the countable additivity of a measure. 


Theorem 1. In order that a measure u on the cylinder sets in ©’ 
be countably additive, it is necessary and sufficient that 
oo 
Y uZ)-1 


k=1 


for any decomposition ®’ = U;_, Z, of ©’ into nonintersecting cylinder 
sets. 


Proof. The necessity of the condition follows directly from the 
definition of countable additivity. As for the sufficiency, suppose that 
Z = UL, Z, is a decomposition of some cylinder set Z into non- 
intersecting cylinder sets Z,, Za .... Then the space ®’ can be decomposed 
into the nonintersecting cylinder sets ®’ — Z, Zi, Z,, ..., and therefore 
by the hypothesis of the theorem 


p(B! — Z) + >) MZ) = 1. (1) 
k=1 
From the finite additivity of p it follows that 
w(®’ — Z) + (Z) = 1. (2) 
Comparing (1) and (2), we obtain 
MZ) = >) (Zi), 
k=l 


which proves the countable additivity of p. 
This theorem can be stated in another, equivalent, way. 


Theorem 1’. In order that a measure p on cylinder sets be countably 
additive, it is necessary and sufficient that 


lim p(Z,) = 0 (3) 


for any decreasing sequence Z, D Z, 2... of cylinder sets whose inter- 
section is empty. 


316 MEASURES IN LINEAR TOPOLOGICAL SPACES Ch. IV 


Proof. Only the sufficiency of the condition needs to be proven. Let 


be a decomposition of ®’ into nonintersecting cylinder sets. Then the 
cylinder sets 


form a decreasing sequence with empty intersection, and so by hypothesis 


lim p(Z;) = 0. 
In view of the finite additivity of p, this means that 


lim [1 — È e] = 0 


or, that Epa “(Z,) = 1. Consequently, u is countably additive by 
Theorem 1. 


Theorem 1". In order that the measure u be countably additive, 


it is necessary and sufficient that for any sequence {Z,} of (not necessarily 
disjoint) cylinder sets whose union is *, 


BE) > (4) 


its 


To prove the sufficiency of this condition, we note that if the sets 
Z, whose union is ®’ are nonintersecting, then in view of the finite 
additivity of u one has 


IMs 


(HAZ < (5) 


On the other hand, inequality (4) is satisfied. Inequalities (4) and (5) 
imply 


oo 


2 w(Z,) = 1, 


and therefore u is countably additive by Theorem 1. The necessity 
of the condition is obvious. 
Finally, we note that it is sufficient to require only that inequality 
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(4) hold for all sequences of open cylinder sets whose union is @’. 
This follows at once from the fact that in view of the regularity of u, 
for any cylinder set Z we can find some open cylinder set whose measure 
exceeds that of Z by as little as desired. 


2.2. A Condition for the Countable Additivity of Cylinder Set Measures 
in Spaces Adjoint to Countably Hilbert Spaces 


The conditions for countable additivity given in the preceding section 
are inconvenient to apply. Here we introduce a condition for the count- 
able additivity of measures on the cylinder sets in spaces adjoint to 
countably Hilbert spaces, which is more convenient to use. 

Suppose that the cylinder set measure p in the space ®’ adjoint to a 
countably Hilbert space ® is countably additive. Then, as we have seen 
above, it can be extended to all the Borel sets in ©’. In particular, u 
can be extended to all balls S,(R) defined by inequalities of the form 
|F ||. < R. Indeed, S,(R) consists of all continuous linear functionals 
on È such that |(F, p)! < R if || p ||, < 1. Choose a countable set {px} 
of elements which are everywhere dense in the unit ball S, = {|| g l|, 
< 1} of the Hilbert space ®, and which lie in S, N 6. If we denote the 
strips |(F, o,)| < R in ® by Ap it is obvious that 


S,(R) = B Aw 


i.e, S,(R) is a Borel set in © (moreover, it is a Borel set of class 1). 
Therefore u can be extended to every ball. 

Now let us show that for any e > 0 there is a ball S,(R), defined by an 
inequality of the form || F || ,, < R, such that the u measure of the com- 
plement of S (R) is less than e (assuming p.to be countably additive). 
Indeed, every element F € ©’ belongs to one of the spaces ®, and there- 
fore satisfies some inequality of the form || F ||- < R. Therefore 9" is 
a countable union of balls, 


D = UU s. 


n=1 k=1 


Since m <n implies that || F|| ,, 2 || F|| ,, for any element Fe d», 
then S (n) C S, (2 + 1). Consequently, ©’ is the union of an increasing 
sequence of balls S, (7), i.e., 


9 = Ü Sn) 
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where 
S4(1) C S2)C... 


Since u(O') = 1, we have 
lim p[S,(n)] = 1. 


But this shows that for any e > 0 there is an n such that the complement 
of S,(n) has measure less than e. 
We have therefore proven the following assertion. 


Theorem 2. If u is a positive normalized countably additive 
cylinder set measure in the adjoint space ®’ of a countably Hilbert 
space ®, then for any e > 0 there is a ball S,(R) such that the u-measure 
of any cylinder set Z lying outside S,(R) is less than e. 

Now we prove that the converse also holds. 


Theorem 2'. Suppose that u is a positive normalized cylinder set 
measure on the adjoint space ®’ of a countably Hilbert space ®. If for 
any e > Othere is a ball S,(R) in ®’ such that the measure of any cylinder 
set lying outside S,(R) is less than e, then p is countably additive. 

For the proof of Theorem 2' we need the following lemma. 


Lemma 1. From any covering of a ball S(R) = (Io]| < R} ina 
Hilbert space H by open cylinder sets, one can extract a finite subcover- 
ing. 

A cylinder set in a Hilbert space 77 is defined by the condition 


(o, pı) oa) (p, 9»)! € A, 


where g, ..., y, are fixed elements in H, and A is some set in n-dimen- 
sional space R,. Since (o, py) is a linear functional on H, this definition 
agrees with that of Section 1. 

Since an open cylinder set in a Hilbert space is an open set in the weak 
topology of H, Lemma | can be expressed briefly by saying that a 
ball in a Hilbert space is weakly compact? (i.e., compact in the weak topol- 


ogy). 


2 A set A lying in a topological space .X is said to be compact, if from any covering of A 
by open sets one can extract a finite subcovering. We are considering here the weak 
topology in the Hilbert space H, in which the neighborhoods of zero are defined by 
inequalities of the form 


(o, Pei < e, lok<n, 


Le., they are open cylinder sets in H. The compactness of a set A in this topology means 
that from any covering of A by open cylinder sets one can extract a finite subcovering. 
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The proof of Lemma | is as follows. With each element o, || || < 1, 
we associate the interval — R < x < R of the real line, and denote 
these intervals by 7,. Let J be the Tikhonov product of all of these 
intervals (see, for example, M. A. Naimark, “Normed Rings," Chapter 
1, Section 2.12. Nordhoff, Groningen, 1959). Since the Tikhonov 
product of compact sets is compact, I is a compact set. Now with each 
point pọ € S(R)we associate the point (po, p) on the interval J,. We thus 
obtain a correspondence, to each o, € S(R), of a point in the direct 
product of all the J,, i.e., of a point in I. A simple examination shows 
that the mapping oy — (os, p) is a homeomorphism of S(R) (with the 
topology induced in it by the weak topology in H) onto a closed subset 
a(S) of I. Since a closed subset of a compact space is compact, and « 
is a homeomorphism, then S(R) is itself compact. In other words, from 
any covering of S(R) by open cylinder sets one can extract a finite sub- 
covering, which completes the proof. 

Let us now prove Theorem 2’. To see that u is countably additive, 
we have to prove, by the remark following Theorem 1”, that if 


8 


= ÜZ 


k=1 


is any covering of ®’ by open cylinder sets, then 


8 


w(Z,) > 1. 
k=1 


il 


Given e > 0, there exists by hypothesis a ball S,(R) = {|F l-n < R} 
in ©’ such that the measure of any cylinder set lying outside S,(R) is 
less than e. Let Z„ denote the intersection of the set Z, with the Hilbert 
space ®, in ©’. It is obvious that the sets Z,;, are open cylinder sets 
in ®, which cover ®, and, consequently, cover the ball S,(R). By 
Lemma | we can choose a finite number of the Zap, say Z,,, ..., Zap 
which cover S,(R). Therefore we have 


j j 
SR) C Ù, Zne C U, Zr- (6) 


Let Z denote the cylinder set 6’ — Uj_, Z,. It follows from (6) that Z 
lies outside S,( R) and its measure is therefore less than e. Then 


x j 
e» WZ) = p (® — Ù Z) 21-2 2 
= k=l 
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(recall that the Z, may intersect) and therefore 


2, uz) > Y oA) 21- e. 


k=1 k=1 


Since e is arbitrary, it follows from this that 


8 


WZ) 2 1, 
k=1 


which shows that u is countably additive, and completes the proof 
of Theorem 2'. 

Theorems 2 and 2' give a necessary and sufficient condition for a 
cylinder set measure in the adjoint space ®’ of a countably Hilbert space 
® to be countably additive. This condition is that for any e > Q it is 
possible to find a ball S,(R) in ' such that the measure of any cylinder 
set lying outside S,(R) is less than e. 


2.3. Cylinder Sets Measures in the Adjoint Spaces of 
Nuclear Countably Hilbert Spaces 


In this paragraph we shall prove a basic result concerning measures in 
the adjoint space of a nuclear countably Hilbert space. The statement of 
this result is as follows. 


Theorem 3. Suppose that ©’ is the adjoint space of a countably 
Hilbert nuclear space €. Then any positive normalized cylinder set 
measure p in ©’, satisfying the continuity condition, is countably 
additive. 

We precede the proof of this theorem by certain lemmas on the 
connection between the measures of half-spaces and balls in 2-dimen- 
sional space. Let u be a positive normalized measure in an n-dimensional 
Euclidean space. We denote by u(r, w) the measure of the half space 
(x, w) >r, which is bounded by the plane perpendicular to the unit 
vector w and situated a distance r from the origin ((x, w) denotes the 
scalar product in the Euclidean space being considered). Further, we 
denote by a(R) the measure of a ball of radius R and center at the 
origin. 

In order to establish a connection between u(r, w) and a(R), we will 
consider not the measure u(r, w) but rather its average over w. This 
average is defined in the following way. A unit vector w can be considered 
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as the radius vector of a point on the unit sphere. We introduce on the 
space 2 of these unit vectors the measure 7, defined naturally as 
normalized (surface) measure on the unit sphere. 

In the spherical coordinates 


X, = p COS Qi, 





X = pSin pı cos 0 <p < o, 
2 T BOUT» O0<o <7 1<k<n—2, 
SEEN 0o ) 
Xn = psing, ... Sin p, 4, S na < em 
this measure is given by 
dr(w) = In ) sin"-? gp, ... sin p, 4 dg, ... dg, 4. (7) 


If f(w) is any function on the sphere Q (or what is the same, a function 
of unit vectors w), then by its average value we mean the integral 


J f(w) dr(w), which we will denote by <f(w)>. Thus 
(ft) = | fle) dw). (8) 


Let us now express the average <u(r, w)> of the measure of the half- 
space (x, w) > r in terms of a(R). By definition we have 


(urs a = J utr, w) deco) (9) 
But 
u(r, w) = [f rs w) dyla), 


where f(x,r, ) denotes the characteristic function of the half-space 
(x, w) È r, i.e., the function which equals unity for (x, w) > r and zero 
for (x, w) < r. Substituting this expression for u(r, w) into (9), we obtain 


«nr, oy» = | flee r, w) dyla) drf). 
From this it follows that 
<ul, o)» = f 6) dus), 


where 


g(x, r) = ffe 7, w) dr(w). 
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From this formula one sees that g(x, r) equals the 7-measure of the set 
of those vectors w for which (x, w) > r. Since the ends of these vectors 
form a segment on the unit sphere which is cut off from the sphere by 
the plane (x, w) = r/| x |, situated a distance r/| x | from the origin, 
then 

Tn) 


= Ta pvs 


1 
| G—yyrtdy, d or«lxl, 
v/ia| 


and 
e(x,r) 0 if rz|x]. 


From this it follows that 


T(t 
ur, o = — m) 


Tn- b vs fioa dula) I. (1 — yi" dy. 


Since the expression 


1 
J, 0o 


depends only upon |x|, then changing to spherical coordinates p, 
Qr o Qai, We Obtain the formula 


T 
ir, w)> — = (at) 


Th pv f ; (1 — y)?” dy dulo) (10) 
gt $ T r Tip 


where, as stated above, u(p) denotes the p-measure of the ball of radius p 
and center at the origin. 

Thus, we have established a connection between the average (p(r, w)> 
of the measures of the half-spaces (x, w) = r and the measures p(p) of 
balls. 

Since the function 


1 
Wp) = f (0 — yn dy 
rip 
is a monotone increasing function of p, we find from (10) that 


(gn) 


‘une 2 0n Ve 


1 

[a5 à — «a 
r/R 

for any r and R > r. It follows from this inequality that 


1 — a(R) < € (m) utr o», (11) 
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where C(n, r/R) denotes the ratio 


Ign- 3 Va fir ydy Sije (l — yi dy 


Now we show that if we set r/R = 1/vn in C(n, r/R), then the set of 
numbers C, = C(n, Vn) will be bounded. To show this, we observe that 


c. lhü-»wria — 2j — GF 
"o fuvs 0 — XY dy Sv" U — Gne dy 
"Therefore 


2 f exp( —^) dy 


D < +00 
fi exp(—3y”) dy 


lim C, = 
NO 


Since all of the Cp, n = 1,2, ..., are positive and lim,,4 C, < + oo, 
the set {C,,} is bounded. Let C = sup, C,. Then from (11) there follows 
the inequality 


i-um < (ul) 


We have thus proven the following lemma, which enables us to 
estimate (R) by means of u(r, w). 


Lemma 2. Let y be a positive normalized measure in an n-dimen- 
sional Euclidean space, let a(R) be the measure of the ball of radius R 
and center at the origin, and let <u(r, w)> be defined by (9). Then 


l — wR) < C (a (Ta). (12) 


where C is a constant not depending upon either n or R. 

The half-spaces which are involved in Lemma 2 are bounded by the 
planes (x, w) = R/vn which are tangent to the sphere with radius 
R//n and center at the origin. To prove Theorem 3, we need a lemma, 
similar to Lemma 2, in which the sphere of radius R/A/z is replaced by 
an ellipsoid. We precede this lemma by the following assertion concern- 
ing the average value of the square of the distance from the origin to the 
tangent planes of an ellipsoid. 
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Lemma 3. Let 7(w) be the (perpendicular) distance from the origin 
to the tangent plane of the ellipsoid 





x | | Xn = | 
x oto + yp 
1 n 


which is perpendicular to the unit vector w. Then 
C (o)» = n 108 + ... + XD. 


Proof. A simple calculation shows that 


rio) = Xo? 4- ... + Aa? 


n m 


where o, ... «,, are the coordinates of the vector.? 
From this it follows that 


IA) = Xd» H sb ALLY. 


But since w? +... + o? = 1, and the coordinates «,,..,«, are 
equally distributed, then 


Ca» = nda? + ... H e = nt 


and therefore 
Co) = n Qi 4. A2), 


which proves the lemma. 
We now turn to the proof of the following lemma, which is (together 
with Lemma 2) the central point in the proof of Theorem 3. 


? Indeed, if the coordinates of the point of tangency are x19, ... 


1 xi), then the equation 
of the tangent plane to the ellipsoid has the form 


, 





Bringing this equation into normal form, we find that w, = r(w)x(/A2 and therefore 
x(9 = w,AZ/r(w). But 





and consequently r°(w) — Ajo? +... + Ao, 
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Lemma 4. Let p bea positive normalized measure in n-dimensional. 
Euclidean space R,, and let Q be an ellipsoid such that for each of its 
tangent planes, the measure of the half-space not containing the ellipsoid 
is less than e. Then the measure of the region outside any given sphere 
of radius R and center at origin which contains Q does not exceed 
C(e + H?[R?), where H? is the sum of the squares of the semiaxes of 
Q, and C is a constant which depends neither upon n nor upon the 
choice of sphere or ellipsoid Q. 


Proof. Construct, for each unit vector o, the plane (x, w) = R/V/n 
perpendicular to it which is tangent to the sphere of radius R//z. 
Parallel to each of these planes there is a plane (x, w) = r(w) which is 
tangent to the ellipsoid Q(r(w) is the distance from this plane to the 
origin). Certain of the vectors w satisfy the inequality R/V/n < r(w); let 
Q, be the set of these vectors. Let 2, denote the sets of those vectors 
remaining, i.e., those for which R/A/n > r(w). 

We now show that the measure 7(£2;) does not exceed H?/R? (recall 
that r is the measure on the set of unit vectors which corresponds to the 
ordinary normalized measure on the surface of the unit sphere in R,). 
Indeed, it follows from Lemma 3 that 


D = (P(w)> = he ro) dr > f. r'(o) dr. 


But for w € 2, we have r*(o) > R*/n, and therefore H?/n > 7(Q,) R?|n, 
which means that 


H? 


Let, as usual, u(R/V/n,c«) denote the measure of the half-space 
(x,w) > R/Vn. We wish to estimate its average value (RIA, w)>. 
Obviously 


(Es) = f nel 


de ede 


From inequality (13) and the trivial estimate u(R/A/n, w) < | it follows 
that 
R H? 
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On the other hand, for w € Q, the plane (x, w) = R/^/n is further from 
the origin than is the tangent plane to the ellipsoid Q which is parallel 
to it. Therefore for w € Q, the half-space (x,w) > R//n lies in the 
half-space (x,w) > r(w). But by the hypothesis of the lemma the 
measure of the half-space defined by a tangent plane to the ellipsoid and 
not containing the ellipsoid does not exceed «. A fortiori we have 
w(R/V/n, w) xi e for w€Q,. Taking into account the trivial estimate 
7(2,) < 1, we obtain 


f ; WRV, o) dr < e. (16) 


From (14), (15), and (16) follows the estimate 


QARIV n, a)» < T + e (17) 


By Lemma 3, this implies that 





r) 


m (18) 


1 — 48) < C (e + 


where C is a constant not depending either upon n, H, or R, and | —4(R) 
is the measure of the region outside the sphere of radius R and center 
at the origin. This proves the lemma. 

We will show that a lemma similar to Lemma 4 holds for spaces 
adjoint to a countably Hilbert space. We precede this lemma by the 
following remarks. Let 6’ = Uf, © be the adjoint space of the 
countably Hilbert space © = (1, , ©; let ¥ be a finite-dimensional 
subspace of and V^ its annihilator, and fix n. The natural mapping 
T of ©’ onto the factor space ®’/¥ induces a mapping T, of the subspace 
Ó, into $'/V?. But every ©, is everywhere dense in ©’ (in the weak 
topology; cf. Chapter I, Section 3.1) and therefore the image of ®, in 
Q'[V? is everywhere dense in $'/V?. Since ©’/Y° is finite-dimensional 
and the image of ®/ is a linear subspace in 9'/V^, it follows that T, 
carries ®, onto O'/V?. Therefore 


DP? — d; We o, 


Now denote by V the orthogonal complement of VU? 64, in the 
Hilbert space 9, (i.e., the collection of those F € ®, such that (F, F,)_, 
= 0 for all F} € V? ^ $;). Obviously the natural mapping of 9, onto 
Q'|V'? maps the subspace Y^* one-one onto $'/V9, Therefore any F € ®' 
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can be written in unique fashion as F = F° + F*, where F?c V/9, 
F* e V*. We will call V* the orthogonal complement of V? in ®,.* 
We now proceed to the statement and proof of the analog of Lemma 4. 


Lemma 4'. Let p be a positive normalized cylinder set measure 
on the adjoint space 
QD = Us, 
of a countably Hilbert space 6 = f, , ®,. Let Q be an ellipsoid in the 
Hilbert space ®/,4 such that the sum of the squares of its principal 
semiaxes is equal to H?, and the measure of any half-space in ©’, not 
containing Q, is less than e. If S,(R) = {|| F ||-n < R} is any ball in ®, 
containing O, then the measure of any cylinder set Z, lying outside 
S,(R), is less than C(e + H?/R?), where C is the same constant as in 
Lemma 4. 


Proof. Let Z be any cylinder set lying outside S,(R). Let V be its 
generating subspace, A C $'/V/? its base, and denote by ¥* the orthogonal 
complement of V? ^ ®) in $;. 

If F is any element in ©’, then, as we have seen, it can be written in 
unique fashion as F = F? + F*, where F? e W°, F* e *, Denote by P 
the mapping which takes F = F? + F* into F*, i.e., P(F) = F*. Since 
by construction V/* is orthogonal to VU? N $;, then for elements F € @,, 
P is the orthogonal projection of ©, onto ¥*. This orthogonal projection 
takes S,(R) into a ball S*(R) in the subspace ¥* and Q into an ellipsoid 
Q* lying in V^*. Since the cylinder set Z lies outside S,(R), its image 
Z* in ¥* lies outside S*(R). 

We introduce a measure p* in ¥*, defined by 


p(X) = pP QC] = X +P). 


and apply Lemma 4 to S*(R), Q*, and »* in the finite-dimensional 
space V/*. For this we note that the sum of the squares of the principal 
semiaxes of Q* does not exceed H?. Indeed, the ellipsoid O can be 
considered as the image of the unit sphere in ®, under a mapping T 


t For the case at hand, the foregoing seems unnecessarily involved. Indeed, given 
n > O0 and Fe 9", there is a unique jp € V such that (F, 9) = (p, jp), for all e € V. 
Define F* € ® by (F*, 9) = (o, &p),; then F? =F — F* e V*, and F = F° + F* is 
the desired decomposition. 

4 By an ellipsoid in the Hilbert space ©, we mean the image of the unit sphere || F ||_, < 1 
by some linear mapping T. The condition that the series consisting of the sum of the 
squares of the principal semiaxes of this ellipsoid converge means that T is a Hilbert- 
Schmidt operator. 
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whose Hilbert-Schmidt norm equals H. The ellipsoid Q* is the image 
of the unit sphere in ®, under the mapping PT. But the Hilbert- 
Schmidt norm of PT does not exceed H.5 Consequently, the sum of the 
squares of the semiaxes of O* does not exceed H?. Let us now show 
that the measure of any half-space in V* which does not intersect Q* 
is less than e. Indeed, if C* is a half-space in ¥* which does not intersect 
Q*, then C = C* + V? is a half-space in ®’ which does not intersect 
the ellipsoid Q, and therefore 


p*(C*) = w(C™* + P?) = W(C) < e. 


Finally, since OC S,(R), then Q* C S*(R). Therefore, in view of 
Lemma 4, the p*-measure of the region outside S*(R) does not exceed 
C(e + H?/R*). But the base A* of Z liest outside S*(R), and therefore 


pZ) = w(A*) < Cle + HHJR?). 


Let us now proceed to our main goal—the proof of Theorem 3. In 
other words, we wish to prove that a positive normalized cylinder set 
measure in the adjoint space of a nuclear space is countably additive. 


Proof of Theorem 3. As has been shown in Theorem 2’, to prove 
the countable additivity of u it suffices to show that for any e > 0 one 
can find n and R such that the measure of any cylinder set lying outside 
the ball S,(R) = (| F ||, < R} is less than e. First we use the continuity 
condition imposed upon p. It follows from this condition that there 
exists a ball S,(po) = {|| F ||-m < p} such that the measure of any half- 
space in ' which does not intersect S,,(p) has measure less than e/2C, 
where C is the constant in Lemma 4’.tt 

Since the space ® is nuclear, there is an n such that the ball S,,(p), 
considered in the Hilbert space ®,, is an ellipsoid, the sum of whose 


5 In fact, if fı, fo, ... is an orthonormal basis in ®,, then 


iori = [S tom] <ie S mer] =P iii The = mnn 
k=1 k=1 


Since P is a projection operator, || P|| = 1 and therefore || PT | < H. 

t A* is the image of A under the one-one correspondence between ¥* and ®'/¥° 
mentioned just preceding Lemma 4’, 

tt Indeed, since sequential and ordinary continuity are equivalent in a nuclear space, 
for any 6, A > O there is a neighborhood U of zero in 9 (say, U = {l| ell, < a) such 
that u(I(F, 9)! > A} < 9 for pe U. Choose any A > 0 and take 8 = ¢€/2C; then 
{F ll-m < A/a} is the desired ball, which follows from the observation that any half- 
space which does not contain the zero functional can be written as ((F, 4) > A}, and from 
the existence of nonzero functionals F for which (F, 4) = |F ii, |l d ls. 
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principal semiaxes is finite (here n must be chosen so that the mapping 
of Öp into ®, is Hilbert-Schmidt). Let H? denote the sum of the squares 
of the principal semiaxes of the ellipsoid S,,(p) in ®,, and choose R so 
large that the ball S,(R) in 9; contains the ellipsoid S,,(p), and also 


H? € 
TS Me) 


By Lemma 4’, for any cylinder set Z in ©’, lying outside S,(R), one 
has the estimate 
H? 
MZ) <C (se + E) 


It follows from (19) that &(Z) < e. 

Thus, we have found a ball S,(R) such that the measure of any cylinder 
set Z which lies outside S,(R) has u-measure not exceeding the given 
value e > 0. Hence Theorem 2’ implies that the measure p is countably 
additive. 

This concludes the proof of Theorem 3. 

It can be shown that the nuclearity of the space ® is not only a suffi- 
cient, but also a necessary condition for every cylinder set measure in the 
adjoint space ®’ to be countably additive. This assertion is proven by 
constructing, for any nonnuclear countably Hilbert space 6, a positive 
normalized cylinder set measure in ®’ which is not countably additive. 
Moreover, this measure can be chosen to be a so-called Gaussian 
measure (cf. Theorem 2 of Section 3). 

We have already mentioned that in certain questions one can consider, 
instead of nuclear spaces, two Hilbert spaces which are connected by a 
nuclear mapping. Let us indicate here the analog of Theorem 3 which 
is obtained by this replacement. 


Theorem 4. Let H, and H, be Hilbert spaces, and let T be a nuclear 
mapping of H, into /7,. Suppose that u is a positive normalized cylinder 
set measure, satisfying the continuity condition, in the adjoint space 
H;i of H,. Then the measure in H, induced® by T and y is countably 
additive. 

The proof of this theorem is a word-for-word repetition of the proof 
of Theorem 3. The point is that in proving Theorem 3 all that was 
used was that u is continuous in one of the Hilbert spaces ®,, and that 
there exists a nuclear mapping of @,, into one of the spaces 9. 

We note that while Theorem 3 talks about all measures in ©’, Theorem 


€ Concerning a measure induced by a mapping, cf. Section 1.4. 
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4 concerns only measures in H; which are induced by some measure 
in Hi. 


2.4. The Countable Additivity of Cylinder Set Measures in Spaces 
Adjoint to Union Spaces of Nuclear Spaces 


The theorem proven in the preceding section is not adequate for 
certain applications. From example, this theorem does not apply to 
measures on the cylinder sets in the conjugate space K’ of the space K 
of all infinitely differentiable functions having bounded supports. This 
is due to the fact that K is not a countably Hilbert space. but rather the 
union space of its nuclear subspaces K(a), consisting of those functions 
in K which vanish for | x | < a. Now every subspace K(a) is closed in 
K, and a sequence (o,,(x)) of functions in K converges to zero if and 
only if all of the o,,(x) belong to some one subspace K(a) and converge 
to zero in the topology of K(a). Moreover, from the general form of 
linear functionals on K(a) it follows that every linear functional on K(a) 
can be extended to all of K. 

In order to obtain a theorem on the complete additivity of measures 
on cylinder sets which is also useful for the space K', we introduce the 
concept of the union space of linear topological spaces. 

Let ØV C 9? C... be an increasing sequence of linear topological 
spaces such that the topology in each ®™ coincides with that induced 
in it by 6+), We call the linear space 6 = U;, 4 G™ the union space 
of the 9», The space 9 is not necessarily a linear topological space; 
however, we will say that a sequence {p,} of elements in ® converges 
to zero, if all of the o,, belong to some one ®™, and {p} converges to 
zero in Om, 

An additive homogeneous functional on ® will be called linear, 
if its restriction to each ®™ is a linear functional on 9", Conversely, 
we will assume that any linear functional F'"? on $'?? can be extended 
(not necessarily uniquely) to a linear functional F on ®. Thus, every 
linear functional F™ on $' can be considered as the restriction to 
$'"" of some linear functional F on ©. The functionals F™, F®, ... 
corresponding to a given functional F on are compatible in the follow- 
ing sense: if m <n, then for any element 9 € 6"? we have (F9, 9) 
= (F'"^, o), since both sides coincide with (F, p). 

Thus we see that an element F of the conjugate space ©’ can be 
written in the form 


F = (FO, EO, L3, 


where F™ € 9", and the functionals F™, F®, ... are compatible. 
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We now consider cylinder sets in ©’. It is easy to see that any such 
set is defined by a cylinder set Z™ in one of the spaces ®'™’ and 
consists of all elements F = {F™, F», ...} of the space ®’ for which 
F™ e Zim, We will denote the cylinder set in ®’, defined by a cylinder 
set Z' in m, by Z(Zum, 

It is easily verified that the weak neighborhoods in ®’ coincide with 
the cylinder sets in ®’ defined by the weak neighborhoods in the spaces 
pm, 

Further on we will use the mappings T” of ©’ into ®!™’, which 
carry an element F = {F™, F», ...} of ' into its mth coordinate F™. 
From the compatibility of the F(™ it follows that for m < n we have 
T™(T")1F™ — Ft", Therefore, setting 75, = T"(T")-1, we obtain a 
mapping of the space ®™ onto $'', by which every functional F™ 
is carried into a compatible functional F'?", 

Let us now consider a measure p on the cylinder sets in ©’. This 
measure defines a measure on the cylinder sets in every one of the 
hm)’ Indeed, we set 


(Z9) = wlZ(Z™)] 


for any cylinder set Z™ in $"', where Z(Z'™) is the cylinder set in ©’ 
defined by Z'", Obviously um is a measure on the cylinder sets in $'""', 


The measures p4, Ho, ... thus obtained are compatible in the sense that 
for m < n and any Z in $U' we have 
Pml Z) = palT) Z]. (20) 


Indeed, it is easy to see that the sets Z'" and (T7) 1Z' define the same 
cylinder set Z in ©’, and therefore both sides of (20) coincide with u(Z). 

The converse is also true: if x4, po, ..., is any sequence of compatible 
measures on the cylinder sets in the spaces OU, ®)’, ..., then there 
exists a measure u on ' such that 


pIZ(Z')] = us (Z") 


for all m and all cylinder sets Z'? in v, 

Of course, since the measures u, are finitely additive, u will also be 
finitely additive. With somewhat greater effort, one can show that the 
countable additivity of each of the u„ implies, under certain assumptions 
regarding u, the countable additivity of u. That is, the following theorem 
holds. 


Theorem 5. Let ® be the union space of the countably normed 
spaces ©), $'?, .... Suppose further that u is a positive normalized 


332 MEASURES IN LINEAR TOPOLOGICAL SPACES Ch. IV 


measure on the conjugate space ®’, such that for every m the measure 
Hm induced by u on ®™” is countably additive and regular in the sense 
of Caratheodory. Then p is also countably additive. 


Proof. According to Theorem 1’, we have to show that any decreasing 
sequence Z, D Z, 5... of cylinder sets Z, in ®’, such that lim,.,.. u(Z,) 
= «€ > 0, has nonempty intersection. Now each of the Z, is defined by 
a cylinder set Z™» in @'™)’, If the set of all m, is bounded, then without 


loss of generality we may Suppose that m, = m, = ... = m. In this 
case the nonemptiness of TY, Z, follows from the countable additivity 
of p. 


Now assume that the m, are unbounded. In this case we may without 
loss of generality suppose that m4 < m, < .... By hypothesis each of the 
Mm, i$ regular in the sense of Caratheodory. Therefore in each of the 
spaces ©)’ there is a weakly closed set B, such that B, C Z'"? and 

is LZ — Bj] < mu 
Further, by Theorem 2 the countable additivity of um, implies the 
existence in each ®'™)’ of a weakly compact set (a ball) C; such that 
Pm (Cy) > l — €/2-**. Obviously D, = B,C, is also weakly 
compact and 


€ 
Hm, |Z — Dl < ed $ 


Set 
= N (Tm) D, 
j<k j 


It is easy to see that E, C Z"?, and 


——- X de. 


tml Z — E] «3 um xd 


[ Ton 
L. x 


Therefore up (Ej) > ge. It is further obvious that each of the E, is 
weakly compact in ®'™)’, and T5*E, C E; for j < k. 
We now choose an element F'?? from each of the E, (the E, are non- 
empty, as Hm (Ej) > $e). For j < m, set 
FO = TRF, 


Since Tm!(Er) C E,, the elements Fj", FY, ... belong to the weakly 
compact set E,. One can therefore choose a subsequence 


"uU P) 
2 ND Ha ua 
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which converges weakly to some element F,,, in ®'™’, Now we consider 
the elements Fj”), Fj?, ... (we may clearly assume that 7, > 2) which 
lie in Æ, (since Ts h.c Ej. Since E, is weakly compact, we can find 
a weakly convergent subsequence of {F{”} which has limit F,,, in $m», 
From the weak continuity of Tmz (which is easy to show) it follows that 
To, = Fm, In similar fashion we construct elements Ena sut 
in bora dou, es such that Fn, = TF, for j < k, and we set 
F,-— TM, for m < mp Then F= = n, T... .] is an element in 9", 
and moreover belongs to each of the Z,, since F,, € E, C Z™™», This 
proves that the sequence Z,, Za, ... of cylinder sets in ®’ has nonempty 
intersection, and therefore that u is countably additive, which completes 
the proof. 

Since, according to Theorem 3, any positive normalized cylinder set 
measure, in the conjugate space of a nuclear space, which satisfies the 
continuity condition is countably additive, we obtain from "Theorem 
5 the following result. 


Theorem 6. Suppose that ® is the union space of an increasing 
sequence ØD C Ø» C... of nuclear spaces. Then any positive normalized 
measure, on the cylinder sets of the conjugate space ®’, which satisfies 
the continuity condition is countably additive. 

Since the space K is the union space of its nuclear subspaces K(n), 
any measure on the cylinder sets of K' which has the properties indicated 
above is countably additive.* 


2.5. A Condition for che Countable Additivity of Measures on the 
Cylinder Sets in a Hilbert Space 


Theorem 3 gives a condition for the countable additivity of all cylinder 
set measures in the conjugate space of a countably Hilbert space. In 
this paragraph we indicate a condition for the countable additivity of a 
specified measure u defined on a Hilbert space H. 

Let B,, Ba ... be a sequence of positive-definite operators in H, with 
domain H. By means of these operators we introduce a new topology 
in H, taking as a base of neighborhoods of zero the system of sets U,(R) 
in H, where U,(R) consists of all p € H satisfying (Bng, p) < R?. We 
will call this topology the topology defined by the operators B,, B,, .... 
The following theorem holds. 


tIt is perhaps worth mentioning explicitly that this result plays the same role in 
the theory of generalized random processes as does the Kolmogorov extension theorem 
in the theory of ordinary random processes. 
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Theorem 7. In order that a positive normalized measure p on the 
cylinder sets’ in the Hilbert space H be countably additive, it is necessary 
and sufficient that be continuous relative to the topology in H defined 
by some sequence B,, Ba, ... of positive-definite nuclear operators. 

The continuity of u means the following: For any e > 0 there exists 
a 8 — 0 and n such that the inequality (Bap, p) <6 implies that 
p(T,) < e, where T, denotes the strip defined by (o, J)| > 1. 


Proof. First we prove the necessity of the condition. Suppose that 
p. is countably additive. We construct for any n > 0 a positive-definite 
nuclear operator B, such that the inequality (B,y, 9) < 1/22 implies 
that u(T,) < l/n. This operator is constructed in the following way. 
Since uw is countable additive, it can be extended to all balls in H. But 
H is the union of a countable family of increasing balls, and therefore 
there is a ball S(R) = {|| e| < R} such that the measure of its complement 
is less than 1/22. We define B, by setting 


Bp) = |. e D dat) 


Obviously B, is positive-definite. To show that it is nuclear, we note 
that for any orthonormal basis {p,} in H one has 


» (BrP is Pr) = TR > Pr y)? dukh) 


=f Nel dup) < Ref dag) < R. 
S(R) S(R) 


In other words, the series X. , (Bag, Pr) converges for any orthonormal 
basis (p,). AS was shown in Chapter I, Section 2.3, it follows that B, 
is a nuclear operator. 

Now consider any element 9 such that (B,9, p) < 1/2n, and let us 
estimate the measure of the strip T, defined by (o, Y)! > 1. Obviously 


p(T,) = (To) + (Tz), 


where I, is that part of T, contained in the ball S(R), and T,’ is that part 
lying outside S(R). In view of the choice of S(R) we have (T, ) < 1/2n. 


7 By a cylinder set in H we mean the collection of those elements 9 for which 


((o, 91) Lo) (p, 9x)) € A 
where 9, ..., py are elements of H, and A is a Borel set in k-dimensional Euclidean space. 
Since (o, ;) is a linear functional on H, this definition agrees with that given in Section 1. 
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On the other hand, from the inequality |(o, ¥)| > l, which holds for 
all y € T, and therefore for all y € T, it follows that 


py) =f da) <f o DP daly) 


< f. o DP da) = Qo) < zy 


Hence u(r) < l/a. 

Thus we have constructed a sequence B,, B,, ... of positive-definite 
nuclear operators such that the inequality (B,9, p) < 1/2n implies 
p(T,) < l/n, where T, is the strip defined by |(o, ¥)| > 1. This means 
that u is continuous relative to the topology in H defined by the B,, 
and proves the necessity of the condition of the theorem. 

The sufficiency of the condition can be proven by using Lemma 4. 
We omit the details of this proof. 


3. Gaussian Measures in Linear Topological Spaces 
3.1. Definition of Gaussian Measures 


We will consider here Gaussian measures in linear topological spaces. 
First we describe Gaussian measures in the finite-dimensional case. 
Let R, be an n-dimensional linear space, in which is defined a scalar 
product (x, y). This scalar product defines a metric in R,, and, in particu- 
lar, defines Lebesgue measure in R,. We introduce the Gaussian measure 
in R, corresponding to the scalar product (x, y), setting 


p(X) = sys f eias. (1) 


In other words, Gaussian measures in an n-dimensional linear space are 
always defined by means of scalar products. 

If A is a non-degenerate linear transformation in AR, and (x, y) is a 
scalar product in R,, then (x, y), = (Ax, Ay) is also a scalar product. 
To this scalar product there corresponds the Gaussian measure 


1 
— n —-}( Ax, Ax) 
p(X) = Qn fe dix, 


where d,x denotes the Lebesgue measure corresponding to the scalar 
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product (x, y),. It is easy to see that d,x = | det A | dx. Therefore the 
measure u can be written in the form 


| det A | T, 
ing) See ct e im Ax) dx. 
pal )= Qai" x 
We note the following lemma concerning Gaussian measures in 
finite-dimensional spaces, which we will use further on. 


Lemma 1. Let R, be an n-dimensional Euclidean space with scalar 
product (x, y), and R,, an m-dimensional subspace in R,. Let u, be the 
Gaussian measure in R, corresponding to the scalar product (x, y), 
and denote by um the Gaussian measure in R,, corresponding to the 
same scalar product. Then for any subset X of R,, we have the following 
compatibility condition between p, and p,p: 


px) = us [07 (x)], Q) 
where Q denotes the operator of orthogonal projection of R, onto Rm. 


Proof. Let R, ,, denote the inverse image of the origin with respect 
to Q. Obviously R, is the orthogonal sum of the subspaces R, and 
R,.,, and therefore any « € R, can be written in unique fashion as 
x = x' + x", where x’ € Rp and x” € R, ,,. It is also obvious that 


(x, y) = (x, v) + ("^ 9"), 


and that the Lebesgue measure dx in R, is the product of the Lebesgue 
measures dx’ in R,, and dx” in R, ,, defined by the scalar dioe 
(x, y). Since the set Q-1(X) is the orthogonal sum of X and R,_.,,, 
have 


mlO- n [unma 


te ec Maso dy! | e-ban arn dx 


Rn-m 


"gs 


Since 


ae l | o-Mnen) dul 
Uml X) = Quim Ie 2d dx. 


to prove (2) it suffices to verify that 


l 


Mactt- E oe — h(a, arr) LN 
DET a e dx” = 1. (3) 


n—m 
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But in coordinate form, the integral in (3) is 


l AY ^r, tf vet 1 
(2min f exec-- 4t y ea (x, -m "n dx oe OX sas (3 ) 


Since z 
f exp(— 132?) dx = V/2m, 
the integral (3) is equal to 1, which proves (2). 
Along with the Gaussian measures just considered, so-called improper 
(or degenerate) Gaussian measures can also be considered. These are 
defined by a formula of the form 


l ` Lora 
MX) = Dess | A c ? dx, (4) 
where Rn is an m-dimensional linear subspace of R,, (x, y) is a scalar 
product in R,,, and dx is the Lebesgue measure in R, defined by this 
scalar product. 

Let us now proceed to the construction of Gaussian measures in the 
infinite-dimensional case. These measures will be constructed in the 
conjugate space ®’ of a locally convex linear topological space 9. As 
we saw in Section 1.1, the local convexity of guarantees that any linear 
functional on any subspace ¥ of ® can be extended to a linear functional 
on all of 6. In addition, the conjugate space V/' of any finite-dimensional 
subspace V of Ó is isomorphic to the factor space 6’/¥°, where P? denotes 
the annihilator of ¥ (i.e., the collection of all linear functionals on ® 
such that (F, 4) = 0 for pe V^). 

Gaussian measures in an infinite-dimensional space ®’ are defined 
by means of scalar products B(g, ys) defined in 9. 

Thus, suppose that B(o, y) is a nondegenerate scalar product in a 
real locally convex linear topological space ®, continuous in the topology 
of Ð. First we define a Gaussian measure in every finite-dimensional 
subspace ¥ of by means of the scalar product B(o, J), and then we 
carry over these measures to the factor spaces ®'/P°. 

We define a measure ry in each n-dimensional subspace ¥ of by 


TAY) = e iato di, (5) 


AR 
Qs) 


where dj is the Lebesgue measure in ¥ corresponding to the scalar 
product B(g, 4). In view of Lemma | these measures are compatible 
in the following sense: If V, C V, then for any Y C V, we have 


n(Y) = 7,[Q; '(Y)]. (6) 
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where Q; denotes the operator of orthogonal projection of ^, onto VP, 
(relative to the scalar product B(o,)), and 74,7, are the measures 
Ty, and Ty, . 

We remark that the finite-dimensional Euclidean space ¥ (with scalar 
product B(g, J/))) is isomorphic to its conjugate space V/'.! But, as was 
pointed out above, the space ¥” is isomorphic to the factor space &'/V9. 
We have thus established a natural isomorphism Ay between ¥ and 
@'/¥°. In view of this isomorphism there corresponds to the measure 
Ty in V a measure vy in O'/V?, defined by 


W(X) = Tyl AX), XC OP. (7) 


Let us show that the measures vy define a measure on the cylinder sets 
in ©’, i.e., that they are compatible. For this, according to Section 1.3, 
it suffices to show that if V, C Ya, then for any set X C 6'/¥? one has? 


v(X) = vd Q7(X)], (8) 


where Q denotes the natural mapping of ®'/¥9 into $'/V, 
In view of (7), we can write (8), which is to be proven, in the following 


form: 
n 41 X)] = 74707 (X)] 


(we have denoted Ay, and Ay, by A, and A, respectively). If we set 
AIX) = Y, then this equation becomes 


7(Y) = 74,07 A(Y)]. (9) 


In view of relation (6) it remains to show that the mapping 
Q, = A41!QA, is the orthogonal projection of V, onto W,. But this 
follows directly from the fact that 4;!04, acts on elements pe V, 
according to the scheme 


Jj — Ay IM Ag + V h 
As Q A; 


and on elements g in the orthogonal complement of V, in V, according 
to? 
peur Pi ge Ta uro 


1 


This proves that the measures v, are compatible. 


1 With every element ¢ e ¥ we associate the linear functional F,, defined by F,(9) = 
(B o, 4). From the nondegeneracy of B (o, 4) it follows that the image of ¥ is all of V, 

2 We denote here vy, by vi, vw, by va, and further ry by 7, and ry, by To 

3 Since B(o, y) = 0, 4 € Y, for such g, then 4,9 € V? and therefore 4,9 + Vc P. 
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We denote by p the measure defined on the cylinder sets of ®’ by the 
Vy. 
From the fact that the scalar product B(, y) was assumed to be 
continuous in the topology of ®, it follows easily that the measure u 
satisfies the continuity condition. We omit the simple proof of this 
statement, which involves writing down the measures in coordinate 
form. 

One can remove the condition of nondegeneracy that was imposed 
upon B(g, 4). Assume that there are nonzero elements gy for which 
B(o, 9) = 0, and let X be the totality of all such 9. Then X is a linear 
subspace of which is closed in view of the assumed continuity of 
B(g, ys). Let X? be the subspace in ®’ consisting of all continuous linear 
functionals F which vanish on X. Then X? is the conjugate space of the 
factor space ®/X, and B(g, Jj) induces a nondegenerate scalar product 
Bi(o, )) on the latter. We can therefore construct the Gaussian measure 
#, in X? defined by the scalar product B,(y, y). The measure u in ©’, 
defined for any cylinder set Y in ®’ by 


HWY) = (Y 0 X°), 


is called a Gaussian measure in 6’, Such Gaussian measures, which 
are concentrated on subspaces of ®’, are called degenerate or improper. 

Let us now stop to consider the case where @ is a Hilbert space, and the 
Gaussian measure y is defined by the scalar product (o, y) in ®. In this 
case the spaces ® and @’ can be identified, and we can suppose that 
u is defined in the space Ê itself. The cylinder sets Z in ® are the or- 
thogonal sums of subspaces A4? of ®, having finite-dimensional orthogonal 
complements A, with (Borel) sets X lying in A. The measure of such 
a cylinder set is given by 


l 
Z)—-——— — 2 ly ap) 
ra ) (2m) Je 14) d, 


where (o, V) is the scalar product induced in the finite dimensional 
subspace A by the scalar product in ®, and dg is the corresponding 
Lebesgue measure in A. 


3.2. A Condition for the Countable Additivity of Gaussian Measures in the 
Conjugate Spaces of Countably Hilbert Spaces 


In Theorem 4 of Section 2, it was shown that if a measure y, in a 
Hilbert space H; satisfies the continuity condition and if T is a Hilbert- 
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Schmidt mapping of H, into a Hilbert space H., then the measure p; 
in H,, induced by T and 4, is countably additive. With the help of this 
theorem it is easy to show a sufficient condition for a Gaussian measure 
u, defined in the conjugate space ®’ of a countably Hilbert space ® by a 
scalar product B(o, ij) in 6, to be countably additive. 

Let B(o,J) be a scalar product (nondegenerate) in a countably 
Hilbert space ®, which is continuous jointly in both arguments relative 
to the topology of ®.t Completing Ë relative to this scalar product, 
we obtain a Hilbert space 9,4. From the continuity of B(g, y) it follows 
that the natural imbedding of 9 into ®, is continuous. Therefore there 
is an m such that for n > m the imbedding T, of the Hilbert space 6, 
into ®, is continuous (®, is the completion of relative to the scalar 
product (p, #),,). A sufficient condition for the countable additivity of 
the Gaussian measure.on ®’ defined by B(ọ, y) is given by the following 
theorem. 


Theorem 1. In order that the measure u, defined in the conjugate 
space ©’ of a countably Hilbert space by a continuous nondegenerate 
scalar product B(o, 4), be countably additive, it is sufficient that for 
some n the mapping T, of ®, into ®, be of Hilbert-Schmidt class. 


Proof. The scalar product B(o, Jj) in the Hilbert space 9, defines a 
Gaussian measure p, in the conjugate space ®, which satisfies the 
continuity condition. The mapping T, adjoint to T, maps 9; into ®, 
and is also Hilbert-Schmidt. Now apply Theorem 4 of Section 2 to the 
Hilbert spaces ®, and ®/ and to the measure p, in 5. We find that 
pa induces a countably additive measure y, in ®,, which in turn induces 
a countably additive measure in ©’. Obviously this last measure coincides 
with the measure p defined in ®’ by the scalar product B(o, Jj), which 
is thus countably additive. 

The proof of Theorem | was based upon Theorem 4 of Section 2. 
The central and most difficult point in the proof of the latter theorem 
was to establish the inequality 


1 — a(R) < Cle + H?/R%) 


(cf. Lemma 4 of Section 2). For Gaussian measures one can avoid this 
inequality by using the more simply proven inequality 


THE)”. 


r2 





u(Qyss VO ewer dx < (10) 


t By Theorem 3 of Chapter I, Section 1.2, it is sufficient that B(g, y) be continuous 
in each argument separately. 
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Here C(x, x) denotes a strictly positive-definite quadratic form in the 

space R,, Tr(C—1) denotes the trace of the matrix C^!, and Q denotes 

the region outside the sphere of radius r and center at the origin of R,. 
In order to prove inequality (10), we note that 

— Vee 

MQ) = “nym 





| x(x)e C2) dx, 
Rn 


where x(x) denotes the characteristic function of the region 2. Since 
x(x) = l for those x satisfying (x, x) > 7? and vanishes for those x 
satisfying (x, x) < 7?, then the inequality x(x) < (x, x)/r? holds for all 
x € R,. It follows that 


HQ) < SS f, (e mee de. 


E 
Applying formula (4) of Section 2.2, Chapter III, to the right side of this 
inequality, we obtain 
Tr(C-! 
w(2) < IC , 
which proves inequality (10). 
Now we prove the following lemma. 


Lemma 2. If p is the Gaussian measure in a Hilbert space H which 
is defined by the scalar product (9, ys) in H, and T is a Hilbert-Schmidt 
mapping of H into a Hilbert space H,, then the measure p, in Hi, 
induced by T and p, is countably additive. 


Proof. According to Theorem 2 of Section 2, it suffices, for the 
proof of the countable additivity of u, to show that for any e 0 
there is a ball S,(r) with radius r and center at the origin in H, such 
that the measure of any cylinder set lying outside S,(r) is less than e. 
One constructs S,(r) in the following way. Let T” be the mapping of 
H, into H which is adjoint to T, and consider the operator O = T’T. 
Since T is of Hilbert-Schmidt class, then by Theorem 4 of Chapter I, 
Section 2.3, Q is a nuclear operator. Let r be any number such that 
(Tr Q < er’, where Tr Q is the trace of Q. Then r is the desired radius. 

To prove this assertion it suffices to write out the explicit expression 
for u and to apply inequality (10). We omit the details of the argument. 

Theorem | follows directly from Lemma 2. Indeed, the scalar product 
B(o, V) defines a Gaussian measure ug in the conjugate space 9, of 
$,. But the mapping T, of ©, into ®, is, by hypothesis, of Hilbert- 
Schmidt class. Therefore its adjoint 7,, which maps 6, into ®,, is of 
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Hilbert-Schmidt class. But then the measure p,, induced in ®, by pg 
and T,, is countably additive by Lemma 2, as is therefore the measure 
u induced in ®’ by p,. But p is none other than the measure defined 
in ©’ by B(o, Jj). This proves Theorem 1. 

In view of Theorem 3 of Section 2, any Gaussian measure in the 
conjugate space ®’ of a nuclear space Ê is countably additive (we remark 
that this assertion can also be proven more simply than the general 
case, by using inequality (10)). 

Now we show that the requirement of nuclearity of the space is not 
only a sufficient, but also a necessary condition for every Gaussian 
measure in the conjugate space ®’ of the countably Hilbert space Ó to 
be countably additive. To do this, we need the following estimate for 
Gaussian measures in a Euclidean space R,,. 


Lemma 3. Let, be the Gaussian measure in n-dimensional Euclidean 
space R, defined by the scalar product (x, y) in R,, and let 2 denote the 
region defined by the inequalities 


Tr C — 24'TrC < C(x, x) Tr C + 2 Tr C, 


where C(x, x) is a positive-definite quadratic form in R,, and Tr C 
is the trace of the matrix C consisting of the coefficients of the quadratic 
form. Then 

V+. +H 

ITC’ aD 





uQ) > 1-— 


where A, ..., A, are the eigenvalues of C.* 


Proof. Let x(x) denote the characteristic function of the region Q. 
Obviously the inequality 
[C(x, x) — Tr CP 
4Trc 





x(x) > 1 


is satisfied for all points x € R,. Therefore 


HQ = f xd > fon (Ce) TET | ae) 





(12) 





2] f. (C(x, x)? — 2 T ECC x) + (Tr Cy d(x), 


4The reader can without difficulty establish the connection of this lemma with the 
well-known Chebyshev inequality of probability theory. 
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From formula (4) of Section 2.2, Chapter III, it follows that 
I. C(x, x) du(x) = Gs I NS xeon dx — Tr C, 


and therefore 
M9) m 1- pu m (CC, x)? — (Tr CY] dala), 


In order to estimate the integral 
J (Cl oF dula), 


we choose a Cartesian coordinate system in R, in which the form 
C(x, x) reduces to a sum of squares 
C(x, x) = Ax de uo AVES 


Then the above integral assumes the form 


l i 9 2 
Qsyn | Qui A + Aw)? expl $63 +... + x1] dx 
T Qn 2: in 2 A; jr: IE exp[— i in Te edm x2)] dx 
But for j zz k 
C xix exp[-- 463 + ... + 23)] dx = 1, 
and 


l 
Crj” xj exp[— (xi + ... + xi) dx = 3, 


and therefore the integral under consideration is equal to 
Lid Án 
2 
393 Y AX. 
gal jk i 
P4k 


Consequently, in view of inequality (11) 


i9) > 1 — gare [3 A+ YXOA-XX- EM 
j/k i7vk 
Mee tA 
‘re 


This proves Lemma 3. 


= 1 





344 Measures IN LINEAR TOPOLOGICAL SPACES Ch. IV 


Consider the Gaussian measure y in a (real) Hilbert space H, defined 
by the scalar product (o, ) in H. Let T be an operator which maps H 
into another Hilbert space H,, and denote by u, the measure induced 
in H, by u and T. We prove the following lemma. 


Lemma 4. If T is not of Hilbert-Schmidt class, and || Ti <1, 
then for any r > 0 there is a cylinder set Z in H,, lying outside the 
ball S,(r) in H, with radius r and center at zero, whose measure is 
greater than 1/2. 


Proof. Consider first the case where the positive-definite operator 
Q = T'T has a pure discrete spectrum. Let A,, Ag, ... be the eigenvalues 
of Q, and Ay, hg, ... the corresponding normalized eigenvectors. Ob- 
viously the inverse image of the ball S,(r) under the mapping T is the 
set Q in H defined by the inequality (Tp, Tp) < 7?, or equivalently 
(Qo, p) < 7?. In coordinate form the set Q is defined by the inequality 


D Mp, hy < r. (13) 
k=) 


We note that the series X, , A, diverges, because T is by hypothesis 
not of Hilbert-Schmidt class, and so Q is not a nuclear operator. Con- 
sequently, there are m and n such that 


> ER, 5 Àk S P. (14) 


k=m41 k-mi1l 





We now assert that the desired cylinder set Z in H is the cylinder set 
defined in coordinate form by 


n 


> Aly, hy > n. (15) 

k-msilk 
Indeed, comparing this inequality with (13), we conclude that Z lies 
outside the region 2. Let us now estimate the measure of Z. In view of 
inequality (14), the set Z contains the set Z,, defined by the inequalities 


A—2VA« Y, Mp, hy <A+2VA, 
k-mil 
where A = X; ,,,AÀ, Therefore &(Z) > u(Z,). But according to 
Lemma 3 we have the estimate 


Asa to + An 


Z,) >1-- Í 
Me T e 
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Since by hypothesis || T || < 1, it follows that à, < 1 for all k. Therefore 
we obtain u(Z) > u(Z) >. 

Thus we have proven that (Z) > 1. Mapping Z into H,, we obtain 
a cylinder set in H,, lying outside S,(r) and having measure at least 4. 
This proves Lemma 4 when T7'"T has a discrete spectrum. 

When the spectrum of T’T is not purely discrete, the proof is carried 
out in similar fashion, replacing the vectors /,, hy, ... by orthonormal 
vectors o, yg, ... such that (T'Tg,, px) > C > O (the existence of these 
vectors follows directly from the fact that the spectrum of T’T is not 
purely discrete). We omit the details. 

We can now prove that if a countably Hilbert space @ is not nuclear, 
then there exists a Gaussian measure u in the conjugate space ®’ 
which is not countably additive. 

Indeed, since is not nuclear, there exists an m such that the mapping 
T% of ®, into Ó,, is not of Hilbert-Schmidt class for any n > m. Then 
the adjoint operators (Tp) are also not of Hilbert-Schmidt class. Now 
consider the Gaussian measure um in ®,, defined by the scalar product 
(F, G)-m This measure induces a measure u, in each of the ®, and a 
measure u in ©’. Let us show that u is not countably additive. Indeed, 
since (Tp) is not Hilbert-Schmidt for any n > m, then by Lemma 4 
there exists, for any n and r, a cylinder set Z in ©), lying outside the ball 
(F, F)_, < ?, whose measure is at least 3 (Lemma 4 applies since it is 
clear, from the monotonicity of the inner products in a countably 
Hilbert space, that || 77, | < 1). But then Theorem 2 of Section 2 implies 
that u is not countably additive. 

We have thus proven the following theorem. 


Theorem 2. In order that every Gaussian measure in the conjugate 
space ®’ of a given countably Hilbert space ® be countably additive, 
it is necessary and sufficient that ® be a nuclear space. 

Obviously the nuclearity of ® is a fortiori necessary for the countable 
additivity of all (not only Gaussian) measures in ®’. 


4. Fourier Transforms of Measures in Linear Topological Spaces 


4.1. Definition of the Fourier Transform of a Measure 


The Fourier transform of a nonnegative measure p in n-dimensional 
Euclidean space R,, is defined as the function f(x) given by 


fe) = [ete duly), (1) 


Let us carry over this definition to a linear topological space. 
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Let ® be a linear topological space and u a cylinder set measure in the 
conjugate space ©’, We define the Fourier transform of p as the (non- 
linear) functional L(y) defined on 9 by 


Lg) = [etn qa). Q) 


We remark that to compute L(g) it suffices to know the measures of 
half-spaces in ®’, Indeed, if » € ®, then the inequality (F, p) < x defines 
a half-space in ®’, whose measure we denote by u(x). Then L(y) can be 
written in the form 


Lp) = [ e di o. (3) 


We note that for positive A the half-space (F, Ap) < x coincides with 
the half-space (F, 9) < x/A. Therefore for all positive A we have 


LOAP) = | e dyla) = [eas (=) = f e dupla). (4) 


Now if A < 0, then the half-space (F, Ap) < x coincides with the half- 
space (F, p) > x/A, and therefore at the points of continuity of the 
function u(x) we have 


pax) = 1 — py (x) . 
Therefore 
L(Ap) = f e dp, (x) = — f e* dp, (5) = f e’ dy (x) 


also holds for A < 0. 

It is easy to show that if ¥ is a finite-dimensional subspace in ® and 
Hy is the measure in the factor space ®’/Y° corresponding to u, then 
for any .p € ¥ one has 


Ly) = |. e n du), (5) 


Indeed, if p € ¥, then the half-space (F, y) < x consists of cosets with 
respect to the subspace Y^? in ©’. Therefore the .-measure of this half- 
space in ©’ coincides with the u ,-measure of the half-space (F, 9) < x 
in '/V?. Since the Fourier transform of a measure is uniquely defined 
by the measures of half-spaces, this proves (5). 
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As an example, let us calculate the Fourier transform of the Gaussian 
measure u defined by a functional B(o, y) on 6. 
Since the Gaussian measure of the half-space (F, ») < a is equal to 


aad —x? 


l 
ees aoe) d 
V/2n B(o, V) UM P ( 2B(o, 5j a 
the functional L(o) is given by 


l a : x? 
L(y) = VAsB(g 9) ») f. exp(ix) exp (— 2B(o, 9) =) dx 


But this integral equals e7*?*-^, It follows that 


L(g) = eR), (6) 


4.2. Positive-Definite Functionals on Linear Topological Spaces 


Let L(y) be a functional on a linear topological space ®. This functional 
is called positive-definite if 


> ewe = (7) 


for any elements o, ..., o,, in ® and any complex numbers fi, ..., Ém 

An example of a positive-definite functional is furnished by any 
functional L(g) which is the Fourier transform of a cylinder set measure 
in the conjugate space ©’ of 9 (recall that we are considering only 
positive normalized measures). Indeed, suppose that L(y) is the Fourier 
transform of a measure u. Let ¥ be the finite-dimensional subspace 
spanned by the elements o, ..., y,,, and let wy be the measure in the 
factor space ©’/¥° corresponding to the measure u. Then for 9 € V, 
L(y) is given by formula (5). But then we have 


LUN un £L ue m P FUP, 7m) d F 
p» L(g; 9,)£;£, 2 ££, i € Hyl ) 


m 


$ tetro | dP) > 





bus 


from which it is evident that L(y) is positive-definite. 
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Let us remark that if p satisfies the continuity condition, then its 
Fourier transform is continuous. In fact, suppose that the sequence 
{pn} converges to the element o, € ®. Let p, be the measure on the line 
corresponding to the element gp, and yy the measure corresponding to 
po Then 


Lj c f e*du(x) ^ n-—0,l,... 
But the continuity condition says that 
lim f f(x) dus) = f fle) disc) 


for any bounded continuous function f(x). Letting f(x) = e'*, we obtain 
limpo L(p,) = Lpo) which shows that L(g) is continuous. Lastly, 
we note that L(0) = I, since the measure uo corresponding to the zero 
element is concentrated at the point x = 0, and therefore 


f e dp(x) = 1. 


Thus we see that the Fourier transform L(y) of any measure on the 
cylinder sets in ©’ is positive-definite and continuous (in the sequential 
sense) and L(0) = 1. Now we show that these conditions are not only 
necessary, but also sufficient for a functional L(y) to be the Fourier 
transform of some cylinder set measure in ©’. 


Theorem 1. In order that a functional L(ọ) on a linear topological 
space ® be the Fourier transform of some cylinder set measure in the 
conjugate space ©’, it is necessary and sufficient that L(¢) be positive- 
definite and continuous (in the sequential sense) and that L(0) = 1. 


Proof. The necessity of the conditions was proven above. To show 
their sufficiency, let L(y) be a functional satisfying the conditions of the 
theorem. Considering L(y) on a finite-dimensional subspace ¥ of ©, 
we obtain a positive-definite continuous function L,(y) on V. By 
Bochner’s theorem (cf. Chapter II, Section 3.2) this function is the 
Fourier transform of a positive measure yy defined in the conjugate 
space ¥ of Y. But we have seen in Section 3.1 that V" can be identified 
in a natural way with the factor space ®’/¥°, where V/9 consists of all 
linear functionals F which vanish on V. It follows that in each of the 
factor spaces ©’/¥°, where W is finite dimensional, there is defined a 
measure uy. It remains for us to show that these measures are compatible 
and satisfy the continuity condition. 
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To prove compatibility, consider two finite-dimensional subspaces 
Y, Y, with Y, C V, in 6, and let u; and p, be the measures correspond- 
ing to them. We have to prove that u, coincides with the measure v 
induced in the factor space ®'/P? by pa. In other words, we must prove 
that 

H(A) = v(4) = mI 1(4)] (8) 
for any set A in ®’/¥{, where Q denotes the mapping of 9'/V? onto 
Q'|V? by which the coset F + VU? is carried into the coset F + VT. 
We prove (8) by showing that the Fourier transforms of the measures 
p, and v coincide. 

The Fourier transform of u, is by definition of p, the function L(g) 
defined on Y, and coinciding there with L(y). The Fourier transform 
of v is also defined on V^, and is given by 


f aF dF). (9) 
ouv) 


If o € V, then the value of (F, g) is the same for all functionals F belonging 
to the same coset Fy + P. Since, moreover, v and y, are related by 
(8), we can rewrite (9) in the form 


Latter doh) 
2 


Thus (9) is the Fourier transform of ug for all elements o € V,. But by 
definition of u this Fourier transform is that function Lap) on V, 
which coincides there with L(o). But L,(p) and Le(p) coincide on V^, 
since Ly(y) = L(y) = Lap) for pe Vi. Thus the Fourier transforms 
of u, and v coincide. But then p, and v coincide, which proves that the 
measures py are compatible. 

We can thus associate with the functional L(o) a cylinder set measure 
u in ®’, It remains for us to show that p satisfies the continuity condition. 
For this we use the following theorem from the theory of Fourier in- 
tegrals: 


If a sequence {up} of positive normalized measures is such that 
lim f e?e dun(x) = f e dug(x), 
for any value of À, then the measures up converge weakly to jg. 


1 A sequence {n} of measures is said to converge weakly to a measure po, if 
lim f f) duala) = ffl) dula) 


for any bounded continuous function f(x). 
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To prove, now, that y satisfies the continuity condition, let {p,} be a 
sequence of elements in ® which converges to an element go, and let 
Un be the measure corresponding to gp, n = 0, 1, .... Then for any real 
value of A we have 


Le) = f e dux, n=0,1,.. 


(cf. formula (4)). Since in view of the continuity of L(g) we have limpo% 
L(Ap,) = L(Ao), then for any A 


lim f e? du, (x) = f e du (x). 


But this, as we said, implies that the measures up n = 1,2, ... converge 
weakly to uo. Thus the measure u which we have constructed on the 
cylinder sets of ®’ satisfies the continuity condition (cf. Section 1.4), 
which concludes the proof of the theorem. 

If Ó is a nuclear space, then by Theorem 3 of Section 2, any cylinder 
set measure in ©’ which satisfies the continuity condition is countably 
additive. We therefore have the following assertion. 


Theorem 2. Any continuous! positive-definite functional L(y) on 
a nuclear space ®, such that L(0) = 1, is the Fourier transform of a 
countably additive positive normalized measure in ®’. 

This theorem is simply Bochner's theorem for nuclear spaces. 


5. Quasi-Invariant Measures in Linear Topological Spaces 
5.1. Invaiiant and Quasi-Invariant Measures in Finite-Dimensional Spaces 


In this section we will consider questions connected with the trans- 
formation of measures in linear topological spaces by parallel displace- 
ment. By the term ‘‘measure” we mean a positive countably additive 
measure u( X) on the Borel sets in a conjugate space ®’, which is regular 
in the sense of Caratheodory, and such that the entire space is a countable 
union of sets of finite measure (this last property is called the o-finiteness 


of u). 


t Since a nuclear space has a metric topology (cf. footnote on p. 57), continuity and 
sequential continuity are equivalent. 
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We start by considering measures in finite-dimensional linear spaces. 
In a finite-dimensional linear space R, there exists Lebesgue measure 
Bo(X) which is invariant under any parallel displacement in R,. In 
other words, the measure p(X) is such that p(X) = py + X) for 
all vectors y and measurable sets X in R,. The property of invariance 
under parallel displacement is characteristic for Lebesgue measures— 
any two measures which are invariant under all parallel displacements 
are identical up to a constant factor. 

Let us now consider measures which are equivalent to Lebesgue 
measure. We say that two measures u and v are equivalent, if they have 
the same family of null sets (i.e., if (X) = O implies (X) = 0 and 
conversely). A description of all measures equivalent to Lebesgue 
measure is given by the following theorem. 


Theorem 1. Any measure u in R, which is equivalent to Lebesgue 
measure has the form 


MX) = | fe) ds, 


where f(x) is a strictly positive function which is summable over every 
bounded set in R,,. 


Proof. Since uo(X) = 0 implies (X) = 0, by the Radon-Nikodym 
theorem! there exists a finite-valued nonnegative measurable function 
f(x) such that 


MX) = f feos (1) 


for all measurable sets X in R,. Let X, denote the set of points at which 
f(x) = 0. Obviously 


HX) = f f(x) de = 0; 


since u and pọ are by hypothesis equivalent, p(X) = 0. Consequently 
f(x) is almost everywhere positive. Since f(x) can be altered on a set of 


'The Radon-Nikodym theorem says the following: 
Suppose that p and v are measures such that p(X) - 0 for all sets X of v-measure zero. 
Then there exists a finite-valued nonnegative measurable function f(x) such that 


4QO - [ fle) do(x) 
s X. 


for all measurable sets X. The function f(x) is defined up to a set of v-measure zero. 
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Lebesgue measure zero without affecting (1), we can suppose that it is 
positive everywhere. 

Lastly, we show that f(x) is summable over any bounded set. Since 
u and py are equivalent and the Lebesgue measure of a point x € R, 
is zero, then u((x]) = 0 for all x € R,. But since we assumed that y is 
regular in the sense of Caratheodory, for every x € R, there is an open 
set V(x) containing x whose -measure is finite. Since any closed bounded 
set X in R, can be covered by a finite number of the V(x) (and hence any 
bounded set can), the u.-measure of any bounded set is finite. 

We remark that the Lebesgue measure y, is expressible in terms of 
u by the formula 


p dus) 
p(X) = Í Er 





As a matter of fact, if u and v are measures equivalent to Lebesgue 
measure, then they are mutually equivalent, and considerations similar 
to those used in the proof of the preceding theorem show that we have 


(X) = fuels) dy(x), 


where f(x) is summable (relative to u) over every bounded set and is 
positive for all x. 
Measures p. which are equivalent to Lebesgue measure have the 
following weakened property of invariance under parallel displacement. 
If a set X has -measure zero, then every translate of X has u.-measure 
zero. Indeed, from the invariance of Lebesgue measure and the definition 
of equivalence we have the chain of implications 


WX) = 0 = p (X) = 0 = u(y + X) = 0 = ply + X) = 0. 


A measure which has the property that u(X) = O0 implies u(y + X) 
= 0 for all y will be called quasi-invariant (relative to parallel displace- 
ment — translation). We have therefore proven that all measures which 
are equivalent to Lebesgue measure are quasi-invariant. 

The converse is also true. 


Theorem 2. If a measure p is quasi-invariant, then it is equivalent 
to Lebesgue measure. 
First we prove the following lemma. 
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Lemma 1. If a measure u is quasi-invariant, then the p-measure 
of any bounded set is finite. 


Proof. The quasi-invariance of u implies that the u.-measure of each 
point x € R, is zero. Indeed, if for some x, one had u((x,]) > 0, then 
this would imply p({x}) > 0 for all x. Thus any set containing a non- 
denumerable number of points would contain an infinite number of 
points whose measures all exceed some fixed positive constant, and 
therefore the set would have infinite measure. But this clearly contradicts 
the o-finiteness of p. Now the regularity of u implies that for every 
x € R, there is an open set V(x) containing x which has finite u-measure. 
Since any closed bounded set (and therefore any bounded set) can be 
covered by finitely many of the V(x), the u-measure of such a set is 
finite. 


Proof of Theorem. Suppose that p is quasi-invariant. Clearly if X is 
bounded, then p(y + X) is finite for all y. As for its measurability as a 
function of y, this follows at once from 


wy X) [xe 9 dut. (2) 


where y is the characteristic function of X. Further, if Y is a bounded 
set, then we can obviously find a bounded measurable set Z such that 
(y + X) C Z for all ye Y; hence p(y + X) < (Z) < œ for all y e Y. 
Now suppose that p(X) > 0, uX) = 0, and u( Y) > 0. Then by the 
quasi-invariance of u we have p(y + X) > 0 for all y. Then 


o«[ py + X) dy = Í LF x(« — y) du(x)| dy T 
Y Y M -o ) 


= f [f xE- ay] ac. 


where Fubini's theorem is applicable bécause our definition of quasi- 
invariance includes the assumption of c-finiteness. But 


f xE — dy = (Y (6 - X) < mle- X) = 0 (4) 


for every x, since u(x — X) = p(X) = 0. But then the right side of (3) 
vanishes, which is a contradiction. 
Thus, we have shown that any bounded sett of Lebesgue measure 


t The use of bounded sets and Lemma | in order to avoid the consideration of sets 
having (possibly) infinite z-measure appears unnecessary, as Fubini’s theorem for non- 
negative functions is valid without any summability restrictions. 
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zero has u-measure zero. Since any set of Lebesgue measure zero can 
be written as a countable union of bounded sets of Lebesgue measure 
zero, then (X) = 0 for all sets X of Lebesgue measure zero. To show 
the converse, suppose that po(X 9) > 0 but u(.X,) = 0. Let {x,} be an 
everywhere dense sequence of points in R,, and define Z as the union 


= Bb (xy + Xo). (3) 


It is not hard to show! that 4(R, — Z) = po(Z,) = 0. But 


HR,) = MZ) + &(Z) < HZ) + wre + X9. (6) 
ki 


Since u(X,) = O and y is quasi-invariant, then p(x, + Xo) = 0 for all 
k. Furthermore, as we saw above, po(Z,) = 0 implies pu(Z,) = 0. 
Therefore u(R,) = 0. Thus p is either equivalent to Lebesgue measure 
or else vanishes identically. 

We have thus proven that the class of quasi-invariant measures in 
R, coincides with the class of measures equivalent to Lebesgue measure. 
"Therefore, all quasi-invariant measures in R, are equivalent to one 
another. 


5.2. Quasi-Invariant Measures in Linear Topological Spaces 


Let us now consider measures in infinite-dimensional linear topologi- 
cal spaces. The definition of a quasi-invariant measure can be carried 
over formally to this case, by calling a measure in a linear topological 
space quasi-invariant if parallel displacement takes sets of measure 
zero into sets of measure zero. However, this formal extension is un- 
successful, owing to the fact that for the most important classes of 
infinite-dimensional spaces there are no nonzero measures which are 
quasi-invariant in the sense indicated. 


t Indeed, if uo(Xo) > 0, then by the theory of differentiation we can find, for any 
€ > 0, a sequence {J,} of cubes whose diameters tend to zero and such that 


BC Jy 0 Xo) > (1 — 9) pol Ji). 


Let I and I’ be fixed cubes such that J lies in the interior of J’. Clearly the family 
Y = (x, + Je of cubes covers J in the sense of Vitali, and so by Vitali's covering theorem 
there exists a sequence (/,) of disjoint cubes from f$ such that po(J — Uil) = 0, 
and in addition the 7, can be chosen so that they lie in J’. But this implies that (I — Z) < 
eull’), where Z is defined by (5). Since e is arbitrary, p(l — Z) = 0, and since I is 
an arbitrary cube, it follows that u(R, — Z) = 0. 
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Let us consider measures u in the conjugate space ®’ of a countably 
normed space ©. We show that if the spaces ®,and 9,,, are different 
for every n, where © = (15 , @,, then there exists no quasi-invariant 
measure in Ó'. Indeed, ®’ is the union of the subspaces ©, conjugate 
to the $,, ® = U, , ©, where Pi C 6; C .... Therefore 


MD’) = lim p(®;), 


as the Ó, are Borel sets in ©’ for which p is therefore defined (cf. the 
opening remarks in Section 2.2). Since by hypothesis u(9") + 0, there 
is an n such that u(®,) 4 0. Since ®, and ©, are different from one 
another, then ©), and @’ differ from each other. We decompose ®' into 
cosets with respect to ®,,. Each of these cosets is obtained by a parallel 
displacement of $,, which has nonzero measure, and so by the quasi- 
invariance of y these cosets have nonzero measures. Since the family 
of all these cosets has the power of the continuum, we arrive at a contra- 
diction with the c-finiteness of y. 

This assertion holds also for the conjugate space ®' of any normed 
space having a countable everywhere dense set. In particular, there 
exists no quasi-invariant measure in a Hilbert space (cf. Section 5.3). 

As in many similar cases, the difficulties which arise are successfully 
overcome by considering rigged Hilbert spaces. Thus, let $ C H C @’ 
be a rigged Hilbert space, i.e., a nuclear space ® in which there is given 
a scalar product (o, #) (as in Section 4 of Chapter 1, H denotes the 
completion of ® in the norm || p || = V(g, ¢)). With each element y € ^ 
we associate a functional F, on ®, defined by (F,, p) = (p, Y). We 


v 
obtain thereby an (antilinear) imbedding y — F, of into ®'. It is 


obvious that the functionals of the form F, y € ®, are everywhere dense 
in ©’, 

We will say that a measure u in ®’ is quast-nvariant, if u(F, + X) = 0 
for every element y € ® and every set X such that p(X) = 0. Thus, 
we eliminate the requirement that every translation carries sets of 
measure zero into sets of measure zero, requiring that this be true only 
for translations by the elements F,, y e ®. 

We remark that since the elements of the form F, are everywhere 
dense in ©’, then the translations by elements F are “sufficiently 
numerous." This means that if 4'/V? = R is a finite-dimensional 
factor space, then any translation in R can be induced by a translation 
in ©’ corresponding to some element F,, where y € . This assertion 
follows from the fact that the map of @ into R is everywhere dense in R, 
which, in view of the finite dimensionality of R, means that it coincides 
with R. 
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We will prove that there exist quasi-invariant measures in the 
conjugate spaces of nuclear spaces (here, of course, quasi-invariance 
is understood in the sense just indicated). That is, we will show that 
if an imbedding of ® into ®’ is defined by a continuous Hermitean 
functional B(o, J), then the Gaussian measure defined by this functional 
is quasi-invariant. 

In other words, we will prove the following theorem. 


Theorem 3. Let B(ọ, Y) be a nondegenerate positive-definite 
Hermitean functional, continuous in each argument, on a nuclear space 
@, and let u be the Gaussian measure in 9' defined by B(o, y). If X is a 
set in ' such that p(X) = 0, and y is any element of 6, then u(F, + X) 
= 0, where F, denotes the functional on defined by (F,,9) = B(g, Y). 

The proof of this theorem is based upon the following lemma. 


Lemma 2. Let u be the Gaussian measure in the conjugate space 
©’ of a nuclear (complex) countably Hilbert space defined by a continuous 
(in each variable) nondegenerate Hermitean functional B(o, #). If the 
base A of a cylinder set Z in ®' lies in the projection of the ball || F || ,, 
< R in the factor space 6’/¥°, where V? is the generating subspace of 
Z, then for any y € Y we have 


RS LEN HU NINE < eRliviln, (7) 


Proof. By the definition of a Gaussian measure we have? 


, l Mo ~“ 
MZ) = Gaye ] PIBE, F)] dyt 


and 


l "n 
F, + Z) = -= expl — 1B F, Fy d, É 
MF, Z) = cy NE pL- 3B4(P, F)] dy 
= ux [BAË — FP — P, dh 
= (20) IE 79 y( T fy m v)] Mt y 


where B,(F,, F.) is the functional on '/¥° defined by B(g, Y), and 


? For hrevity of notation we denote by F the coset with respect to ¥ containing the 
element F € $’, and by F, + A the projection into ®'/¥° of the cylinder set Fy, + Z. 
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d,F is the Lebesgue measure in $'/V/? corresponding to the scalar 
product B,(F,, F,). Therefore 


ME, +Z) o p expl-4B oP — FP — ES) 
MZ > exp[- 3B4(F, F)] 








- sup exp[By(F, F) — BAF, Fy) < sup exp[B (£F, F,)] 


From the definition of the functional By(F, Fy) (cf. Section 3.2) it 
follows that 


BaF, F,) = (F, y) 


for any F in ®'/¥°, where (F, x) denotes the value of the functional 
F for the element J. If F e A, then by hypothesis one can choose F in F 
so that || F ||, < R. Then 


Therefore . . 
MEF, + Z) 
HZ) 


< eRilvlln 


which proves the lemma. 


Proof of the Theorem. Let X be a set of y-measure zero, and let 
V be any element in ®. We have to show that the set F, + X, the translate 
of X by the element F, , also has zero u.-measure. To do this, it suffices 
to show that u(F, + X) < e for any e > 0. 

Thus, let e > 0. Since y is countably additive and ' is the union of 
balls || F|| ,, < R, one can find » and R such that p(®’ — S) < te, 
where S is the ball || F ||. ,, < R, and F, € ®,. Let X, = X ^ Sy, where 
S, is the ball j| F|j 4, < R + || F,|j|.,, and X, = X — X, Obviously 
the set F, + X, lies in the complement of S, and therefore 


CF, + Xi) < je 


Let us show that also (F, + X4) < 2e e since p(X,) = 0, 
it can be covered by a countable union U,., Z, of cylinder sets such 
that 


Ta < de exp[—(R + |F, ILS) V lln]: 


TMs 


Since X, C S, the utes sets Z,, 1 < k < oo, can be chosen so that 
their bases 4, lie respectively in the projection of the ball S, in '/V? 
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(V? denotes the generating subspace of Z,). We may suppose without 
loss of generality that y € V, for all k. Since the A, lie in the projection 
of the ball S, = {| Fjj ,, < R + |] Fy il-n} then by Lemma 2 


p(F,, + Zi) < expI(R + lE, ll V llel) 
and therefore 


uF, =B Xj) < 2, HF, + Zy) 
k=l 


eo 


< exp[(R + IF, ILI 4 lln] $, (Zi) < $e. 


k=1 


Thus u(F, + X,) < ġe. But this means that 
BF, T X) = HF, + Xj) T HF, + Xj) «e, 


which proves the theorem. 

Thus, Gaussian measures in the conjugate space ©’ of a nuclear 
space O are quasi-invariant. One can say that to every continuous positive- 
definite nondegenerate Hermitean functional on ® there corresponds 
a quasi-invariant measure. If @ is infinite dimensional, then there exist 
infinitely many pairwise inequivalent quasi-invariant measures in ©’ 
(recall that in a finite-dimensional space all quasi-invariant measures are 
equivalent to one another). 

In fact, let By(p, Y) and Bs(o; y) be positive-definite continuous non- 
degenerate Hermitean functionals on a nuclear space ®, and let p, and 
pa be the Gaussian measures in ®’ defined by these functionals. Assume 
that B;(o, y) is bounded relative to the scalar product defined by B,(o,4), 
i.e, that there exists M > 0 such that the inequality 


| By, 9)) < M| Bi(o, 9)l 


holds for all p € 6. Then B,(y, y) defines a positive-definite bounded 
linear operator A in the space H (the completion of ® relative to the 
norm | g || = VB,(, )) defined by 


Bi( Ao, $) = Báo. 4). (8) 


The following assertion holds: If the operator A defined by (8J has a 
discrete spectrum, and the series X, ; A, consisting of the eigenvalues 
of A converges, then u; and p, are inequivalent. 

The proof of this assertion is based upon Lemmas 2 and 3 of Section 
3. Namely, consider the ball S in © defined by B,(y, g) < R? and 
denote the map of S in ®' by S’. It is easy to show, using Lemma 3 
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of Section 3, that u,( S") = 0. At the same time, if X, A, converges, 
then using the estimates from Lemma 2 of Section 3, one can show 
that for R sufficiently large 44(S") z 0. This shows that u, and py are 
inequivalent.? 

Using these statements, it is not difficult to construct an infinite set 
of pairwise inequivalent quasi-invariant measures in ®’. To do this, 
it suffices to consider an infinite sequence Bj(o, Y), Balp, Y) ... of 
positive-definite Hermitean functionals on ® such that the operator 
A,, defined by 

l B( Asp, ) = Baal, H), 


has a discrete spectrum, and the series consisting of its eigenvalues 
converges. 

It would be very interesting to give a complete description of all 
quasi-invariant measures in nuclear spaces. 


5.3. Quasi-Invariant Measures in Complete Metric Spaces 


In the previous paragraph it was shown that under very general condi- 
tions there exist no measures in the conjugate spaces of countably 
normed spaces which are quasi-invariant relative to all translations. 
We now prove a similar result for complete linear metric spaces. 


Theorem 4. Let A be a complete metric linear space containing 
a countable everywhere dense set, and such that the absolutely convex 
hull of any compact set* X in A is nowhere dense in A. Then the only 
quasi-invariant (under all translations) measure on A is the identically 
zero measure. 


Proof. First we show that if there is no normalized quasi-invariant 
measure (ie., a quasi-invariant measure such that u(A) = 1), then 
the only quasi-invariant measure in A is identically zero. Indeed, let 
u be a quasi-invariant measure in ⁄4. Since y is o-finite (recall that we 
are only considering such measures), A can be written at a countable 


union of disjoint sets /1,, Ap ... having finite positive u-measure. Let 
f(x) be defined on A by f(x) = 1,2*4(A,) if x € A,, and set 
AX) = | fx) dato. (9) 
X 


* One can show that if the product ITZ, À converges, then p, and p, are equivalent. 
In this case A is the sum of the identity operator and a nuclear operator. 

4 By the absolutely convex hull of a set X we mean the set X consisting of all linear 
combinations of the form a,x, + ... + a,x,, where x, € X, 1 < k <n, and 


laf+..+la,| <1. 
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Since 


oo 


(A) = DA) - $3 = 1 
k=l k-i 
then v is a normalized measure in A. From the quasi-invariance of u 
it follows easily that v is also quasi-invariant. But by hypothesis there 
is no quasi-invariant normalized measure on A. Consequently (A) = 0. 
Thus, our problem has been reduced to proving that there are no 
normalized quasi-invariant measures in A. Suppose that u is a countably 
additive measure in A such that (4) = 1. We show that for any n 
there is a compact set X, in A such that p(X,) > 1 — n-!. Indeed, 
choose a countable everywhere dense set xj, x2, ... in A and consider 
the closed balls S}, with centers at x, and radii p~!. Since for any fixed 
p the balls S,,, S,,, ... cover A (since the set {x,} is everywhere dense), 
in view of the countable additivity of u there is a number k(p) such 
that the measure of the set 


kip) 
Xnp = U Sip 


is not less than 1 — (1/2?z). Let X, = n7. X,5; we show that X, 
is the desired set. Indeed, it is obvious that 


HA - X)« X uA- X4) «$4 =k, (10) 


p-1 p-l 


from which it follows that u(X,) > 1 — n-!. Further, for any p the set 
X, is covered by the finite set of balls S,,, ..., Spc»), of radius pu}. 
Finally, X, is closed because each of the S,., is closed and consequently 
X, as the union of finitely many of the Spp, is closed. But in a complete 
metric space any closed set Z which can be covered by a finite number 
of balls of any preassigned radius is compact.? Consequently X, is 
compact. 

Now let X = U;_, X,. From the relation uX) 21— m! it 
follows that (X) = 1. But then the (nonclosed) linear span Ê of X 
has measure 1.®t Let us show that the set X does not coincide with the 


5 The proof of this assertion is carried out in the same way as the proof of the compact- 
ness of a closed bounded set in a finite-dimensional space, with the sole difference that 
the coverings of Z by balls of arbitrarily small radius play the role of the partitions. 

6 By the linear span X of a set X we mean the set consisting of all finite linear combina- 
tions Ayx, +... -t Ax, of elements of X. Y 

t We remark that the question of the measurability or nonmeasurability of .X is incon- 
sequential to the proof, and can be avoided in various ways, of which perhaps the simplest 
is to observe that in the very last step of the proof X can be replaced by X. 
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entire space A. To do this, consider the compact sets Y, = Upi X,, 
and let Y, denote the absolutely convex hull of Y,. By the conditions 
of the theorem, the sets Y,, are nowhere dense in A. Therefore the sets 
kY,, consisting of all elements of the form ky, y € Y,, are also nowhere 
dense in A. Since a complete metric space cannot be written as a count- 
able union of. nowhere dense sets (cf. Chapter I, Section 1.1), the union 
Y = UL, Ux, kY, does not coincide with A. But X CY, since if 
xef, then x = e uus +... + A,x,, where x;€ X ng» and therefore 
x€ Y, where n = max, j. p n(j) and k > Yi à; |. This proves that 
the set X, having measure a does not coincide With A. 

Now let y be any element in A which does not lie in X. Since X is 
linear, then X and y + X are disjoint. Since therefore y + Á lies in 
the complement of X and p(X) = 1, then u(y + X) = 0. It follows 
that p i$ not quasi-invariant. 

We now show that it follows from this theorem that there exist no 
quasi-invariant measures in infinite-dimensional complete normed 
spaces having countable everywhere dense sets. In fact, we have to show 
only that in such spaces the absolutely convex hull of any compact set 
is nowhere dense. Let X be a compact set in A, and S(x,, r) the ball 
in A with radius r and center at x,. Since a is boss it can be covered 
by a finite number of balls S(x,, 2"), 1 < k <n, of radius 4r. Therefore 
its absolutely convex hull X lies in the absolutels convex hull S of the 
set S = Uz, S(x,, 3r). Any element y € S can be represented in the 


form 
y Exe A Ty) + one + AnlXn + ya) 


where |A,|/+..+/A,/ <1 and | y| < $52 = 1,..,”. But all 
elements A,x, + ... + A,x, lie in the subspace V spanned by wx, ..., x,, 


and 
MAY + ove + Ann ll S dr Ar | + + [An |) < Sr 


Therefore every element in S can be written in the form y = v + z, 
where v € V and || z || < $7. l 

To show that the closure of $ does not contain the ball S(x,, r), it 
suffices to find an element y, € S(0, 7) which cannot be represented in 
theform y, = v — x + 2, wherev € V and || z || < ir. But the existence 
of such an element follows directly from the finite dimensionality of V 
and the infinite dimensionality of A.t By Theorem 4 this implies the 


t This result is usually stated as a theorem for the case r = 1, from which the result 
for arbitrary y > O is a trivial consequence, The statement is the following. If Y is a 
closed subspace of a normed linear space A and Y # A, then for any e > O there exists 
an element x € A such that || x || = 1 and || y — x i| > 1 — e for all y € Y. In our case 
Y is the linear space spanned by x, ..., Xn- 
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nonexistence in A of quasi-invariant measures. In the same way one 
can prove the nonexistence of quasi-invariant measures in any complete 
countably normed space having a countable everywhere dense set. 


5.4. Nuclear Lie Groups and Their Unitary Representations. 
The Commutation Relations of the Quantum Theory of Fields 


The quasi-invariant measures which we have constructed in Section 
5.2 find applications in the theory of infinite-dimensional Lie groups. 
Let G be some (topological) group. We will call G a nuclear Lie group, 
if there exists a neighborhood of the unit element in G which is homeo- 
morphic to a neighborhood of zero in a countably Hilbert nuclear space 
®. As a rule, nuclear Lie groups are considered for which @ is a rigged 
Hilbert space, i.e., such that a scalar product (o, /) is defined in 6. 
Every nuclear space ® can be looked upon as a commutative nuclear 
Lie group. 

Let us present a somewhat more complicated example of a nuclear 
Lie group. Suppose that 6 C HC @’ is a rigged Hilbert space. The 
elements of the group G, will be all triples g = (o, p; œ), where 9 and 
y are elements of ®, and « is a complex number of unit modulus. We 


introduce a multiplication in Go, setting 
8182 = (Pr Vas %)(P2, Ye; %2) (11) 
= (G1 + po Pr + e; e" roo) 


((o, V) is the scalar product in 9). 

This group is connected with the commutation relations of the quan- 
tum theory of fields. In quantum mechanics a system having one degree 
of freedom is studied by means of operators p and q which are connected 
by the commutation relation 


bg — qp = 1. 


This commutation relation is the commutation relation for the operators 
of the Lie group G whose elements are triples of numbers (x, y, a), 
x Æ 0, and multiplication is defined by 


(Xis Yis 0X (Xa, Vo, a2) = (x1 + Xo Yı + yo, e" 10405). (12) 


In the same way, the consideration of a system with n degrees of freedom 
leads to the system of commutation relations 


bid; — Gb; = 1, l<jcn. (13) 
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These are the commutation relations for the operators of the Lie group 
G whose elements have the form (x, y, «), where x and y are vectors in 
n-dimensional space, and multiplication is defined by (12), the sole 
difference being that instead of x,y, one has to take the scalar product 
(Xs, yı). Finally, the consideration of quantized fields (systems with 
an infinite number of degrees of freedom) leads to an infinite system 
of commutation relations of the form (13). It is natural to regard these 
relations as the commutation relations of the nuclear Lie group Gy. 

We will consider here unitary representations of the groups ® and 
Gy. By a unitary representation of any group G we mean a continuous 
operator-valued function U(g) defined on G, whose values are unitary 
operators in a Hilbert space 5, such that 


U(gigs) = U(g))U(gs) 


for any two elements g;, g; € G. A unitary representation U(g) is called 
cyclic, if there exists a vector A € h such that the smallest closed subspace 
in 5 which contains all vectors U(g)h, g € G, coincides with 5. Without 
loss of generality, we may suppose that || A|| = 1. The vector A is called 
a cyclic vector for the representation U(g). 

We begin by considering cyclic representations of the group 9. In 
other words, we consider continuous operator-valued functions U(9), 
whose values are unitary operators in a Hilbert space b, and U(o, + 95) 
= U(y,) U(gg). The fact that the group ® is commutative implies that 
U(g;) Ulp) = Ulp) U(¢)) for any elements gı, pa € ®. Since U(0) = 1, 
it follows from the group property and the properties of unitary operators 
that U(—9) = U^) = U*(9). 

With every cyclic unitary representation U(p) of ® we associate a 
functional L(g) on 6, setting 


Li) = (U(g)h, hy, 


where h is some fixed cyclic vector of the representation U(g), and 
(, ) denotes the scalar product in 5. This functional is positive-definite. 
Indeed, for any elements o,,..., @n in and any complex numbers 
o4, ..., à, we have 


n n n 


>» 5 Llp — Px) jn = 5 > (Ulp; — Px), hhor. 


But 
(Ulp; — pr)h, hj = (U*(p,)U(g;)h, h) = (U(pj)h, Ulpr)h)i , 
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and therefore 


n 


M> 


Lio, — exis = $ 3, (Ut), Ulpian 


Lol 
, 
p 


j=l 


= > o; U(g;)h if 20 


(|| A |], is the norm in 5). 

This proves the positive definiteness of L(y). It is further obvious 
that L(0) = (A, h), = 1, and that in view of the continuity of the 
representation U(g), L(y) is continuous. Applying Bochner's theorem 
in nuclear spaces (cf. Theorem | of Section 4) to L(g), there is a normalized 
countably additive positive measure u in ©’ such that L(g) is its 
Fourier transform, i.e., 


Ly) = | e^? da). (14) 


Just as in the spectral analysis of operators (cf. the appendix to Chapter 
I, Section 4), one can prove that h can be realized as the space L? of 
functions f(F), defined on ®' and having square integrable moduli 
with respect to u, in such a way that the operator which corresponds 
by this realization to the operator U(o) is the operator of multiplication 
by en, 

This realization consists in associating with the vector 


hy = Y XU()h (15) 
k-1 
in b the function 
AE = VW, Meithiop 16 
(F) 2 k (16) 


on ®'. It follows from (14) that this correspondence is isometric. Since 
h is a cyclic vector, the vectors of the form (15) are everywhere dense in 
b, and therefore this correspondence can be extended to all vectors 
of 5. Now the operator U(g) takes a vector of the form (15) into the 
vector 


Up), = $, XU(vs + p)h, 
k=l 
to which corresponds the function 


n n 
> Apei Prete) x. gl FW) 5 Ave CP, 
k=l k=1 
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Consequently, on functions of the form (16) the operator corresponding 

to U(o) is the operator of multiplication by e'^*?, But it is easy to prove 

that these functions are everywhere dense in Lu Therefóre the operator 

in L? corresponding to U(q) is the operator of multiplication by e^", 
Thus we have proven the following theorem. 


Theorem 5. Let U(g) be a unitary cyclic representation of the 
group Ê, and let heh be a cyclic vector for this representation. Then 
there exists a normalized countably additive positive measure u in ®' 
such that 


L(y) = (U(g)h, h) = [ene  dplF). (17) 


The space p can be realized as the space L? of functions f(F) on ®' having 
square integrable moduli with respect to u, in such a way that the 
operator corresponding by this realization to U(g) is the operator of 
multiplication by e*P9, 

If one chooses a vector h, € different from A (in general, h, will not 
be cyclic), then to A, also there corresponds a positive-definite continuous 
functional L,(o), defined by 


L(y) = (Uy), hy). 


The functional L,(p) is the Fourier transform of a positive measure 
pe, in ®': 
L(g) = f ef du(F). (18) 


The measures u, and p are connected by the relation 


du(F) = | fF) dp(F), (19) 


where f(F) is the function which corresponds by Theorem 5 to the 
vector A. Indeed, since to the operator U(g) there corresponds the 
operator of multiplication by e'^* in L?, and the correspondence 
between $ and L? is isometric, then 


Lg) = (Ug), h) = f e^? dac). 


Comparing this with (18), we conclude that (19) holds. 

It follows from (19) that if (X) = 0, then 4,(.X) = 0. If A, is also a 
cyclic vector, then the converse is true. Thus the measures corresponding 
to different cyclic vectors in 5 are equivalent to one another. 

Finally, we remark that given a normalized measure p in ©’, there 


366 Measures IN LINEAR TOPOLOGICAL SPACES Ch. IV 


exists a unitary representation U(o) of ® and a vector h in the space 
of the representation such that 


(U(p)h, h) = [ete dF). 


Indeed, denote by L? the space of all functions f(F) on ®’ having square 
integrable moduli with respect to u, and associate with each » e 9 the 
operator U(g) in L? which takes any function f(F) into the function e? 
J(F). Obviously U(g) is the desired representation. 

Let us consider unitary representations of ® which are not cyclic. 
In this case there is a finite or countable set {u,,} of measures in ®’ such 
that 5 is the direct orthogonal sum of the spaces Ls. and to the operator 
U(g) there corresponds in each of the L}, the operator of multiplication 
by e*), From this it follows that h can be realized as a direct integral 
of Hilbert spaces 


b= [6 HE) dF) 


in such a way that to the operator U(¢) there corresponds the operator 
of multiplication by e'^?. We shall not carry out the details of the 
corresponding arguments. 

We now turn to unitary representations of the group G,. Recall that 
this group consists of elements.of the form (o, V; a), where p and yr are 
vectors in a nuclear space in which is defined a scalar product (o, Y), 
and a is a complex number of modulus 1. Multiplication in G, is defined 
by 

(pr ai oaa o; aa) = (qi + Po Pr + po; e" too). (20) 


Consider the set ©, in G, consisting of all elements of the form 
(p, 0; 1). Since 


(oi, 0; 19s, 0; 1) = (pı + 93, 0; 1), 


then this set of elements forms a subgroup in G, which is isomorphic 
to the group 9. In the same way, the elements of the form (0, ; 1) 
form a subgroup V, in G, which also is isomorphic to 9. Finally, the 
elements of the form (0, 0; «) form a subgroup A in Go which i$ iso- 
morphic to the multiplicative group T of complex numbers of modulus 
l. 

Let U(g) be a unitary representation of the group G,. Restricting 
U(g) to the subgroup ®,, we obtain a unitary representation U(o) of the 
group ©. In the same way, the restriction of U(g) to V^, yields another 
unitary representation V(y) of ® (we denote by V(x) the operator U(g) 
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corresponding to g of the form (0, y; 1)). Finally, the restriction of U(g) 
to the subgroup A is a unitary representation W(«) of the group T. 
Since any element g = (o, y; a) in Gy can be written as a product 


(p, 4; ~) = (p, 0; 1X0, v; 1)(0, 0; œ) (21) 


of elements of the subgroups ®,, Y,, and A, then the operator U(g) 
corresponding to g can be written in the form 


U(g) = U(g)V(9)W(a). 


Therefore to define U(g) it suffices to specify the representations 
U(o), V(y), and W(«). 

For simplicity we restrict ourselves to the case where the representa- 
tion W(x) of T has the form W(a) = a, and the representation U(o) 
is cyclic (the general case can easily be reduced to this case). We show 
that in this case a complete description of all representations of Go 
reduces to the description of all pairs (U(g), V(y)) of representations 
of the group 9, satisfying the commutation relations 


V(J) U(g) = en U(g)V(y). Q2) 


Indeed, let U(g) be a unitary representation of G,. It follows from (20) 
that 
(0, #3 1)(p, 0; 1) = (p, 0; 1)(0, y; 1)(0, 0; ete. Q3) 


Since we have assumed that W(a) = o, the proof of (22) follows directly 
from (23). 

Conversely, if the unitary representations U/(p) and V(x) satisfy the 
commutation relations (22), then, taking 


Ule) = «Ulp Vi) 


for g = (p, d; a), we obtain a unitary representation of G,. Indeed, if 


, 


&1 = (gp Jui %) and go = (Po Ja; ae), then 
U(g1) U(g2) = a egU(p1) V1) U(ps) V ($e) 
= eleva al i(p) UG) Vs) Vb) 
= elf Vaya (py + go) V (1 + a) = U(eig2)- 


We now turn to the description of all pairs (U(p), V()) of representa- 
tions of the group ® which satisfy the commutation relations (22). 
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Since we are considering only the case in which U(¢) is cyclic, by Theorem 
5 there exists a normalized measure » in ©’ such that 


(U(p)h, h) = efe du(F) 


for all pe@® (h is a fixed cyclic vector of the representation U/(9)). 
The space h of the representation can be realized as the space L? of 
functions f(F) on ©’ having square integrable moduli with respect to 
p, and to the operator U(o) there corresponds in L? the operator of 
multiplication by e59. 

We now prove that for this representation U(o) the operators V(V) 
are given (in the space L?) by 


VM) = a CDU + F,), (24) 


where a,(F) = V(Jf)fu(F), fo(F) = 1, and F, is the linear functional on 
® defined by (F,, p) = (o, y). Indeed, since the operator in L? correspond- 
ing to U(g) is that of multiplication by e*-, any function of the form 


fF) = > Mei Eo, (25) 
k=1 
can be written in the form 


fE) = 2 XU f C). 


Consequently, in view of the commutation relations we have 
VNE) = D, AVOUE) 
k=1 
= $, AMexpli(os YUPA VOSE) 
k=l 


2 p Ay expli(gus D] expli(F, p)]a,(F). 


Since exp [ipm J)] = exp [(F,, 9;)], this relation can be written in 
the form 


Vif) = a,(F) » X, expli(F + F, e] = a (PAE + F,). 
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As the functions of the form (25) are everywhere dense in L2, the 
relation 


VOM) = a (FQ. + F,) Q6) 


holds for all functions f(F) in L?. 
The functions a,(F) satisfy the functional equation 


ay, i (P De a (F Ja, (F TF n) (27) 


Indeed, in view of (26) 


Gy y KF) = Viti + bf) = VAVAE) 
Dm V(J)a, (F) xm a, (F)a, (F + En) 
We have found the realizations of U(g) and V(y) in L2. Let us now 
show that the measure u, corresponding to the representation U(s), 


is quasi-invariant (in ©’). To do this, we note that from the unitarity 
of V(x) it follows that 


fh = Vs VO 


for every f € L2. This can be written as 
J AEP a) = [ IAE + F) a (F)? dC. 
Replacing the variable F by F + F, in the left side, we obtain 
J IAE + FDP aE +P) = [fe RP aE)? AF). — (28) 


Since (28) holds for all functions fF) € L?, then 


du,(F) = dp(F + F,) = | a (F) dy(F). (29) 


Thus, under translation by the vector F, corresponding to the element 
V € ®, the measure y is taken into the measure u, defined by 


p(X) = iz a (F)? dp F). 
Obviously p(X) = 0 if (X) = 0. But this means that p is quasi- 


invariant. 
We have thus proven the following theorem. 
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Theorem 6. Suppose that U(g) is a unitary representation of the 
group G, in a Hilbert space H, which induces a cyclic (unitary) re- 
presentation of the subgroup ®, of G, consisting of all elements of the 
form (o, 0; 1), and the representation W(a) = a of the subgroup of Go 
consisting of all elements of the form (0, 0; «). Then there exists a 
quasi-invariant measure (in the sense of the definition on p. 355) pu 
in ®’ such that 


(U(g)h, h) = f et du(F), 


where o is an element of the subgroup ,, and h is a cyclic vector of the 
representation U(g). The Hilbert space H can be realized as the space 
L? of functions on ©’ which have square integrable moduli with respect 
to p, in such a way that U(o) is the operator of multiplication by e^», 
and V(x) is given by 


VU) f(F) = a (FE + F,), 


where the a,(F) are functions on ©’ satisfying the functional equation 
apit E) = a (F)a E + F,,), 


and F, is the element of ®’ such that (Fp o) = (p, y). 
Under translation by the vector F, € ®’, the measure pu transforms 
according to 


n X) = f 1 aE)? du). 
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Chapter |l, Section 5 


Continuous evenly positive-definite functions of one variable were 
studied by M. G. Krein (39). Conditions for uniqueness in Krein's 
theorem were obtained by B. M. Levitan and N. N. Meiman (42, 43). 
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measure in the conjugate space was proven by R. A. Minlos (49). 


Chapter IV, Section 4 


'The results of this section follow directly from those of Section 2. 
Generalizations of Bochner's theorem to Banach space have been treated 
by Yu. V. Prokhorov (55) and V. Sazanov (61). See also the monograph 
of L. Gross (83). 


Chapter IV, Section 5 


A study of the commutation relations in the quantum theory of 
fields was carried out by Garding and Wightman (14). Similar results 
were obtained in another form by Segal (71). In the form presented 
in the text, these results are due to I. M. Gel'fand and are published 
here for the first time. 

'The first series of nontrivial representations of the commutation 
relations were obtained by Friedrichs (12), Van Hove (74), and Haag 
(23). An interesting form of representation of the commutation relations 
is contained in the detailed Princeton dissertation of J. S. Lew (44). 

Some results on quasi-invariant measures are contained in papers 
of V. N. Sudakov (72) and B. S. Mityagin (52). 
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